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SUMMARY 
In this thesis the criticai behaviour of the Σ dimensional q-state Potts 
model is studied. An important tool in this study is the real-spaoe renorma-
lization method. 
Already for many years, 2 dimensional models play an important role in 
the theory of critical phenomena and phase transitions; e.g. via the Onsager 
(1944) solution of the Ising model and the Baxter (1971) solution of the 
8-vertex model. Recently 2 dimensional models also gained interest because 
the 2-dimensional world became experimentally accessible; an increasing number 
of experiments are known now in which 2 dimensional critical behaviour is 
realized. Examples are: superfluidity in thin He-films, the roughening 
transition in crystal surfaces (which is of interest for crystal growth) and 
monolayer adsorption of gasses on substrates (e.g. helium or krypton on 
graphite). 
The q-state Potts model is related to a large number of other models 
(chapter 2). For q = 2 it reduces to the Ising model and for q = 1 one obtains 
the Percolation model. For q = 3 the model describes the so-called /3 « /3 
transition that is observed in the adsorption experiments on graphite. Also 
the model maps (for arbitrary q) onto the Ice model (at a temperature T(q)). 
Via this mapping the Potts model is related to the 8-vertex and Ashkin-Teller 
model; more precisely, it are the critical points of these 3 models that map 
onto each other. 
At a critical point the free energy becomes singular. With respect to 
the temperature it behaves as 
f ъ \Т - T
o
\2/yT (J) 
The main result of this thesis is the conjecture that the critical exponent 
ρ 
yT of the Potts model is exactly given by: 
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uw
 =l(2 + ^ ) (2) 
for q <_ 4 with cos \i = j /q (3) 
For q > 4 the transition in the Potts model is first-order (Baxter 1973.b). 
This conjeeture implies that in the 3-state Potts model (i.e. the 
adsorption experiments on graphite), the specific heat diverges with the 
criticai exponent о - 1/3 (a - 2 - 2/y-), and in the 4-state Potts model with 
a. = 2/3. For the Percolation model it yields that the correlation length 
diverges at the percolation threshold with the exponent ν - 4/3 (\> = 1/y,.). 
For the conjecture 3 ingredients are essential (chapter 4): 
(i) The mappings (already mentioned above) that map critical points of the 
Potts, Ashkin-Teller and 8-vertex model onto each other. One may consider 
these models to have a common critical line. Setting Τ ¿ Τ however 
corresponds to leaving this line along a direction that depends on the model 
one considers. Each model (i.e. each direction) has its own critical exponent 
denoted respectively by y-, j/_ and y„ . 
(ii) Along this critical line (which is a so-called fixed line) the critical 
8V 
exponents vary continuously. The variation of the critical exponent y,. is 
known exactly via the Baxter solution of the 8-vertex model. The concept of 
weak scaling assumes that the critical exponents (for different directions) 
can (along the whole fixed line) be expressed in each other via simple 
relations. 
(Hi) Via a comparison of the exact values for i/_ with the approximately 
Ρ known values for у at corresponding critical points one finds strong evidence 
for the simple relation 
(y7T - 3) (y8TV - 2) = 3 (4) 
8 V 
which yields eq. (2) since y„ = δμ/π. 
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Especially the values obtained via de Kadanoff Lowerbound Penovmalization 
Transformation (chapter 3) strongly support eq. 4 (up to q = 3). This R.T., 
introduced by Kadanoff (1975) leads to results, both for the critical 
expon.ents and critical teruperature that are much more accurate than those 
obtained by R.T. 's using for example cumulant or dusver expansions. For the 
Ising model (i.e. the Potts model at q = 2) one finds for example α - 0.0017 
(exact α - 0). For other values of q one finds values for the exponents that 
are close to simple rationale: in the Percolation model υ = /^ί/™ - 1.342 and 
for the 3-state Potts model a = 2 - 2/y - О.ЗЗбЬ. 
The R.T. however also shows a defect. For q > 4 the transition in the 
Potts model is first-order (Baxter 1973.b). The R.T. fails to describe the 
Potts model correctly at q > 4; for all q the transition is found to remain 
second-order. The R.T. is not entirely wrong at q - 4. As discussed in 
chapter 3 it shows at q - 4 a bifurcation phenomenon that can be interpreted 
as signalling the cross-over to the first-order transition. Moreover this 
ρ 
bifurcation phenomenon is connected with the value y
rr
(4) - 3/2 for the 
temperature exponent (which agrees with the conjecture of eq. (2)). 
Not only the applications of the Kad.Lowerb.R.T. have been studied. The 
variational aspects of this R.T. have also been subject of research (chapter 
3 and appendix I). 
A R.T. is not unique. On the contrary there is a large amount of freedom 
in the construction of it via the choice of the weight function. In the 
derivation of the flow equations one usually needs to make approximations. 
The result is that one specific R.T. can be more accurate than another. The 
Kadanoff Lowerb. R.T. is an example of a R.T. in which the freedom in weight 
function is still present in the flow equations via a free parameter. The 
problem is how to choose a suitable criterium that determines the optimal 
value for this parameter. 
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Radano f f has proposed a variational oriterivm for his Lowerb.R.T. which 
leads to the remarkable accurate results as mentioned above. These results are 
obtained when the criterium is only applied at_ the fixed point. In a more 
systematical approach in which also the variation of the free parameter around 
the fixed point is taken into account, one finds that only transitions that 
are weaker than second-order (a < 0) and first-order transitions can be 
described correctly (appendix I). For this reason the numerical accuracy of 
the Kadanoff method remains a bit of a puzzle. 
In addition to the Kadanoff criterium also another method to determine 
an optimal value for the free parameter is described in chapter 3. This 
method does not suffer from the internal inconsistency of the Kadanoff 
criterium. It leads to values which for q <_ 3 are only somewhat less accurate. 
At q = 4 this second criterium turns out to be superior. 
This thesis is organised as follows. Chapter 1 serves as an introduction 
into the theory of critical phenomena. In chapter 2 several models that are 
closely related to the Potts model are discussed. In chapter 2 (and appendix 
I) the Kadanoff Lowerb.R.T. is studied and its results with respect to the 
ρ 
Potts model are d%scussed. The conjecture for the critical exponent y„ (eq. 2) 
is obtained in chapter 4. It is shown in appendix II and III that the relation 
ship between the Potts, Ashkin-Teller and B-vertex model as discussed in 
chapter 4 for square lattices also holds for arbitrary planar lattices. More­
over it is proven (in appendix III) that the critical exponents of the Potts 
and Ashkin-Teller model are lattice independent. 
Chapter 3 and 4 and appendix I have been published earlier in Physica 
and The Journal of Physics A. To the paper of chapter 4 a paragraph is added 
in which some recent developments concerning the conjecture of eq. (2) are 
discussed. 
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CHAPTER 1 
Phase Transitions and Critical Phenomena 
This chapter serves as an introduction into the field of 
phase transitions and aritioal phenomena. First the singular 
behaviour of the thermodynamia quantities at the aritiaal 
point is described in a phenomenological way. The critical 
exponents are defined with respect to the so-called scaling 
fields (which are the variables in a standardized version of 
the phase diagram). Also the concept of the special direction 
is discussed. The Potts model is defined in §2. In §3 the 
universality of critical exponents is discussed. The uni-
versality classes included in the 2 dimensional Potts model 
are mentioned. The critical exponents obey equalities. This 
feature, also referred to as sealing, leads to the homo-
geneity postulates for the free energy and the correlation 
functions. The implications of this postulates are discussed 
in §4. Finally an introduction into real-space renormalization 
theory is given in 15. 
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§1 Phase diagrams - critical exponents 
The ferromagnetio and gas-Ziqidd phase diagram are discussed briefly. The 
standard form of the phase diagram is introduced. The most important critical 
exponents are defined. Further the vole of the so-called special direction 
with respect to the singularities that are found in the thermodynamic quanti­
ties is discussed. Finally some examples of more complex phase diagrams are 
given. 
l.a. The phase diagram for ferromagnets 
At low temperatures materials like iron, nickel and cobalt show a spon­
taneous magnetization. The magnetization decreases when the temperature is 
increased and vanishes at the Curie temperature Τ . Above this critical point 
the material behaves paramagnetic. It shows a linear response to a magnetic 
field h. This in contrast to the Τ < Τ region where the magnetization jumps 
when the magnetic field is reversed. In this region two phases (with positive 
and negative magnetization) coexist in case of an easy axis ferromagnet . 
A phase diagram is a plot of the locus of such coexistence points. Figure 
1.1.a. exhibits an example in the (h,T) plane. 
The magnetization along the coexistence line is called the order para­
meter, which in the present case can take two values. At the critical point 
the order parameter becomes zero. There the distinction between the 2 phases 
disappears. 
At Τ the susceptibility χ and the specific heat С diverge. When the 
critical point is approached along the h = 0 line, they behave as 
X T ^ |T - T j " Y , c h ^  |T - T j " 0 1 (l.I.I) 
γ and a axe. examples of critical exponents. For an easy axis ferromagnet the 
best estimates are: α » 0.11, γ = 1.24. 
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l.b. The liquid-gas phase diagram 
The phase diagram for the liquid-gas transition (in H.O, CO , Xe etc.) 
has a similar shape (fig. 1.1b). Here the order parameter is associated to 
the jump in the density at the line of boiling points. At the critical point 
again the specific heat and compressibility (the analogue of the susceptibi­
lity) diverge 
к^ ^  IT - τ Γ Ύ , с л, IT - τ f" (1.1.2) 
Τ c v ' с 
The critical exponents γ and α are the same as for the ferromagnet. These 
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values are found when the critical point is approached along the analogue 
of the T-axis in the ferromagnet, i.e. along the coexistence line for 
Τ < Τ and for Τ > Τ along its continuation: the dashed line (in fig. 1.1b). 
This direction is usually referred to as the special direction (Griffiths 
and Wheeler 1970). It is not difficult to show that this direction corre­
sponds to the critical isochoor (see e.g. Sengers 1976). 
In the ferromagnet the specific heat C, (fixed magnetic field strength) 
h 
and С (fixed magnetization) diverge both with the same (weak) exponent 
m 
In the gas-liquid however С (fixed pressure) diverges strongly: 
с Ό |τ - τ Γ Ύ (i.i .з) 
Ρ ' с
1 
with γ the same exponent as for К . Notice that in fig. 1.1b the direction 
corresponding to variation of the temperature while keeping Ρ fixed does 
not coincide with the special direction. This in contrast to the ferromagnet. 
I.e. The standard phase diagram 
For the description of the singularities at Τ in the thermodynamic 
quantities it is convenient to standardize the phase diagram. Instead of 
(h,T) or (P,T), new coordinates (u , u ), called scaling fields are intro-
H 1 
duced. See fig. 1.1c. The critical point is situated at u = u = 0, and the 
ri Τ 
coexistence line at u = 0, u < 0. So the u -axis is the special direction. 
H I τ 
In the magnetic case, a natural choice for the u -axis is u ^ h. In the 
Η Η 
gas liquid however the choice of u is not obvious. As we will see, the 
π 
choice of u is in fact not unique. 
π 
l.d. Critical exponents - thermodynamic behaviour 
The thermodynamic behaviour around the critical point can now be 
described in terms of the scaling fields. The magnetic language is used. 
The special direction plays an essential role in the type of singularity 
that is found (Griffiths and Wheeler 1970). Here this role will only be 
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described. An explanation for it will be given in §4 by means of the homo­
geneity postulates. 
Consider the free energy density f(u , t o . At the critical point it 
η 1 
consists of a regular and a singular part. Along the special direction, 
u = 0 the singular part behaves as 
Η 
f ^ A T|u T| T (1.1.4) 
A,^  is an amplitude that depends on the sign of u ; d is the dimension of 
the system and y a critical exponent (for gas-liquids and easy axis ferro-
magnets: y = 1.58). Up to §5 the introduction of d remains only a matter 
of convention. 
Along every other path u = a u^, the dominant singular term in f 
behaves as 
d/y 
f * Aulici H (1.1.5) 
So only along the special direction, the weak singularity with exponent y 
is found (y < y ; y « 2.48). Further we see that the precise choice of 
1 η η 
the u axis does not matter for the (dominant) singular behaviour. 
η 
The derivative of the free energy with respect to u gives the 
Η 
order parameter which in this case is the magnetization. The energy density 
is obtained by the derivative with respect to u : 
• tvv-fêy ; u (v ν=(! ί) ( ι· ι·6 ) 
Η u T Τ u H 
Along the special direction the singular part of m is found to go to zero 
m л, B T|u T| e (g = 0.324) (1.1.7) 
Τ' Τ 
(The first-order transition with respect to IL, below Τ implies that В 
can take 2 values for u < 0). So the order parameter vanishes at Τ with 
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exponent β. Along every other path u = a u the magnetization behaves as 
ri Τ 
m -v. B J U J 1 / I S (δ = 4.82) (1.1.8) 
η η 
The special direction is not only important with respect to the path of 
approach of the critical point, but also with respect to the direction of 
differentiation. The energy density corresponds to differentiation in the 
special direction. Differentiation in every other direction leads to the 
same dominant singularity as found in the magnetization. So the exponents β 
and 5 are also found for the thermodynamic quantity that is defined by the 
first derivative of the free energy in the direction u = b u (for all 
η Τ 
b φ 0). Therefore not only the u^-axis choice, but also the order parameter 
choice is not unique. 
The first derivatives of the free energy are also called "densities". 
The second derivatives are called "susceptibilities". Examples are the spe­
cific heat c^ and the susceptibility χ : 
Сн=
 ( ¡ 7 ) U : XT= ( ¡ 7 J u ( , · , · 9 ) 
UH UT 
Along the special direction, i.e. the path u = 0, they diverge with respec-
n 
tively the critical exponent α and γ. Along every other path again stronger 
divergencies are found (see §4). Further, quantities that are obtained by 
twice differentiation in a direction that does not coincide with u = 0 
Η 
(such as с in the gas-liquid), show the same (dominant) singularities as x_. 
Ρ
 τ 
I.e. More complicated phase diagrams 
The free energy is usually a function of more than two parameters. Con­
sider a D dimensional phase diagram. A coexistence plane (where the first-
order transition between 2 phases takes place) has a dimension D-l (co-dimen­
sion 1) while the critical points that border this plane, form a subspace of 
co-dimension 2. In general the critical exponents do not vary within the 
18 
critical subspace (universality). 
Locally around the critical points we can define again our standard 
phase diagram. Now D scaling fields have to be considered. The critical 
points are situated at u = u = 0 and the coexistence plane at u = 0 for 
H T H 
u < 0. So the critical subspace is spanned by the D-2 new so-called irrele-
vant scaling fields. With respect to the dominant singularities, the compo-
nents, of the path of approach and of the direction of differentiation along 
the irrelevant fields are irrelevant; the D-l dimensional subspace u^ = 0 
is the "special direction". 
When in the phase diagram more than 2 phases are present, it is possi-
ble to find for example a subspace of co-dimension 2 where 3 phases are co-
existing. Here the order parameter can take 3 values. This surface of triple 
points will be the intersection of 3 planes of co-dimension 1 where 2 phases 
are coexisting. 
Moving through the triple-surface, 2 types of special points can be 
found. A critical endpoint is obtained when the distinction between only 
2 of the 3 phases disappears. The subspace of critical endpoints has co-
dimension 3. A tri-critical point is obtained when the order-parameters of 
the 3 phases vanish simultaneously. Tri-critical points form a subspace of 
co-dimension 4. 
For critical points the dominant singularities are determined by the 
scaling fields u^ and u and their exponents y and y . For the description 
of the singular behaviour at critical end-points and tri-critical points, 
3 respectively 4 relevant scaling fields and their corresponding critical 
exponents y. are needed. In general: for multi-critical behaviour at points 
that form a subspace of co-dimension q, also q relevant fields are needed. 
These fields are ordered such that y. > y. ,. The D-q irrelevant scaling 
i i + l 
fields u. (q < i < D) must be chosen such that they span the multi-critical 
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subspace. The choice of the relevant fields is governed by the way coexisten-
ce planes and critical lines reach the multi-critical point. 
Consider for example a critical end-point in a 3-dimensional parameter 
space. From this point a critical line and a triple line emerge, which are 
both tangent to a common direction. Analogues to the special direction in the 
case of the ordinary critical point, this defines the u -axis. Further 3 
coexistence planes meet at the critical end-point. These planes have a common 
tangent plane (in which the direction u. is contained). The second scaling 
field u, should be chosen such that it spans, together with u. this plane. 
The choice of the u. axis is therefore not unique. The final direction u can 
be chosen to be any vector which is independent of u. and u.,. 
fin- J.8 
Phaeediagram for a critical endpoint E. 
%2 The Potts model 
In this section the q-state Potts model, which is the main subject of 
this thesis is introduced. The model was proposed already in 1952 by Potts 
as a direct generalization of the Ising model. Recently it has attracted 
much attention both, because its rich critical structure serves as a testing 
20 
ground for the renormalization theory, and because ccn increasing number of 
experimental situations are described by i t . 
2.a. Definition of the Potts model 
The Potts model (Potts 1952), which is equivalent to the Random Cluster 
model (Fortuin and Kasteleijn 1969) is defined as follows. At a (2 dimensio­
nal) lattice spins are located that can take q different values, σ. = 1,2, 
3 q. When considered as a model describing a mixture, those values corre­
spond to the various kinds of atoms that can occupy a lattice point. The 
interactions are chosen such that the Hamiltonian is invariant under a change 
of the names of the spin states. For only nearest neighbour coupling, and 
assuming translational invariance, the Hamiltonian reads 
Л = Ε Κ δ (1.2.1) ¿ ο. σ -
<ij> i J 
ό is the Kronecker delta and <ii> denotes summation over nearest 
σ.σ.
 J 
ι J 
neighbours only. The free energy density is obtained from the logarithm of 
the canonical partition function Ζ 
e
N f
 = Ζ - l è*- (1.2.2) 
N is the number of spins and the summation runs over all possible spin 
states. The free energy f, and also the interaction constant K- are already 
multiplied by -1/k Τ (k • Boltzmann constant). Λ . is therefore 
D D 
dimensionaless and f has the dimension of the inverse of a volume. 
The derivation of a closed expression for the free energy from the 
partition function is easy for 1 dimensional lattices. In 3 dimensions 
however no exact solutions are known. For d=2 only a few models are solved 
exactly; e.g. the Ising model with only nearest neighbour interactions 
(Onsager 1944), that is included in the Potts model (for q=2). Series 
expansions, Monte-Carlo simulations and the renormalization method (that is 
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used in this thesis) are examples of methods that are developed to obtain 
approximated solutions. 
It is not necessary to restrict the discussion to the nearest neighbour 
coupling. Examples of other interactions that also satisfy the permutation 
invariance are the 3-body coupling K,5 & and the 4-body interactions 
4σ.σ.σ.σ, 
ι j j к 
К^б δ 6 and K_é δ . Derivatives of the free energy with 6 σ. σ. σ. σ, σ. σ. 8 σ. σ . σ. σ „ i j j k k i . i j k « , 
respect to interactions that break the Potts symmetry are necessary to 
determine critical exponents like β and δ. Examples of such interactions, 
that favour a particular spin state, let us say σ. = 1, are the magnetic 
field Ηδ , and the pair interaction Κ.δ δ ,. 
σ.1 3 σ.σ. σ.1 
1 1 J 1
 . . 
The Hamiltonian can be represented by the set of interaction constants 
К . The free energy is a function of these coupling constants. A D-dimensio-
nal phase diagram is obtained when D types of interactions are considered. 
For a real system only external parameters like the temperature and the 
magnetic field strength, that enter via the interaction constants can be 
varied. So experiments only give phase diagrams that are intersections from 
the full phase diagram К . For different systems corresponding to the same 
basic model, different intersections will be obtained. These systems show 
the same critical exponents when they contain critical points from the 
same critical subspace (universality). 
2.b. Expectation values and correlation functions 
The Hamiltonian is a linear combination of terms like Κ. Σ S 2 . • σ.σ. 
<ij> ι j 
K 9 is the field conjugated to the operator δ .The derivative of the free 
а
і
С
І 
energy density with respect to interaction constant К gives the expectation 
value of the corresponding operator. We are however more interested in 
derivatives with respect to the scaling fields. Locally around the critical 
point the scaling fields and the К -variables are related by a linear 
coordinate transformation. So (at least locally around the critical point) 
22 
one can rewrite the Hamiltonian as 
Л - Σ u. Ε 0.(?) (1.2.3) 
i г 
The operator 0.(r) is a linear combination of the original operators. The 
derivative of the free energy with respect to u. gives the expectation value 
of operator 0.(r) 
<0.(ΐ)>= ff (1.2.4) 
ι 
The fluctuations in the densities are determined by the correlation functions 
g..(ui; r-r') = <0.(r)0.(r')> - <0.(r)> <0.(r
,)> (1.2.5) 
The susceptibilities are related to the correlation functions by fluctuation 
expressions 
"и- è « . = i,«« (v?-? , ) с·2·6) 
J
 1 j r' J 
A divergence in the susceptibility therefore implies that the integral of 
the corresponding correlation function diverges. At the same time the 
correlation length Ç.. defined by 
ξ?. - f I (?-?') 2
е і
.(и.; ?-?·) (1.2.7) 
diverges. The critical exponents χ , J and ν are deiined via the— 
correlation function and the correlation length as 
g. . 'ь r-r'I X at Τ (1.2.8) 
1J с 
and -„(i-iJ) 
Gij * |uT| (1.2.9) 
For the pair correlation function g ™ also the exponent η is used. It is 
related to x ( H ' H ) as d - 2 + η= 2 x ( H , H ) . 
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§3 Universality classes 
The universality of the critical exponents is discussed. The universa-
lity classes included in the 2 dimensional Potts model are mentioned. 
3.a. Universality 
The interactions between the particles (or more precisely, the 
competition between the energy and the entropy), is responsable for the 
critical behaviour. One might expect the critical exponents to depend 
on the precise nature of the interactions. This is however not the case. 
Experiments showed that for example the exponents for the gas-liquids , 
easy axis ferromagnets, binary mixtures and binary alloys are the same 
as that of the 3 dimensional Ising model (see table 1.1). 
In order to explain this universality of the critical exponents, one 
must remember that the divergencies in the susceptibilities are due to 
large scale fluctuations (see eq. 1.2.6). The relevant length scale is 
the correlation length and not the lattice constant. The critical exponents 
are found to depend only on global features such as the dimension of the 
lattice, the symmetries and dimension of the order parameter, the type of 
(multi-) critical point (critical point, critical end-point, etc.), and 
the range of the interactions (long-range versus short-range). For the 
study of critical behaviour and the determination of the critical exponents 
rather simple models, like the Potts model can therefore be used. 
Systems that have the same exponents form a so-called universality class. 
1) A few years ago, the experimental data for gas-liquids and binary mixtures 
still showed a discrepancy with the Ising model exponents (see e.g. Levelt-
Sengers 1974). Recent improved experiments (taking into account gravity 
effects and extended scaling) give better agreement (see table 1.1). 
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table I I 
Critical exponents for Э dimensional systems vith a one dimensional order 
parameter. 
joneni 
α 
ß 
Y 
S 
υ 
у
н 
^т 
t Э<1 I s i n g 
s e n e s 
e x p a n s i o n 
( 1 / 8 ) 
0 . 3 1 2 
1 25 
5 . 0 
0 . 6 4 
2 . 4 8 
1.59 
1) Domb 1971*, Gaunt and Sykes 19T9 
2) via the Gallan-Symarz^K equation. Baker et al 1976, see also Le Guillou 
a-nd Zinn-Justln 1977. 
3) real space renornal^zation, the Kadanoff lover bound nethod, Kadanoff et al. 1976« 
U) Нослеп et al. 1976 (Xe, SFg, CO ). 
5) from the апалюіу in the diameter of the coexistence curve by ref. 6. 
6) Nakata et al. 1978 
7) Greer 1976. 
8) Jacobs et al. 1977. 
9) Chang et al. 1976. 
The systems of table 1,1 belong to the universality class that is charac­
terized by: 3 dimensional systems with short range interactions, having 
a one dimensional order parameter and showing (ordinary) critical behaviour. 
The so-called classical theories can be considered as forming a 
universality class on their own. Examples are the van der Waals equation 
for gasses, the Curie-Weiss theory for ferromagnets and the B.C.S. theory 
for super conductors. The Landau approach (Landau 1936) can be 
considered as being the most elaborated version. These theories are 
quantitatively wrong at the critical point since, while the correlation 
length diverges, they start with neglecting correlations. Nevertheless, 
Landau theory becomes correct above the so-called (upper-) critical dimension 
d* (for critical points d* = 4 and for tri-critical points d* » 3). Below 
d* classical theories are only correct for systems with long range inter­
actions . The critical exponents predicted by these theories 
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model 
. renormá 
2) 
0 110 
0.32« 
1.241 
4.82 
0.630 
2 484 
1.587 
iLization 
3) 
0.113 
0.336 
1 213 
4.604 
0.629 
2.464 
1.590 
g a s - l i q u i d 
0 . 0 8 - 0 . Π 
0 329-0.321 
1 28-1 23 
4 85-4.74 
2.49-2.47 
1.59-1 56 
binary mixtures and 
a l l o y s 
0.14 5 ) 
0.328-0.3,6 6 > T W 
0.625 , ) 
2.492 9 ) 
1.61-1.60 
are independent of the lattice dimensionality d. For critical points they 
give: о = 0 (jump), 8 = J, 6 = 3 , γ = 1. 
3.b. Universality in two dimensions - the Potts model 
Two dimensional systems play an important role in the study of critical 
phenomena already for many years. The Onsager solution (1944) of the 2 dimen­
sional Ising model constituted the beginning of the so-called modern era 
of the theory of phase transitions. While the more recent exact solution 
of the 8-vertex model (Baxter 1971) challenged the new theory since it shows 
non-universal behaviour. 
In the past this interest in two dimensional critical phenomena was 
however, with as an exception the experiments on pseudo 2 dimensional systems 
(de Jongh and Miedema 1973), solely theoretical. An interesting development 
of the recent years is the increasing number of direct applications of 
2 dimensional models to experimental situations. Examples are the adsorption 
experiments of gasses on graphite substrates, the experiments on super-fluid 
4 . . . 
He films and the roughening transition m crystal growth. 
The importance of the Potts model in this context is that for different 
values of q, it belongs to different universality classes. For q » 2 the 
Ising model is obtained. The q •* 1 limit leads, as we will see to the 
percolation problem (Fortuin and Kasteleyn 1969). The 3-state Potts model 
has succesfully been used to describe the adsorption experiments of gasses 
(like He, Xe and Kr) on graphite substrates (Alexander 1975, Bretz 1977, 
Berker et al 1978); while more applications in this direction for other q 
values can be expected (Domany and Riedel 1978, 1979). 
The Potts model is also related to the Ice-model (Temperley and Lieb 
1971) which is considered to belong to the same universality class as the 
4 
2 dimensional planar rotator model (He -films) and the discrete Gaussian 
model (used to describe the roughening transition). 
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In chapter 2 the models related to the Potts model and their applica­
tions are discussed more extensively. 
§4 Scaling - homogeneity postulates 
The equalities obeyed by the criticai exponents are discussed. They 
lead to the homogeneity postulates. The implications of these postulates 
with respect to the role of the special direction and to the non-dominant 
singularities are discussed. It is shown that the latter may serve to define 
the scaling fields uniquely. 
4.a. Equalities between critical exponents 
The critical exponents are related to each other by a set of equalities. 
The most important ones are: 
α + 2β + γ = 2 (Rushbrooke) (1.4.1) 
γ = β (δ - 1) (Griffiths) (1.4.2) 
(2 - η)ν = γ (Fisher) (1.4.3) 
dv = 2 - α (Josephson) (1.4.4) 
From rigorous thermodynamics, these relations only follow as 
inequalities (replace = by » signs). The equalities imply that all exponents 
can be expressed in the free energy exponents y.. So for ordinary critical 
points only 2 exponents are independent (y and y ), and for tri-critical 
η 1 
points only 4. 
The validity of the Josephson equality needs some extra comments. This 
equality is also known as the hyperscaling relation. For systems with 
long range interactions and also for short range systems above their 
critical dimension (d* = 4 for critical points), for which the Landau 
theory is correct, the Josephson relation is only satisfied as inequality. 
At the critical dimension and also for all 2 dimensional exactly solved 
models hyperscaling holds. The values for the critical exponents of the 
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3 dimensional Ising model, however, as obtained by series expansions (see 
table 1.1) still show a slight disagreement with hyperscaling. In 
renormalization theory hyperscaling is automatically satisfied (it can 
however be broken by the appearance of so-called dangerous-irrelevant 
variables; Fisher 1973). 
These equalities and also the concept of the special direction (discussed 
in §1) suggest that the free energy density and the correlation functions 
must be of a special form. The scaling relations can be derived when these 
functions are postulated to be generalized homogeneous functions of the 
scaling fields. 
More specifically, the singular part of the free energy density is 
postulated to satisfy the relation (Widom 1965; Domb and Hunter 1965): 
У У У 
f(uH,uT,u3,...) = Γ
ά£(1 "і^Д Т и
т
Д
 3
u 3,...) (1.4.5) 
The у. are the free energy exponents and the u. the scaling fields. So one 
assumes that around a critical point scaling fields can be chosen (by a 
non-linear regular coordinate transformation), such that the singular part 
of the free energy is a generalized homogeneous function of the scaling 
fields. As we will see, the present definition of scaling fields is consistent 
with the way they were introduced in §1 on the basis of the phase diagram. 
As it will turn out, much of the arbitrariness still present in the original 
definition is now removed. 
For simplicity the implications of the postulate are discussed by 
considering 2 dimensional parameter spaces only. First we consider a case 
with 2 relevant fields (see also fig. l.l.c), and in section 4.с a mixed 
case will be discussed with one relevant and one irrelevant field. 
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4.b. Scaling for two relevant fields 
Consider the phase diagram of fig. I.I.e. Both fields u^ and u are 
relevant (yH > y T > 0) 
У У 
f(uH,uT) = r
df(Jl Hu H l Я
 T
u T) (1.4.6) 
У
н 
A trajectory is defined as the line parameterized by J, through Í. u„, 
η 
У
т 
Л u-. Along such a line the free energy behaves as a pure power law, as can 
be seen by elimination of i,. Choose i = |u | or i. =|u_| -Then eq. (1.4.6) 
Η τ 
can be rewritten as 
d/y 
fivV = IV н ^ V ( , · 4 · 7 ) 
or 
d/v 
• Τ ± f ( u H , u T ) - | u T | ^ ( Х д ) ( 1 . 4 . 8 ) 
The amplitudes are constants along a trajectory. They are functions of 
ι Τ Η ι ι H T 
respectively χ = u |ULJ and χ » u |u | and depend on the sign 
of u T and u H: 
A^(xT) - f(±l,xT) (1.4.9) 
A^(xH) = fixy.il) (1.4.10) 
The critical exponents are universal. The microscopic properties 
therefore are only reflected in the amplitudes; i.e. in the scaling functions 
+ 
A.(x.)· Notice that an amplitude is a function of 1 parameter only. 
In §l.e. we defined the relevant scaling fields from the way critical 
lines and coexistence planes emerge from the (multi-) critical point. In 
order to show that this corresponds to the present definition, we consider 
the example of the coexistence line for an ordinary critical point. Let 
uh , u be a point on this line. The free energy is singular in this point. 
Eq. (1.4.6) implies that the same singularity must be found along the whole 
trajectory. Every trajectory, except the one with u = 0, reaches the origin 
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u = u « O asymptotically along the special direction (remind that y > y ). 
H T H T 
We now discuss the role of the special direction with respect to the 
approach of the critical point. Assume that the critical point is reached 
along a path u = a ε , u = a ε . Along this path the amplitudes in 
Γ 1 Η Η , 
у
т'
у
н 
eqs. (1.4.7) and (1.4.8) are not fixed; χ behaves as χ ^ |ε| while 
i-yH/yT 
χ я, (gl . Since у > у only χ is a small parameter close to the 
Η ' * H I 1 
critical point. This breaks the ambiguity in the choice between eq.(1.4.7) 
and eq.(1.4.8). Taylor expansion of the amplitude in eq.(1.4.7) yields 
f
= I v i H t V ° ) + d^aTlaHl ІИ τ Η + · · · > с · 4 · 1 · ) 
So along every path that does not coincide with the special direction, the 
dominant singularity has exponent d/y . The u^-axis is uniquely determined, 
since only when a = 0 the non-dominant terms in eq.(1.4.11) vanish. Along 
the special direction the exponent d/y is found (eq. (1.4.8)) . 
The singular part of all other thermodynamic quantities, (obtained by 
derivatives of the free energy) are also generalized homogeneous functions. 
The first derivative with respect to u gives the magnetization 
η 
—d+y у у 
m(u H ,u T ) = I H ma H u H , l ^ ) (1.4.12) 
i . e . , 
d
-
y H 
m(u H ,u T ) = liijj УН В н , н ( х Т ) (1.4.13) 
• κι
У т
 B Í , H ( V с· 4 · 1 4) 
This gives immediately the critical exponents В (associated to the vanishing 
of m along the special direction) and δ (critical isotherm): 
d
"
yH yH 
В = δ = ι — — (1.4.15) 
У
Т ,
 d
-
yH 
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The reasoning given above for the singularity seen along a path u = a ε, 
Η Η 
u = a e can be repeated. Along every path with a^ φ 0 the dominant exponent 
is 1/δ. The non dominant terms have exponents 1/6 + n(l - l/δβ) (with 
η = 1,2,3,... and l/δβ = y T/y H ). 
The role of the direction of differentiation with respect to the 
strength of the singularities (as scetched in §1) is also explained by the 
homogeneity postulate. The first derivative of the free energy with respect 
to a direction iv, = b p, u = b ρ gives 2 terms 
d-Уі 
ik = . Σ
ΤΗ
 K\ Ук V i ( v ) b i ( 1 · 4 · , 6 ) 
with : i , к , к ' = Η,Τ and к φ к ' . 
The dominant term has exponent β, when the special direction is chosen 
as path of approach (k = T, k' = H). For differentiation in the special 
direction (b = 0) this term vanishes. The quantity thus obtained is the 
energy density, which shows the weak exponent (d-y )/y = l-α (with a as 
we will see below the specific heat exponent). 
In §1 we made the remark that the choice of the order parameter is not 
unique with respect to the dominant singularity. Indeed we see now that 
every thermodynamic quantity that is obtained by the first derivative of 
the free energy in a direction with b φ 0 can be chosen as order parameter. 
Η 
All these quantities show a jump along the coexistence line, which vanishes 
with exponent 0. The choice b = 0 however is special, since only then no 
additional term with the weaker exponent l-α is present. This term gives 
rise to the so-called anomaly in the diameter of the coexistence curve 
(Mermin and Rehr 1971; Nakata et al 1978). The order parameter in the gas 
liquid, the density is an example with b φ 0. 
The second derivatives of the free energy give the susceptibilities. 
One finds from eq.(1.4.6) 
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~d+y .+y . y y 
XijíVV = 1 1 J X i j ^ H UH» «• \ ) (1 .4 .17) 
' e -a ( k ) 
"'"'xijívV = Ι\Ι a i j \,αι\^ ( 1 · 4 · 1 8 ) 
(к) 
with a/. = (у. + у. - d)/y, . ij i j к 
So the specific heat exponent α and the susceptibility exponent γ are 
related to у and y as (see also eq.(1.1.9)): 
π 1 
a = a™ = (2yT - d)/yT; γ = a ^
)
 = (2yH - d)/yT (1.4.19) 
The dominant singularities depend again on the path of approach 
(denoted by the index k) and on the direction of differentiation (the 
(k) indices i and j). The dominant singularity is governed by the exponent a.. , 
with as prescription: the indices must be taken equal to Η except for the 
case that the path of approach (index k) or the direction of differentiation 
(the indices i and j) coincides with the special direction. The non dominant 
singularities can be determined in the same way as done above for the 
first derivatives. 
4.C. Irrelevant fields - corrections to scaling 
Consider a 2 dimensional subspace (u »u9) with u a relevant field 
(y > 0) and u an irrelevant field (y < 0). Now we find 
У У 
fOi,,!^) = rdf(Jl 'u,, i 2u 2) (1.4.20) 
d/y, 
luj 'f(±l,x2) (1.4.21) 
We will see now that along the whole u -axis the same critical behaviour 
is found as in the origin. 
Consider a path u. • a.e , u„ = u_ + 3_ε that intersects the u -axis 
(о) ~y2^y\ ~y2^Y\ 
at u^ . The parameter x_ - u.|u | ъ \t\ is a small parameter 
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since y9 < 0. Taylor expansion yields: 
d/y —y /y 
f = |a]E| ' {f(±l,0) + u°|aie| 2 ' £2(±1,0) +...} (1.4.22) 
The dominant singularity along the whole u. = 0 line is indeed the same. 
the u -axis is a critical line. All points on it belong to the same 
universality class. 
From eq.(1.4.22) we see however that weaker additional singularities 
come in when u. / 0 . So-called corrections to scaling are found. Since 
y_ enters in their exponents and u„ in their amplitude, it is clear that 
neither the choice of the origin, nor the choice of the irrelevant fields 
(spanning the critical subspace) is free anymore. In fact we have seen now 
that all freedom in choice of the scaling fields, as still present in §1 
is removed now by considering the non-dominant singularities. Anticipating 
on the nomenclature of the next section, the special critical point that 
is the origin in the standard phase diagram will be called the fixed point. 
An exception to this rule is the case where the singular part of the 
free energy is independent of a particular scaling field. Such a field is 
called redundant (Wegner 1972). A redundant field is located in the critical 
subspace. With respect to these fields no corrections to scaling are found. 
Therefore the fixed point can be chosen everywhere in the redundant 
subspace. The values of the exponents y. corresponding to redundant fields 
(even when they come out to be relevant) are unimportant. 
Special behaviour is also found in the case of a marginal operator 
(y. = 0 ) . In the first place a marginal field is associated to a so-called 
infinite-order transition. Taking the limit y + 0 in eq.(1.4.8) one sees 
that all derivatives of the free energy with respect to u remain finite. 
Infinite-order transitions are found e.g. in the Ice-model (Lieb 1967) and 
in the 2 dimensional planar-rotator model (Kosterlitz and Thouless 1973,1978), 
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A marginal operator also indicates the possibility of non-universal 
behaviour. In the 8-vertex model (Baxter 1971) the critical exponents are 
found to vary continuously along the critical line. This only agrees with 
the homogeneity postulate, when along the critical line a marginal operator 
appears (see eq.(1.4.22): when u 9 is marginal the expansion fails). Within 
the 8-vertex model indeed a marginal operator is found (see chapter 4). 
4.d. Scaling for the correlation functions 
In analogy with the free energy, also the singular part of the 
correlation functions is postulated to be a generalized homogeneous function 
(for large r = (г-г'^Лп the case of two scaling fields one has (see also 
eq.1.2.5): 
(i,j) b ( i , j ) b ( i ' j ) 
Gij(uH,uT;r) = jfx G.^iL H uH, I T u T; I 'r) (1.4.23) 
The postulate implies that at the critical point, the correlation function 
falls of as a power law 
1 
G (0,0;r) % (i.j) (1.4.24) 
ij
 r
 x 
(compare eq.1.2.8). Via the definition of the correlation length (eq.1.2.7) 
it follows that ξ., is also generalized homogeneous 
.(i.j) uCi.J) bH bT 
С^(и
н
,и
т
) = ¿Ç.jU uH, I u T ) (1.4.25) 
Along the special direction the correlation length diverges with exponent 
v(i,j) = 1/b(i.J). 
Τ 
Integration of the correlation function over r gives, according to 
the fluctuation-dissipation theorem, for the corresponding susceptibility: 
_
v
u,j) . b b 
Х..(и
н
,и
т
) = £ X + d χ..(Л H u H, Л u T ) (1.4.26) 
Twice differentiating eq. (1.4.6) on the other hand gives 
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-d+y.+y. y y 
Xij ( uH' UT ) = 1 1 J x i j a ""H' 1 T u T ) (1.4.27) 
So one concludes that 
b(i.j) = c ( i' j )y k and -x ( i' j ) +d - c ( i' j )(y i + y j-d) (1.4.28) 
with с a proportionality constant that can be different for every 
correlation function. Using the result ν •' = l/bi1,J , the last equation 
can be brought into the form of Fisher's scaling law (eq.1.4.3) 
(d - x ( i ' j ) ) v ( i ' j ) = Y ( i ' j ) (1.4.29) 
with γ = (-d + y. + y.)/yT the exponent with which χ.. diverges along 
the special direction. 
So next to the critical exponents y. every correlation function has 
its own independent proportionality constant с ' . Or equivalently, 
every correlation function has still its own correlation length exponent 
Hyperscaling is obtained when all с = 1. Josephson's scaling law 
2 - α » dv then follows directly from eq. (1.4.28) and eq.(1.4.19). Further 
eq. (1.4.28) implies that every χ , J can be written as χ , J = x. + x. 
with the new exponents x. satisfying: 
x. + y. - d (1.4.30) 
Notice that all correlation lengths now diverge with the same exponent 
ν = 1/y (along the special direction). 
From eqs.(1.4.12) and (1.2.4) one sees that the average of an operator 
0. satisfies the relation 
ι 
-x. 
<0.> = Я 1 <0!> (1.4.31) 
Уі 
The prime indicates an average evaluated at the scaled values î. u. of the 
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scaling fields. In §5 we will see that the parameter I should be associated 
to a change in length scale of the system. The exponent x. is therefore cal­
led the (anomalous) dimension of the operator 0.. The free energy density 
has in this sence a dimension d. A marginal operator y. = 0 scales as the 
free energy (x. = d). 
§5 Renormalization Transformations 
Real-space renormalization theory is discussed. For the presentation of 
the global analysis of the R.T. equations (resulting in the construction of 
the phase diagram), the phase diagram of the 2 dimensional triangular Ising 
model with nearest and next nearest neighbour interactions is used as 
examp le. 
5.a. Introduction 
The advantage of the use of scale transformations for the description 
of a system at criticality was first noticed by Kadanoff (1966). By a 
block-cell transformation he explained the homogeneity postulates. It was 
however Wilson (1971 a,b) who introduced renormalization transformations 
(R.T.'s), already known in relativistic quantum field theory, in the field 
of critical phenomena. His field theoretical approach leads to the e- and 
1/η-expansions (for reviews see Domb and Green, vol.6). In the ε-expansion 
one starts with the Landau-Wilson Hamiltonian at the critical dimension d* 
and expands in e = d*- d , using the fact that for the Gaussian model the 
R.T. is exact. In the 1/n expansion one makes use of the fact that the 
limit in which the dimension of the order parameter η goes to infinity can 
also be solved exactly (the spherical model). 
In the real space renormalization method however, models like the Ising 
model are treated directly. This type of approach, closely related to the 
original Kadanoff block-cell picture, was introduced by Niemeijer and van 
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Leeuwen (1974, 1977). The R.T. for the Potts model discussed in this thesis 
is an example of this type of transformations. 
5.b. Definition of real-space renormalization transformations 
Let us consider (as example) a Potts model. Allow all types of short 
range interactions. So we have a set of coupling constants К . Each К is 
conjugated to a local operator S (which is a product of Kronecker delta's; 
see §2) 
"JC (K ; σ.) = Σ К S (1.5.1) 
The Hamiltonian is assumed to be translational invariant. The free energy is 
given by 
Nf(K ) 7¿(K ; σ.) 
(1.5.2) 
% ( K 
α
 r α' ι 
e = Σ e 
ία.} 
Ν is the total number of spins σ.. 
r
 ι 
<з^ = l,2,3,...q 
This Potts model will now be mapped onto another isomorphic Potts 
model with a larger lattice constant. Choose cells on the lattice (fig.1.3) 
each containing S, spins. The mapping is constructed by a summation over the 
fig. 1.3a 
The Meiretjer - Van Ьееьамп 
cell choice (1974Ì 
fig. 1.3b 
Celle ueed by den Hijs et al. (1976} 
fig. 1.3 : EXAMPLES OFF CELL CHOICES. 
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internal degrees of freedom of these cells. Assign for this purpose to 
every cell i a cell spin σ.' = 1,2,3 q. Define a weight function P., that 
couples the cell spin to the site spins σ. in the cell. P. must be normalized 
Σ Ρ (σΐ; σ!, σ?,.., σ") = 1 (1.5.3) 
σΐ = 1 q 
Notice that the σ.' spins are not yet coupled directly. When the trace is 
carried out over all site-spin configurations we are left with cell spins 
only. The cell spins a', are coupled then by interactions K'. 
NK' +%(K'; σ') УС(.К ; σ ) 
e
 0 a 0
 = Σ ( Π P.) e α α (1.5.4) 
ία.} cells 
ι 
ι 
The spin independent term К' is always generated. It must be regarded as 
о 
the internal energy of the cell. This interaction constant Κ , which is 
о 
conjugated to the unity operator could be included in the set К . Since К 
α о 
corresponds to a trivial shift in the free energy density it is however 
customary to treat it separately and to start with К = 0. 
From eq.(1.5.A) the renormalization equations can be determined 
v w
 ; κ; = κ ; ( ν ( Ι · 5 · 5 ) 
They define a mapping in the parameter space. The weight function must be 
chosen such that these equations are regular functions (at least in the 
region of parameter space under consideration). 
The transformation preserves the parition function 
W ( K ; σ ) Χ (К ; σ ) # № ' ; σ') + ΝΚ' 
Ζ = Σ e
 α α
 = Σ ( Π Σ P.)e β α = Σ e β α 0 
{α.) {α.} ίίσ!}1 {σ!} 
(1.5.6) 
So the free energy density satisfies the relation 
Adf(K ) = ftK' ) + K' (1.5.7) 
α α о 
I is the number of spins per cell. 
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5.с. Local analysis 
Fixed points are points that are mapped on itself: 
К*- К' (K*). (1.5.8) 
Around a fixed point the R.T. equations can be linearized. The scaling 
fields u are now defined as the linear combinations of the К -К* that 
a a a 
diagonalize the R.T. equations 
u' = λ u (1.5.9) 
α α α 
with λ the eigenvalues of the matr ix 
\ эк«,/, 
L
.S - \jrjv O.5..0) 
In terras of these scaling fields the free energy relation (1.5.7) gets 
the form 
у 
í.d f(u ) = f(í. au ) + К'(u ) (1.5.11) 
a a о a 
with the c r i t i c a l exponents у defined as 
a 
1m λ 
У
а = ι Γ Ϊ С·
5
·
1 2 ) 
Since К' is a regular function of the u , the singular part of the free 
energy is precisely of the generalized homogeneous form postulated in §4. 
The critical exponents are simply the eigenvalues of the linearized R.T. 
matrix and the scaling fields are to linear order the eigen vectors. Notice 
that the flow lines of the mapping of eq.(1.5.5) are the trajectories of the 
homogeneous function (see §4.b). So the R.T. is build to reproduce the 
homogeneous form of the free energy. 
The scaling fields can also be defined now beyond the linear domain, 
by a regular (non-linear) coordinate transformation. The u should be chosen 
such that eq. (1.5.9) holds outside the linear domain too. The domain in 
parameter space where the u can be defined in this way is bordered by the 
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other fixed points (see also global analysis in next section). 
The free energy relation eq.(l.5.7) respectively eq.(1.5.11) (in the 
new coordinates) is a recurrency relation that can be solved by iteration 
(Nauenberg and Nienhuis 1974). Also a formal solution for the free energy 
can be constructed from it. This solution consists of a regular and a 
singular part (that is generalized homogeneous). The scaling function (see 
§A.b) and also the regular part of the free energy can be expressed 
explicitly in terms of the R.T. equations (van Leeuwen 1975, den Nijs 1976). 
The possibility of logaritmic singularities (in case y = d/n; η being an 
integer) is also included. 
5.d. Global analysis 
The R.T. equations define a flow in the parameter space К . The whole 
phase diagram can be constructed from it. The fixed points represent sinks, 
sources and saddle points of this flow. We will now discuss this by using 
an example. The stream pattern obtained by a R.T. for the 2 dimensional 
triangular Ising model with nearest and next nearest neighbour interactions 
is discussed (den Nijs et al 1976). 
Consider a 2d-triangular Ising model with Hamiltonian: 
\sL = Σ Η 5 . + Σ K S . S . + Σ L S . S . + Σ BS.S. S, 
ι <ij> J (ij) J <ijk> J 
(1.5.13) 
The spin variables now take only 2 values S. = ±1 ; <i,j> denotes summation 
over nearest neighbour pairs, (i,j) summation over next nearest neighbour 
pairs and <ijk> summation over nearest neighbour triangles, (see fig.I.4). 
So we have a 4 dimensional parameter space. The exact solution is known 
along the К axis (Onsager 1944: у = 1, у = 15/8). For next-nearest 
Τ π 
neighbour interaction only, the model reduces to 3 decoupled sublattices 
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Interaotione in the triangula 
Ізгпд model. 
each with a nearest neighbour 
coupling L. So for pure L inter­
action the Onsager solution is 
valid too. For pure triplet 
interactions the exact solution 
has been derived by Baxter and 
Wu (1973; y T - 3/2). 
At low temperatures one 
of the 4 types of order drawn 
in fig. 1.5. can be found. Next 
to the 2 ferromagnetic phases 
denoted by + + and - - , two 
anti-ferromagnetic like phases play a role. 
These + + and - - phases are called the Baxter-Wu phases. 
We studied a R.T. (den Nijs et al 1976) for this model, using the 
cells of fig. 1.3b and the weight function 
1 1 2 4 I ? 3 
p. = j - (2 + s.'is! + s: + sf - S!S:ST)) 
ι 4 i i ι ι i l i 
(the so-called majority rule; the cell spin follows the majority of the 
site spins). The main object of this study was the critical point on the 
triplet axis. This point appeared to exhibit 3 relevant critical eigenvalues 
instead of 2. Along the B-axis below Τ one finds the + + and - - phase 
to be coexisting. So one would expect to find an ordinary critical point 
with only two relevant fields y and y . The critical point however turned 
Η Τ 
out to be also the end point of the triple line along which the + + , - -
and - - phases are coexisting. This triple line just as the ferromagnetic 
critical line reaches the triplet-critical point along an extra (and also 
the weakest) relevant scaling field axis (y, = 0.4; Barber (1976) suggested 
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y = 7/8). For further details the reader is refered to the paper (den Nijs 
et al 1976). Here we will discuss the behaviour of this R.T. in the subspace 
of even interactions, i.e. the (K,L)-space, in order to give an example of 
a stream pattern (fig.1.6 ; den Nijs 1976, unpublished results). 
In the phase diagram 3 regions can be distinguished: the paramagnetic 
phase around the origin К = L = 0 (high temperatures), the ferromagnetic 
region (K > 0) where the 2 ferromagnetic phases are coexisting and the 
"anti-ferromagnetic" region (at К < 0, L > 0) where the 2 Baxter-Wu phases 
are coexisting. The L-axis is the border line between the ferro and anti­
ferro magnetic domain (because the sublattices decouple at К = 0). At the 
K-axis for К < 0 no transition takes place as is known from the Onsager 
solution. One can also convince one self of this by realizing that in the 
t In the 4-cluster approximation also a four body interaction is generated. 
The (K,L)-space therefore is not an invariant subspace. The fixed points 
however are situated sufficiently close to the (K,L)-subspace to make 
fig. 1.6 a reasonable simplification. 
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limit К ->• -" the entropy does not vanish (the state of lowest energy is 
infinitely degenerated). So the anti-ferromagnetic - paramagnetic transition 
line does not intersect the K-axis. 
In the flow diagram each of the 3 phase domains has its own fixed point 
(С , С and С in fig. 1.6). So all points that for example belong to the 
г г Ar 
ferro magnetic phase domain flow ultimately towards С (that is located at 
F 
infinity). The lines that separate these flow domains have their own fixed 
points. The points F and AF are attractors of critical lines, while С 
(located at infinity) is the attractor of a line of first-order transitions. 
The fixed point F on the L-axis is totally unstable. This critical point is 
the end point of a line (the L-axis) where 4 phases are coexisting (In fact 
8 phases since the Baxter-Wu ground states are each 3-folded degenerated). 
Especially when dealing with A.F. interactions the choice of the cells 
in constructing the R.T. is not a trivial matter. The cell choice (fig.1.3.a) 
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> > 
and weight function (also the majority rule) used by Niemeijer and van 
Leeuwen (1974) in their original paper only treats the ferromagnetic domain 
appropriately. Starting with a + + order for the site spins, the cell spins 
take a + + order. The ferromagnetic and anti-ferr-magnetic phases in fig. 
1.5 are not distinguished. Points in the A.F. phase map onto the С fixed 
F 
point. The renormalization equations will therefore not remain regular 
everywhere. The approximations that are used for the R.T. equations (see 
also next section) are not adapted to handle such singularities (The approxi­
mated R.T. equations remain usually regular functions). Therefore the cells 
should be chosen such that they "preserve" the ground states (that characte­
rize the phases under consideration). 
5.e. Approximations 
The trace in eq.(1.5.4) can in general not be handled exactly. It would 
mean that one would have found an exact solution of the model (for an exact 
R.T. for the 2d-triangular Ising model see: Hilhorst et al 1978, Knops and 
Hilhorst 1979). So one has to use approximations. 
The R.T. equations will, on condition that P. is chosen correctly, 
remain regular in the interesting part of К -space. So the trace in eq.(1.5.4) 
over all site-spin configurations remains regular. In other words: by inser­
tion of the weight function, the singularity in the trace has been removed. 
This shows the advantage of renormalization transformations. It is possible 
to approximate the thermodynamic quantities at the critical point by an 
expansion in functions that remain regular at Τ . For this purpose well known 
methods such as cumulant and cluster expansions can be used (for examples 
see Niemeijer and van Leeuwen in Domb and Green vol.6). 
It must be mentioned however that the approximated R.T. equations often 
are regular automatically. It is in general not possible to prove that the 
corresponding exact R.T. equations will be regular too. Some evidence that 
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this might not always be the case is recently given by Griffiths and Pearse 
(1978). 
When one is only interested in obtaining a qualitatively correct phase 
diagram, a simple cumulant or small cluster approximation is usually satis­
factory. The phase diagram of fig. 1.5, obtained by a 4-cluster approximation 
is such a case. Because of the loose cell structure (fig. 1.3.b) the cluster 
and cumulant method converge here very slowly. It is the prize one has to 
pay for obtaining a correct phase diagram in a larger domain of the parameter 
space. The approximation is however still sufficiently accurate in order to: 
a) prove that all points that flow to the ferromagnetic fixed point F have 
the same dominant singularities as the pure nearest neighbour model. The 
accuracy in the values of y and y„, as obtained by the R.T, is not 
H 1 
important, since the exact values are known by the Onsager solution 
(У
т
 • 1, У
н
 = 15/8). 
b) prove the existence of an antiferromagnetic like transition in the 
triangular Ising model. But the R.T. is not accurate enough to predict 
the critical exponents (y might be the same as for the ferromagnetic 
critical points). 
c) determine the nature of the critical point in the triplet model (only 
В coupling; see eq.(I.5.13)), i.e. to determine the number of relevant 
exponents of the multi-critical point (see discussion above). 
A great improvement in the accuracy of R.T.'s was obtained by the 
introduction of variational methods. The freedom in the choice of the weight 
function can be used to minimalize the error made by the approximation. 
Usually one restricts oneself to a certain class of weight functions. The 
freedom is reflected in one or more free parameters. One of the problems 
is to choose a suitable criterium that determines the optimal choice of these 
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parameter(s). The criterium will depend on the approximation that is 
actually used. 
The Kadanoff lower bound R.T. (Kadanoff et al 1976) proved to be one of 
the best working examples of the variational method. For the Ising model 
(on a square lattice) it leads to very accurate exponents (a = 0.0017, 
δ = 15.04; exact: α = 0,5 = 15) and critical temperature (K = 0.456; exact 
К = 0.4407). In this thesis this method is studied and applied to the 
с 
q-state Potts model (chapter 3 and appendix I). Also in this case it leads 
to good results (for q<4). As we will see, the numerical accuracy of this 
method remains a bit of a puzzle. The optimalization receipt that is used, 
is based on a free energy criterium. This criterium is not applied in a 
full consistent way. In appendix I it is shown that in the consistent 
approach only transitions that are weaker than second-order and first-order 
transitions can be described correctly. 
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CHAPTER 2 
The two dimensional q-state Potts model 
The Potts model was introduaed by Potts already in 
1952 as a direct generalization of the Ising model. It 
lasted however some time before the significance of the 
model was recognized. During the last ten years, starting 
with the introduction of the Random Cluster model by 
Fortuin and Kasteleyn (1969), it has become clear that the 
model plays a central role in the description of 2 dimen-
sional critical phenomena: other interesting models are 
included in or closely related to the Potts model, and an 
increasing number of experiments can be described by it. 
In this chapter these applications of the Potts mddel 
are reviewed. 
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§1 Introduction 
A global soetch is given of the history of the model and its 
applications. The Potts model is reformulated in terms of the Random Cluster 
model. 
l.a. Definition of the Potts model 
The Potts model has already been defined in §2 of chapter 1. At the 
sites of a 2 dimensional lattice "spins" are located that can take q 
different values σ. = l,2,...q. These spins are coupled via short-range 
interactions. The Hamiltonian is invariant with respect to permutations of 
the spin states. For nearest neighbour interactions only it reads 
УС = Σ Κ δ
σ
 (2.1.1) 
< i j > i j 
At low temperatures the spins can order in q different ferro magnetic ground 
states. The critical points therefore have the nature of q-critical points. 
As we will see in §5 these multi-critical points are of a special nature 
because of the permutational invariancy. 
Potts (1952) already obtained the duality transformation for the 2 
dimensional square lattice. Under the assumption that only 1 transition takes 
place, the multi-critical point must be located at exp (K ) • 1 + /q. At 
q=2 the model reduces to the Ising model. From the Onsager solution (1944), 
ρ 
follows that y T (2) = 1 (logaritmic singularity in the specific heat), 
while y^ (2) = 15/8 (Yang 1952). 
η 
Mean field and Landau theory for the Potts model predicts that for 
q>2 the transition becomes first-order. This is caused by the presence of a 
3 
m term in the Landau-Wilson Hamiltonian (Straley and Fisher 1973; Priest 
and Lubenski 1976; Stephen and Mittag 1974). Baxter (1973.b) has shown 
however that in 2 dimensions the transition becomes first-order not until q=4. 
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l.b. History of the Potts model 
The work of Fortuin and Kasteleyn (1969, 1972) must be considered as 
the starting point of the period of growing interest in the Potts model. 
They reformulated the Potts model in terms of the so-called Random Cluster 
model (§l.c.) In this version, q is not restricted to integer values anymore. 
They also showed that the q-M limit corresponds to the percolation model 
(§2) and that for q+0 the partition function reduces to the generating 
function of spanning trees, and therefore can be interpreted as describing 
a linear resistor network (§3). 
Two years later Temperley and Lieb (1971) showed that the 2 dimensional 
Random Cluster model could be mapped onto the (staggered) Ice model. They 
studied the transfer matrices of both models. More recently Baxter et al 
(1976) gave a more simple proof by a graphical method (52 in appendix III). 
The Ice model (without staggered fields) has been solved exactly by Lieb 
(1967.с). Also the staggered polarization of this model has been calculated 
(Baxter 1973.a). Using these results Baxter (1973.b) has been able to show 
that the transition in the 2 dimensional Potts model is first-order for q>4. 
The Ashkin-Teller and 8-vertex model are related to the Ice model in 
a similar way as the Potts model. We will make use of these mappings to 
propose in chapter 4 a so-called weak-scaling relation between the temperature 
exponents of the 8-vertex and Potts model. 
Another important feature of the Potts model is its invariance with 
respect to permutations of the spin states. Adsorption experiments of gasses 
4 
(like He and Kr) on substrates (like graphite) show transitions that exhibit 
the same symmetry (§4). These transitions are considered therefore to belong 
to the same universality class as the 2 dimensional Potts model (for a 
specific value of q). The most accurate data obtained up to now are the ones 
from the so-called /3 χ /З transition in He adsorbed on graphite which 
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should correspond to the 3-state Potts model. The experimental value for 
the specific heat exponent indeed agrees with the value α = 1/3 that is 
proposed in this thesis on basis of weak scaling. 
The permutational symmetry can be broken partially by addition in 
eq.(2.1.1) of interactions that favour for example one specific state (the 
Potts lattice gas) or favour neighbouring spins to belong to a certain 
group (the (q ,q )-model). Well known models that can be obtained in this 
way are the Blume-Capel model, the Ashkin-Teller and the Cubic model. 
In the sequal of this chapter a review will be given of all these 
special limit cases, related models and experimental applications of the 
Potts model. The relation between the Potts model and the 8-vertex model, 
via the Ice model is however left for chapter 4. There also the weak scaling 
relation is conjectured. 
For the e-expansion treatment of the Potts model (i.e. for the field 
type renormalization method that starts with the Landau-Wilson Hamiltonian), 
the reader is referred to Zia and Wallace (1975), Priest and Lubenski (1976) 
and Amit and Roginsky (1979). 
I.e. The Random Cluster model 
The Random Cluster model plays a central role in the discussion of the 
Potts model. Not only it gives a meaning to the q<2 domain (§2 and §3), 
moreover it provides via the Ice model information about the critical 
exponents (chapter 4). 
The Random Cluster model is introduced and proved to be equivalent to 
the Potts model by Fortuin and Kasteleyn (1969, 1972). Here however mainly 
the reviews by Stephen (1976) and Wu (1977.a) will be used. 
Consider the nearest neighbour Hamiltonian 
= Σ (Κ δ + J δ , δ ,) + Σ Η δ (2.1.2) 
.. σ.σ. σ.ΐσ.1 . σ.1 
<lj> I J 1 J 1 1 
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% 
Next to the pure Potts interaction K, 2 extra couplings are included that 
favour spin state σ. = 1. This extended Potts model is the Potts lattice 
gas which will be discussed in 55. Since a Kronecker delta can only take 
2 values, the Boltzmann weigths can be rewritten as 
g & 
ι 
i'j i "j i J 
exp (K 6 + J 6 , δ ,) = 1 + ν S e σ ΐ Ι (2.1.3) 
r
 σ .σ. σ. 1 σ. Γ σ.σ. 
with ν = exp(Κ) - 1 
g = InUexpOC + J) - l)/(exp(K) - 1)} (2.1.4) 
(Stephen 1976, Wu 1977). The partition function reads 
S δ σ I Z = Σ { Π ( 1 + ν δ e i ) } exp (Σ Η δ
σ
 ,) ( 2 . 1 . 5 ) 
{оЛ <ij> ij i i 
The product over all nearest neighbours can be written out. Every term can be 
represented by a graph on the lattice. In such a graph the bond between site 
i and j is defined to be connected when in the corresponding term a factor 
δ is present. The sum over all possible spin states and graphs can be 
interchanged. For Η = g = 0 the sum over the spin states, gives a factor q 
for every cluster (= connected part in the graph). The resulting partition 
function reads 
Z(v;q) Σ v M q k (2.1.6) 
graphs 
with: M = number of bonds in graph G 
k = number of clusters in graph G 
κ
 1 
ν = e - 1 
When H and g are different from zero, one finds 
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g M + Η Ν 
Z(v,H,g;q) = Ζ M Π (e C C + q - l ) (2.1.7) 
graphs clusters 
с 
with: M = number of bonds in cluster с 
с 
Ν = number of sites in cluster с 
с 
M = Σ M = number of bonds in the graph 
с 
N = £ N = number of sites in the graph (i.e. in 
с 
с 
the lattice) 
This reformulated Potts model is called the Random Cluster model. There is 
no need anymore to restrict q to integer values. 
§2 The q-M limit - The percolation model 
The bond percolation model is discussed and its velation to the q+1 
Unit of the Potts model is explained. 
2.a. Bond Percolation 
We start our survey of the applications of the Potts model at the q<2 
side. In this region the Random Cluster formulation of the model is essential. 
In the bond percolation model, every bond at the lattice has a 
probability γΕ— to be present and a probability -— to be absent. Notice 
that 0 { ρ £ <*>. These probabilities are independent of the state of the 
other bonds. The lattice is called percolative when the expectation value 
for finding an infinite large cluster of connected bonds is non zero. This 
quantitiy J? (p) plays the role of the order parameter (see e.g. Essam 1972). 
Only above the critical value ρ , J^> (p) becomes non zero. Another quantity 
of interest is the expectation value of the number of finite clusters. This 
quantity Ç (p) plays here the role of the free energy. The mean cluster size 
Ο (ρ) is the analogue of the susceptibility. 
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The symbols for the critical exponents are chosen according to these 
roles. So, on approach of the critical point ρ one finds: 
2 / у
т y(p) л- |p - pj (2.2.1) 
PW ^ ІР - PC|S (2.2.2) 
J(p) л, |p -
 Р с
Г
у
 (2.2.3) 
Let us discuss now the relation between these quantities. Consider the 
clusters that contain N sites and M bonds. The average number of these 
с с 
clusters per site, i.e. the average density of such clusters, is defined via 
k(N
c
,M ;p) - lim 1 Σ (^) (^) « N ^ í G ) 
lim -i Σ ρ κ(Ν ,Μ ;G) 
Ν-*-
 Ν
 G c C (2.2.4) 
Σ ρ 
G 
The summation runs over all possible graphs G, while κ(Ν ,Μ ;G) is the 
number of clusters with N sites and M bonds in graph G. The probability 
that a specific site belongs to such a cluster is given by 
P(N ,M :p) - N k(N ,M ;p) ( 2 . 2 . 5 ) 
С С C G C 
In the same way 
Q(N ,M ;p) = M /z k(N ,M ;p) ( 2 . 2 . 6 ) 
с с с c c 
is the probability that a specific bond belongs to a cluster of N sites and 
M bonds (z = coordinate number). 
с 
Consider the generating function 
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-Η Ν - g M 
Ç(p,H,g) = Σ k(N ,M ;p) e c c (2.2.7) 
^ N M C c 
с с 
At H = g « 0 it gives the expectation value Ç(p) for the number of finite 
clusters per site (i.e. the density). The first derivative with respect to 
H leads to the probability that a specific site belongs to an infinite 
cluster 
faO\ -Η N - g M 
JD(p,H,g) = 1
+
| | = 1 - Σ P(N
c
,M
c
;p) e C C (2.2.8) 
ι 'p,q Ν M 
г
 с с 
At H = g = 0 this is the order parameter, which only for p>p becomes non 
zero. In the same way the second derivative with respect to H leads to the 
mean cluster size О (p). The derivatives with respect to g are discussed 
below. 
2.b. The q-H limit of the Potts model 
The q-H limit of the Potts model leads to the percolation model 
(Fortuin and Kasteleyn 1969, 1972; reviews are given by Stephen 1976 and 
Wu 1977.a). In its Random Cluster version, the Potts model is close in nature 
to the percolation model. In the percolation model every bond has an 
independent probability -г^— to be present. In the Random Cluster model 
every graph is weighted moreover by an extra factor q (see eq. 2.1.6). 
The partition function of the Potts model becomes trivial at q=l: 
H N + g M H N +(K+J)z N 
Z O C . J . H ; ! ) = Σ ν Μ Π e C C = e (2.2.9) 
G clusters 
Differentiation with respect to q, followed by the q-H limit however yields 
M -Η N - g M 
_ M _ с а с 
Σ ρ Σ e 
(2.2.10) 
4
 ' q=l G clusters 
\ Р with ρ = v e*g 
Lr 
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This can be rewritten as (see eq. 2.2.A) 
1 / Э lnz\ , . 1 „ M _ ,M M _.
 H N
c
 e M
c lim — — - — = lim - Σ ρ Σ < (Ν ,Μ G) e 
Ν I 3q J . „ Ν „ „ ., c c 
Ν-"» \ ч / q=l Ν-«· G NM 
^ с с 
ν
 Μ 
Σ ρ 
G 
- Η Ν - g Μ 
Σ e
 C C
 k(N ,Μ ;p) (2.2.11) 
С с N M 
с с 
So the first derivative of the free energy of the Potts model with respect to 
q leads at q=1 to the quantity that plays the role of the free energy in the 
percolation model. 
9 <-•"•·>- £ î H r ) <2·2·'2» 
q=l 
From the duality transformation it follows that the transition in the 
К 
(square) Potts model takes place at ν = e - 1 = /q (see also §6 in 
appendix II). This implies that the transition in the bond percolation 
model (at a square lattice) takes place at ρ =1. Percolation occurs for 
с 
p>p , i.e. when the probability for the presence of a bond exceeds J. 
The critical exponents of the Potts model vary continuously with q (as 
we will see in chapter 4). The critical exponents of the percolation model 
Ρ Ρ 
are simply obtained by the Potts values at q=1 : у = у (1), у = у
ц
(1), 
Γ Ι η tl 
β = (2-y )/y , γ = (2y -2)/y . This needs however a comment. H T π Γ 
The singular part of the free energy in the Potts model will behave as 
2/y!(q) 
f ^ A(q) |uT| (2.2.13) 
Ρ The amplitude, the exponent у and the scaling field IL depend on q. At q=l 
the partition function becomes trivial (eq.2.2.9). So A(l) must be zero. 
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This observation is essential, since differentiation with respect to q now 
simply yields 
/нд\ 2/y!(l) 
£<*>* [£ ) IUT¡ ( 2 · 2 · 1 4 ) 
q=l 
The other (more singular) terms have amplitude zero at q=1. So indeed 
Ρ Ρ 
у (1) and УцСО are the percolation exponents. 
Τ η 
Finally we will discuss the meaning of the field g (see eq.(2.2.7) and 
(2.2.11). An alternative choice for the order parameter is obtained by 
computing the probability that a given bond (instead of a given site) 
belongs to an infinite cluster. This order parameter Q ( p ) is obtained by 
differentiation with respect to g: 
с с 
Notice that the probability that a specific bond belongs to a cluster (both 
finite and infinite) is equal to the probability -r-*— that it is present. 
It has been argued that this alternative order parameter does not lead 
to a new value for the exponent S (Essam et al 1976, Wu 1977). As we will 
see now this is only partially true. The model obtained from the pure Potts 
model via including the interactions that favour spin state o.=l, see 
eq.(2.1.2), is called the Potts lattice gas. 
The phase diagram of the Potts lattice gas is discussed in §5. For 
q<4 the Potts critical point located at H=g=0 shows 3 relevant exponents. 
Next to y and y the cross-over exponent y is also found to be positive. 
The corresponding scaling field u does not coincide with the pure J (i.e. 
pure g; see eq.2.1.4) direction. So the 2 order parameters Ρ(p) and Q(p) 
will show the same dominant exponent β. It must however be expected that a 
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certain linear combination of p(p) and Q(p) exists (corresponding to the 
u direction) for which the amplitude of the dominant term becomes zero (see 
chapter 1 54). This quantity will vanish at ρ with the exponent 
S • (2-y )/y
m
. So the Random Cluster formulation of the percolation 
er 'cr 'Τ ^ 
model suggests that the critical phenomena in the percolation model cannot 
be described by 2 independent relevant exponents only. 
§3 The q4-0 limit - Linear Resistor Networks 
The q\0 limit of the Potts model leads to the enumevation of the 
spanning trees at the lattice, which in its turn is related to the 
determination of the effective resistivity between two nodes in a linear 
resistor network. 
3.a. The spanning trees 
The partition function of the Random Cluster model eq.(2.1.6) goes 
to zero in the limit q+O. The number of spanning trees is obtained when the 
limit is taken in a special way (Fortuin and Kasteleyn 1969, 1972). 
Let ν depend on q as ν = xq . Eq.(2.1.6) can then be rewritten as 
-, / a . M к+аМ ... _ ,. 
Z(xq ,q) - Σ χ q (2.3.1) 
G 
In the limit q+0 one only needs to consider the graphs that lead to terms 
with the smallest power in q. For 0<a<l these are the so-called spanning 
trees. A spanning tree is a graph that connects all sites to each other 
(only one cluster; k=l) and that shows no loops (only one path between 
2 sites). For a spanning tree, the number of present bonds is equal to 
M=N-1 (with N = number of sites of lattice). A spanning tree gives rise to 
a term χ q in the partition function. One easily checks that 
for 0<a<l all other graphs lead to higher powers in q. So 
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lim „ - ' ( N - D - l
 z ( q a x 5 x ) = Σ x a ( N - l ) . x a ( N - l ) N 
q+0 s p t r S P t r 
In the thermodynamic l i m i t the number of spanning t r e e s N grows as 
sptr 
4 
N = exp(bN). For the square lattice b = — С = 1.16624 (with С the 
sptr r M π 
Catalan constant; Wu 1977.b). 
The choice a=$ is of special interest, because of the relation between 
the Potts model and the Ice model (as discussed in chapter 4). Moreover 
the duality relation for the Potts model implies that for all q>0 the 
К 
transition takes place at x=l (v = e -1 = /q). 
For the choice a=1 not only the spanning trees are counted. All other 
trees (= graphs without loops) lead then to the same power in q ( breaking 
a spanning tree raises the number of clusters by one and decreases the 
number of present bonds by one). For a>1 the state with all bonds 
disconnected becomes dominant. For a=0 all graphs that consist only of one 
cluster are counted (In a spanning tree one can now add bonds, i.e. make 
loops, without raising the power in q). 
3.b. Linear Resistor Networks 
The q+O limit is also known to lead to a linear resistor network 
(Fortuin and Kasteleyn, 1969, 1972). Consider a network of N nodes that 
are connected via resistors of conductivity S.. (The network is not 
restricted to be planar). As we will see now, the effective resistivity 
between 2 nodes in a network can be obtained from Ζ , which is defined 
sptr' 
Ζ Σ ( Π S..) (2.3.4) 
r
 sptr bonds 
in sptr 
Suppose that a current I. is injected at node i. Conservation of current 
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implies that Σ I. = 0. From the laws of Kirchhoff (1847) one finds 
i 
I. = Σ S..(V.-V.) (2.3.5) 
ι ... ij ι j Jfi 
(with V. the electric potential at node i). Define a matrix A via: A..= -S.. 
1 lj lj 
f o r ijH and A . . = Σ S . . . Then e q . ( 2 . 3 . 5 ) r e a d s 11 . . . l j ^ 
I . = Σ Α . . V. ( 2 . 3 . 6 ) 
This set of equations is not independent. Because of conservation of current 
one equation can be removed. Also the zero level of the potentials V. is still 
free. So one row and column in ipatrix A can be removed. Choose the kth row 
(k) 
and column (i.e. take V =0). Inversion of the remaining matrix A gives 
V. = Σ В Р ^ I. іі*к (2.3.7) 
ι ... ij ι 
The effective resistivity between the nodes Í and к is determined by 
ef f (consider the case I = -I = I and 1^ =0 for ij*£,k; Rj. = V^/I). 
(kî.) (к) 
The minor A is obtained from A by the removal of row SL and column i. 
(k) Det A is independent of к and is called the complexity of the network. 
One also easily checks that for 2 nodes к and I that are connected via a 
conductor S, 
к 
det A(k*> = f (2.3.9) 
The effective resistivity can therefore also be written as 
С = -к-
 lnc ( 2
·
3
·
ι ο ) 
kH 
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The relation with the spanning trees is obtained via the following theorem. 
Theorem: the complexity С of a linear network is equal to Ζ (defined r
 sptr 
via eq.2.3.4). 
We will proof this theorem via induction (Brooks et al 1940). Consider the 
following modifications in the network: 
(1) Add a new node il to the network which, via a conductor s, is only 
connected to node m. The complexity С of the new network is equal to 
C ( , ) = S C . 
(2) Identification of the nodes к and Í (i.e. they are short cutted) implies 
that in matrix A the two corresponding rows and columns must be taken 
(2) (2) 
together: A. = A. + A. and A^. = A . + A .. The complexity of the new 
(2) (кЛ) 
network is equal to С = det A . Notice that the effective resistivity 
ef f 
R, (in the original network) is therefore also equal to the quotient 
(compare eq. 2.3.8) 
R £ " - C(2)/C (2.3.11) 
(2) 
С is the complexity of the network after node к and i are short-cutted. 
(3) Via a combination of (1) and (2) a resistor can be added between two 
nodes m and t that are still disconnected. One finds for the complexity 
C ( 3 ) = С + s C ( 2 ) (2.3.12) 
By means of these operations a large network can be built from a small 
one. For a small network (of e.g. 2 nodes) it is obvious that С = Ζ 
B
 sptr 
This remains also true for large networks, since Ζ ^ is built in the same 
6
 sptr 
way as С : 
When a bond with conductivity s is added to the network between 2 nodes, 
(3) . the new Ζ is given by 
sptr " J 
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Ζ0} = Ζ + s Z ( 2 ) t (2.3.13) 
sptr sptr sptr 
(2) 
Ζ corresponds to the network in which the 2 nodes are identified (i.e. 
sptr r 
short-cutted). 
As a result the effective resistivity between two nodes that are 
connected via (a non zero conductivity) S, „ can be obtained from 
кЯ 
C= Is^W (2.3..A) 
Consider the special case of a 2 dimensional infinitely large square 
network in which only nearest neighbours are coupled by resistors, and in 
which all conductivities have the same value x. The effective resistivity 
between 2 nearest neighbours is related to the temperature derivative of the 
Potts free energy (2.3.3) at q=0. As the χ dependence of this free energy 
is trivial one obtains: 
R e f f - lim ìrrr ϊ- ln(Z ) = i- (2.3.15) 
N ^ 2N Эх sptr 2x 
This result follows also directly within network theory via the superposition 
principle. 
§4 Adsorption Experiments 
Adsorption experiments in which gas molecules are adsorbed on a 
substrate are direct realizations of 2 dimensional critical systems. The 
Potts model plays an important role in the description of these experiments. 
4.a. Adsorption on graphite substrates 
Recently adsorption experiments of noble gasses, like helium, krypton 
and xenon on substrates, in particular on exfoliated-graphite (Bretz et al 
1973) gained much interest. For a review see Dash 1978. We will discuss here 
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mainly the adsorption on graphite. In §4.d. some other examples are mentioned. 
The gas molecules form a monolayer at the surface of the substrate. 
The phase transitions that take place in the monolayer are therefore 
realizations of 2 dimensional critical phenomena. 
For different ranges of coverage and temperature,different transitions 
are observed. Two dimensional melting for example might be realized in an 
almost completed monolayer (Nelson and Kosterlitz 1978). 
In fact the full phase diagram is rather complicated and not yet explained 
nor explorated completely (see e.g. Dash 1979). At Τ = 3 К and a coverage 
of about 1/3 however a second-order transition takes place (the so-called 
/3 χ /З transition) that is well understood by now and that can be described 
by the 3-state Potts model. It is a transition from a gas-phase into the 
so-called in-registery-solid phase. The graphite surface has an hexagonal 
structure. As we will see it is characteristic for the transition that the 
diameter of the gas molecules is larger than the lattice constant of the 
substrate. 
4 
For He adsorption, the specific heat is measured with enough accuracy 
to be able to determine the critical exponent. Bretz (1977) found α = 0.36 
and Tejwani and Vilches (1979) α = 0.28. Experiments on krypton show a 
. . . 4 . . . 
similar transition as in He . Here however the transition is not found to 
remain 2 -order everywhere. At low temperatures the transition becomes 
first-order (see e.g. Berker et al 1978). 
4.b. The lattice gas model 
The adsorption experiments on graphite (in the range that we are 
interested now) can be described directly by a lattice gas. The hexagonal 
structure of the graphite surface plays an important role. The gas atoms 
prefer to be located at the potential wells that form a triangular lattice. 
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For the range of temperature and coverage under consideration, it is 
reasonable to assume that the gas molecules are confined to the sites of 
this triangular lattice. The diameter of the gas molecules is larger than 
the lattice constant. Simultaneous occupation of 2 nearest neighbour 
positions is very unlikely, or for larger molecules even forbidden. In the 
lattice gas an occupation number n.=0,l is associated to every site. It is 
well known that a lattice gas like this is equivalent to an Ising model. So 
as first model for the adsorption experiments could serve a 2 dimensional 
triangular Ising model with strong negative (strong repelling) nearest 
neighbour coupling, weak positive (weak attractive) next nearest neighbour 
interaction and a magnetic field (playing the role of the chemical potential). 
Since simultaneous occupation of nearest neighbour sites is unlikely, the 
gas molecules will order at low temperatures in one of the three - -
ground states of fig. 1.5. (in chapter 1). The - - phase is recognized 
as the in-registery-solid phase and - - as the gas phase. The - - to - -
transition in the Ising model will therefore be the transition that we are 
studying. 
The renormalization transformation for the Ising model discussed in 
§5 of chapter 1 is in principle able to describe this transition correctly. 
For the 4-cluster approximation the phase diagram in the whole parameter 
space (H,K,B,L) is constructed from the R.T. equations (den Nijs 1976, 
unpublished results). For the domain of parameter space in which we are 
interested here, a phase diagram, similar to the one obtained by Schick et al 
(1977) is found (they used another R.T). The quantitative accuracy of both 
R.T.'s is however (certainly in this region) much to low to justify 
conclusions about the values of the critical exponent yT at the - - to - -
transition. (Schick et al find y = 0.96. Our R.T. suggests the much larger 
value yT = 1.7). 
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4.с. The 3-state Potts model 
More promising for the determination of the critical exponents is the 
relation to the 3-state Potts model. The first argument for this equivalence 
is indirect (Alexander 1975). It makes use of the argument that systems that 
have the same Landau-Wilson Hamiltonian belong to the same universality class. 
The ground states of the 3-state Potts model show the same permutational 
+ 
invariance as the - - ground states in the lattice gas. A Landau 
Hamiltonian that takes this fact into account is therefore necessarily of the 
same type for the 2 systems. 
The second argument for the equivalence to the Potts model is provided 
by Berker et al (1978). They relate (by a direct mapping of configurations) 
the lattice gas to the so-called Potts lattice gas (Their mapping is not 
exact). The phase diagram for krypton is reproduced within the Potts lattice 
gas (including the cross-over to a first-order transition). The Potts lattice 
gas is discussed in the next paragraph. It is obtained from the 4-state Potts 
model by addition of extra (Potts symmetry breaking) interactions that 
favour one specific spin state (the "vacuum state"). 
4.d. Realizations of other Potts models 
4 . . 
In the He and Kr adsorption experiments on graphite, the combination 
of the surface structure and the diameter of the gas molecules give rise to 
a 3 fold permutational symmetry. This determines the transition to be of the 
3-state Potts type. By application of other substrates and gasses it might 
be possible to obtain also realizations of the Potts model at other q values. 
In fact such systems have already been proposed (see Domany et al 1977, 
1978, Domany and Riedel 1978, 1979). We will only mention some examples. 
Adsorption of N. at Kr-plated graphite is proposed to be a realization 
of the 4-state Potts model. Adsorption of He on Kr-plated graphite leads to 
an Ising transition. (Tejwani and Vilches 1979). The transition observed in 
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adsorption of atomic oxygen on tungsten might be described by a XY-model 
with cubic anisotropy (the discrete-spin limit of this model is the 
Ashkin-Teller model which shows non-universal behaviour; see chapter A). 
0_ adsorbed on graphite shows a magnetic transition (in which the surface 
structure does not play a role anymore) that is expected to be a realization 
of the Heisenberg model with cubic anisotropy (the discrete-spin limit of 
this model is the Cubic model). 
55 Potts models with interactions that break the permutational symmetry 
In the Potts model extra interactions can be included that break the 
permutational symmetry partially. Examples of models thus obtained are the 
Potts lattice gas, the Ashkin-Teller model and the Cubic model. The 
application of the Potts lattice gas to krypton adsorption on graphite is 
described. 
5.a. Introduction 
One of the main characteristics of the Potts model is the invariance 
of the Hamiltonian 
V¿ - Σ Κ 6
σ
 (2.5.1) 
<ij> i j 
with respect to permutations of the spin states. For the applicability of 
the model to experiments this symmetry is crucial. For every value of q 
the Potts model can be considered as belonging to another universality class. 
Not all applications however require a full-permutational symmetry. 
He and Кг adsorbed on graphite is such a case, via their Potts lattice 
gas representation (Berker et al 1978; see also below). It is therefore of 
interest to study the implications of extra permutational symmetry breaking 
interactions in the Potts Hamiltonian. 
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5.b. The (q ,q )-model 
In the q-state Potts model, the q-spin states can be divided in q 
groups each containing q states. The (q ,q )-model is obtained by adding 
an interaction, with strength J that favours two nearest neighbours to 
take a state that belongs to the same group. 
З . = Σ Κ δ δ ^ + J Ó (2 .5 .2) 
^
1
- . . S . S . t . t . S . S . ' 
<1J> I j I J I j 
Here the spin states σ. are relabeled by a group number s. and an internal 
index t.. 
ι 
For q =2 this model is also known as the Cubic model (Kim et al 1976). 
Every group then contains 2 states. For q =3 the Cubic model becomes 
equivalent to a (classical) Heisenberg model in which the spins are confined 
to point along one of the 3 coordinate axis. For q =q =2 the Ashkin-Teller 
model (Ashkin and Teller 1943) is obtained, which (as we will see in 
chapter 4) is of interest since it shows non universal behaviour. 
The phase diagram of the (q ,q)-model is discussed in §2 of chapter 3 
(which has been published separately as a paper). 
5.C. The Potts lattice gas 
The second type of partial symmetry breaking that we will discuss, 
leads to the Potts lattice gas. Now only one spin state is taken special. 
Again the spin states are relabeled. Group s.=l now only consists of one 
spin state (t.=l), while the second group s.=2 contains all other states 
(ί.=1,2,3,..,4-1). 
7 ¿ = _Σ_ (К 6t t + J) 6s s + Σ Η б д_ 2 (2.5.3) 
<ij> i j i j i i 
The name Potts lattice gas was first used by Berker et al (1978). The states 
of group 2 can be thought to represent q-1 different atoms that can be 
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adsorbed at the sites. Hamiltonian (2.5.3) implies that these atoms show a 
full permutational symmetry with respect to their names. The special state in 
group 1 represents the vacuum state. For q=3 the model is also known as the 
Blume-Capel model (Blume et al 1971). 
In the phase diagram 3 phases can be distinguished (Berker and Wortis 1977, 
Berker et al 1978). For H<<0 all spins take the vacuum state. We call this 
the "gas-phase" (Berker et al 1978). For H>>0 the model reduces to a pure 
(q-l)-state Potts model. Here (for all J at К = ln(l+ ^ q-1)) a transition 
takes place from the "liquid-phase" (in which the sites are occupied but in 
which the atoms are still mixed) into the "solid-phase" (in which the atoms 
are also demixed). The solid-phase is actually a domain where q-1 phases are 
coexisting. 
In the neighbourhood of H=0 (not precisely at H=0 since the partition 
function is not invariant under ft*-H) a plane (which is also somewhat curved) 
can be found in the (H,J,Κ)-space in which the phase diagram has the 
fig- г-' 
Phaaediagram for the Potte Lattice Cae 
in a plane of the (HtJ>K)-epace where 
Η и о. 
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structure of fig.(2.1). This is precisely the same structure as found in the 
Cubic model (see §2 chapter 3). Except for the solid-liquid transition, all 
phase boundaries are located in this plane. The gas phase is located at the 
H<0 side of the plane, the liquid and the solid phases at the H>0 side. In 
the plane 3 domains can be distinguished: the disordered domain (D) around 
the origin, the SG-domain, where q-phases are coexisting (the q-1 solid 
phases and the gas phase) for K>>0, and the LG-doraain where 2 phases are 
coexisting (the liquid and gas phase) for small К and J>>0. 
For K=0 the Potts lattice gas reduces to an Ising model. The transition 
at the D-LG border line is therefore determined by the Ising exponents 
(У
т
=,
> У
н
= ,5/8). In the LG-domain the gas and liquid phase are separated by 
a first-order transition. In the D-domain the distinction between these 
phases has disappeared. The SG-domain is the border between the solid and 
the gas phase. A first-order transition takes place here. The solid-liquid 
transition is determined by the (q-l)-state Potts exponents and takes place 
in a plane that is located at H>0. In the limit H-*» this plane coincides 
with the plane К = InO+vTq-l) . At the other side (small H) this plane is 
bordered by the C(q) and E(q) transition lines in the plane of fig.(2.1). 
К к 
© J/K<0 t 
solid gas 
© J/K=0 
к 
A 
solid gas 
© J/K>0 
solid 
fig- г.г 
Phase diagram for the Potte Lattice Gao in planes utith constant ratio J/K. 
68 
Fig. 2.2 shows 3 intersections of the 3 dimensional phase diagram for fixed 
J/K (i.e. orthogonal to the H=0 plane). 
The D-SG transition line in fig. (2. I) is a line of q-critical points 
C(q); the distinction between q phases (q-I solid phases and the gas phase) 
vanishes simultaneously. The SG-LG transition line is an example of a line 
of q-critical end-points; the distinction between the liquid and the gas 
phase remains (compare with the discussion in §1 of chapter 1). 
The q-state Potts critical point P(q) at the K-axis is the branch point 
where all phase boundaries meet each other. This critical point shows 3 
relevant exponents: y (the temperature; the scaling field u is located 
along the K-axis), y (the magnetic field; u^ is located in the H-direction) 
PLG 
and the cross-over exponent y (u is located along the C(q) and E(q) 
transition lines). This picture however is only correct for q<4. For q>4 the 
transition in the Potts model becomes first-order (Baxter 1973.b). In 
connection here with also the cross-over exponent is expected to become 
irrelevant. The corresponding modification in the phase diagram is discussed 
in §2 of chapter 3. 
5.d. The Potts lattice gas as model for adsorption experiments 
Berker et al (1978) used the Potts lattice gas for q=A to describe 
krypton adsorption on graphite. In the Potts lattice gas every site can be 
occupied by (q-1) different atoms. In the lattice gas of 54.b. however only 
one type of molecule is present, which can choose between 3 sublattices. 
Consider cells on the triangular lattice in the way of fig. (1.3.a) in chapter 
1. Notice that every cell contains one site of every sublattice. Since 
nearest neighbour occupation is forbidden, the cell can only take 4 states; 
3 with one site occupied, 1 corresponding to an empty cell. This leads to a 
Potts lattice gas by introduction of a Potts spin σ. = 1,2,3,4 to every cell. 
The mapping is not exact. Within a cell, nearest neighbour occupation is 
69 
strictly forbidden. This is however not the case for sites belonging to 
different cells. 
Berker et al matched the krypton phase diagram to a plane in the 
(H,J,K)-space that has a fixed negative value for the ratio J/K. (see fig. 
2.2.a). As already mentioned, the krypton phase diagram shows a change from 
a second-order to a first-order transition. The second order part is now 
identified as the solid-liquid transition (which is determined by the 
3-state Potts exponents, since q=4) and the first-order part as the solid-
gas transition. 
5.e. Types of multi-critical points 
In connection with the phase-diagram discussed above, a general comment 
on multi-critical points may be in order. In § 1 of chapter 1 it is shown 
that, using the example of a triple plane (where 3 phases coexist), the 
subspace of critical end—points has co-dimension 3 (such a point is 
characterized by 2 phases becoming identical), while the subspace of tri-
critical points has co-dimension 4 (3 phases become identical simultaneously). 
In the Potts lattice gas for q=3 (i.e. the Blume-Capel model), the points 
C(3) (see fig.2.1.) at the SG-D transition line are tri-critical points and 
the points E(3) are critical end-points. 
The branch point P(3); i.e. the 3-state Potts point, is also a type of 
tri-critical point. Also here 3 phases become identical simultaneously. The 
co-dimension of this type of critical points is however larger than 4. This 
can be seen by addition in the Hamiltonian of eq. (2.5.3) next to the 
interactions that favour spin state σ.=1 also the interactions that favour 
ι 
σ.=2. One obtains then for the case q=3 the most general (nearest neighbour) 
Hamiltonian. In this 5 dimensional parameter space, the 3-state Potts 
critical point shows 5 relevant exponents: y (the temperature), the 2 times 
PL G degenerated y (the magnetic fields) and the 2 times degenerated y (the 
π er 
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cross-over directions). The subspace of 3-state Potts critical points P(3) 
has co-dimension 5. With respect to the ordinary tri-critical point C(3) the 
co-dimension is raised by one. We call P(3) the symmetrical tri-critical 
point. 
The 3-state Potts critical point is a tri-critical point with full 
permutational symmetry between 3 phases. Here, because of the degeneracy 
of the exponents, the different critical lines etc. will make angles with 
each other (compare §l.d. in chapter 1). 
At the ordinary tri-critical point C(3) one does not expect the 
exponents to be degenerated. This ensures, (see §l.d. in chapter 1) that the 
critical lines and triple line that emerge from the tri-critical point will 
be tangent to a common direction (i.e. the scaling field direction of the 
smallest relevant exponent). Moreover there is only permutational symmetry 
left between 2 phases. 
The Potts model provides a method to classify q-critical points. The 
most symmetrical q-critical point, with full permutational symmetry is 
located in the q-state Potts model. By allowing interactions (like J6 ) 
SiSj 
that break the permutational symmetry partially, one finds q-critical 
lines (like C(q) in fig. 2.1) to emerge from P(q). These q-critical points 
have a lower permutational symmetry. All types of q-critical points can be 
constructed in this way and the co-dimension of each member can be 
determined. The co-dimension of the q-critical point with the lowest 
synnnetry is also determined by the Gibbs-phase rule. 
There is no need for the critical exponents of the various types of 
q-critical points to take the same values, as can be seen from the 2 limit 
cases : 
1) The q-critical points with the lowest symmetry can be described by the 
Landau-Wilson Hamiltonian with a one dimensional order parameter. The Landau 
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approximation leads to a second-order transition for all these multi-critical 
points (with yT=d(l-l/q); see e.g. Pfeuti and Toulouse 1977). The Landau 
approach is correct above the so-called critical dimension d*, that is 
determined by the Ginzburg condition (Ginzburg 1966): d* = 2q/(q-l). Also 
below d* the transition can be expected to be 2 order (with non classical 
exponents). 
2) For the q-critical points with full permutational symmetry, i.e. the 
q-state Potts points, Baxter has proven (see also chapter 4) that in 2 
dimensions, the transition becomes first-order for q>4. For q<<i the 
transition is second-order. For lattice dimensions larger than 2, the cross-
over to the first-order behaviour is expected to take place at a value q<4. 
So the 2 limit cases suggest that the exponents for the different types of 
q-critical points are different. 
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CHAPTER 3 
The Kadanoff Lower bound Renormalization 
Transformation for the q-state Potts model 
This ohapter has been published separately in 
Physioa 1979 95A 449-472. 
The Kadanoff Lower bound Renormalization 
Transformation is applied to the Potts model. The 
free parameter is optimalized by the free energy 
aritevium. Also the so-called marginality condition 
is considered. Almost rational values for the 
p 
temperature exponent y are found at q-ls2,3 and 4. 
For q>4 the transformation fails to shew the first-
order transition. At q=4 a bifurcation phenomenon is 
found that can be considered to signal the onset to 
the first-order behaviour. 
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The Kadanoff lowerbound renormalizalion transformation when applied to the 2-dimensional 
q-state Potts model, is found to show a bifurcation phenomenon at q = 4, that might be 
considered as signalling the onset to the first-order transition At the value of the free parameter 
where the bifurcation is found, the specific heat exponent takes almost the value predicted by 
weak universality a(4) = 2/3, while the cross-over exponent in the Potts-lattice gas direction 
becomes marginal. The cross-over exponent in the cubic direction is found already to be 
irrelevant for q > 3.3. Further a duality relation for a class of models obtained by a partial 
breaking of the Potts symmetry in the hamiltonian, including the cubic model is derived 
1. Introduction 
The renormalization transformation (R.T.) for the 2-dimensional (d = 2) 
4-state Potts model1) on a square lattice discussed in this paper, is the straight 
forward generalization of the one introduced by Kadanoff for the Ising 
model2). For some reason this lowerbound variational method, when applied 
to a model on a square lattice, gives much more accurate results than obtained 
by R.T. using for example cumulant or cluster expansions. It has been success­
fully applied to the Ising model in d = 2,3 and 4 3), the percolation model in 
d = 24), the Blume-Capel model in d = 2 and 3 5'6) and the Potts model in 
d = 2 ^9) and 3 , 0). 
For the d = 2 Potts model the R.T. works well up to q = 4. Almost rational 
specific heat exponents a(q) are found (see also section 4 and table I): 
or( l)=-2/3 (the percolation model), a(2) = 0 (the Ising model), a ( 3 ) = l / 3 , 
a(4)= 1/2. For q > 4 the transition should have a latent heat, as proven by 
Baxter"). In the R.T. however, as already shown by Dasgupta7), the transition 
remains second-order, i.e. α < 1 for all q. The same defect is observed in 
other R.T. for d = 2 ,2'13) and also for this R.T. when applied to d = 3 ,0) (the 
first-order transition is expected there to appear already for q < 4). The main 
issue of this paper is to show that despite its failure to realize a latent heat, 
this R.T. in d = 2 still bears at q = 4 the onset for the cross-over to the 
first-order transition. As we will see the R.T. behaves special at q = 4. 
In order to see this, it is useful not to restrict the analysis to the pure Potts 
M.P.M. DEN NUS 
model. It will be explained that the appearance of the latent heat at q = 4 is 
coupled with marginal cross-over exponents in directions corresponding to a 
hamiltonian in which the Potts symmetry is partially broken. The phase 
diagram for a class of models thus obtained, including the Cubic model14) is 
discussed in section 2. Further a duality relation for these models is obtained. 
The Baxterline in the 8-vertex model15) can be mapped into the Ashkin-
Teller model16). Accordingly the Potts fixed point is expected to have at q = 4 
a marginal cross-over exponent y™8 in the Cubic direction. Besides one 
expects a change in the phase diagram structure at q = 4, related to this 
marginal exponent. For q < 4 the cross-over exponent will be relevant, 
corresponding to a phase diagram where the Potts critical point is a branch 
point for the critical surface. For q > 4, however, the type of phase diagram, 
also obtained by mean field theory14) is expected, in which y™ is irrelevant 
and the Potts transition point is no branch point anymore. 
Also in the Potts-lattice gas17) this change to the mean field type of phase 
diagram is plausible (This type of Potts symmetry breaking leads at q = 3 to 
the Blume-Capel model). 
The structure of the R.T. equations is discussed in section 3. They contain a 
free parameter p, which is a remnant of the freedom in choice of the weight 
function. It should be chosen such that the error made by the bond moving 
approximation is minimalised. 
This bond moving procedure causes the invariance of a subspace in the 
Potts model, the so-called symmetrical subspace S, where i.a. the nearest 
neighbour interaction is twice as large as the next nearest coupling. Because 
the pure nearest neighbour problem can be mapped in S by a decimation2), it 
is possible, as done by Dasgupta7) to restrict the analysis to this subspace. 
However the R.T. has an interesting behaviour also outside 5; 2 extra fixed 
points appear in the critical surface. The very existence of these extra fixed 
points makes it possible to use, next to the Kadanoff prescription, an 
alternative receipt to optimalize p, the so-called marginality condition (see 
section 3). For 4 = 2, i.e. the Ising case it was already observed by Knops"), 
that at the moment the two extra fixed points outside 5 create each other, 
their specific heat exponent is almost equal to the value found by the 
Kadanoff prescription (when applied to the critical fixed point in S). 
Both prescriptions lead for q < 4 to the, almost rational values of the 
specific heat exponents already stated above, but for q > 4 they fail to give a 
latent heat (section 4). The α (^-curves (fig. 5 and fig. 6) remain smooth 
around q = 4. It looks as if q = 4 is not special in this R.T. Only the cross-over 
exponent in the Cubic direction y™8 indicate the special nature of the R.T. 
around q = 4. For q > 3.2 Ус
Г
ив
 is irrelevant (only for the Kadanoff prescrip­
tion). 
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At q = 4 already these results of the 2 prescriptions are doubtful. Weak 
universality arguments19-20) predict at q = 4 the specific heat exponent to be 
a(4) = 2/3 instead of a(4) = 1/2. 
At q = 4 one of the irrelevant eigenvalues (in the symmetrical part) of the Potts 
space λ M becomes almost marginal at the value of the free parameter ρ BF. So here 
the marginality condition is satisfied again (this time in the symmetrical 
subspace). The specific heat exponent takes almost the weak universality value 
at p B F (a(4) = 0.6937), while the cross-over exponent in the Potts-lattice gas 
direction becomes marginal at almost the same ρ too. (The cross-over exponent 
in the Cubic direction is already irrelevant for all ρ values as soon as q > 3.3). 
As explained in section 5 the marginality of \M at p
B F
 corresponds to a 
bifurcation of the critical fixed point. At p B F the critical fixed point is found to 
split into 3 fixed points when q is decreased. Although this bifurcation is not 
precisely of the type one anticipates, it still might be considered as signalling 
the onset to the first-order transition. 
2. The Potts model 
On a square two dimensional lattice spins are located that can take q 
different states σ, = 1, 2, 3 , . . . , q. It is also possible to think of particles that 
can be coloured in q different ways. The model is called a Potts model') when 
the hamiltonian is invariant with respect to permutations of the numbers 
σ, = 1,2,3,... ,q. For only nearest neighbour coupling it reads 
H = '£K8
af,l. (2.1) 
Only when the pair of spins is in the same state it gives a contribution К to 
the free energy. 
At q = 2 the model reduces to the Ising model. From the equivalence of the 
Potts model to the Random Cluster model introduced by Fortuin and Kas-
teleyn21) follows the equivalence to the percolation model in the limit q-*l. 
The model shows a phase transition which from duality') is expected to 
occur at K
c
 = ln(l + \/q). The ferromagnetic groundstate is q folded 
degenerated. For q = 1, 2, 3 and 4, K
c
 has the nature of a ^-critical point. 
Baxter") showed the transition tö be first-order for q > 4. Mean field theory 
already predicts this behaviour for q > 222). 
Temperley and Lieb23) and Baxter et al.24) showed the equivalence of the 
Potts model to a staggered Ice model. The staggered direction coincides with 
the temperature direction in the Potts model. At the critical temperature Kc(q) 
the staggered Ice model reduces to the F-model, which is solved by 
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Lieb"). So at Kç(q) the free energy of the Potts model is known. In the 
equivalence of the two models q = 4 is special. The infinite-order transition in 
the F-model takes place at q = 4. 
q = 4 Occurs to be special again if one breaks the Potts symmetry of the 
hamiltonian. Although only the exponents in two special cases of Potts 
symmetry breaking are calculated (the Cubic model14) and the Potts-lattice 
gas17)), it is useful to discuss in more detail the phase diagrams for a wider 
class of models obtained by Potts symmetry breaking. They will all have the 
same structure. 
The Potts symmetry can be broken in many different ways. One of them is 
obtained by dividing the q spin states in qs groups, each containing q, states 
(qs • q, = q). An extra term can be added to the nearest neighbour hamiltonian 
which favours spins to be in states belonging to the same group 
H = '£K8Vi8l,+JSVl. (2.2) 
Here the spin states are relabeled by a group index s, = 1,2,.... q, and an 
internal number /, = 1,2,.... q,. The model will be named the (q's, <j,)-model. 
For q, = 2 it is known as the Cubic model. Then eq. (2.2) can be rewritten by 
replacing the t, index by an Ising spin μ, = ± 1 as 
Η = У Κμ,μ,Β^ +(J + ^ ) S
v r
 (2.3) 
After introducing a q, -dimensional spin pointing only along one of the axes 
eq. (2.3) gets the form 
H = ^KSl-Sl + (J + l2K)(Sl-S,Y. (2.4) 
For J = -\K the pure Cubic model with no quadripole pair interactions14) is 
obtained. The Cubic model reduces to the Ashkin-Teller model2*) at q, = 2. 
Then J = -'iK leads to two decoupled Ising models. 
The method used to show the equivalence of the classical ΛΎ-model to the 
discrete Gaussian model17·2*) can also be used to derive duality relations for 
other models. It is a fast method to derive for example the well known duality 
relations for the Ising model29). It is shown in the appendix that the (q,, q,)-
model is dual to the (q„ <j
s
)-model, i.e. hamiltonian (2.2) is replaced by: 
H'^^K'B^S^+J'S,^ (2.5) 
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The duality relations read, 
x'=l + 
xy + yiqt-V-q,' 
y ' = 1 + q , ( y - l ) 
У(х -1) ' 
(2.6a) 
(2.6b) 
with χ = exp(K) and y = exp(/). So the Cubic model is dual to the model with 
2 groups each containing ql2 spin states. Only models with q
s
 = q, are 
self-dual. For q
s
 = q, = 2, (the Ashkin-Teller model) this duality relation was 
already known by Stephen and Mittag30), while for J = 0 the duality relation 
for the Potts model is regained. 
The phase diagram for the (q
s
, qt)-model contains three regions, see fig. la: 
a disorder region D, a group-order region GO with q
s
 coexisting phases where 
the spins are still disordered within the q
s
 groups, and the ordered region О 
where q phases coexist. For pure J interaction one recovers a q
s
-state Potts 
model and for pure J' coupling, via application of the duality, a q(-state Potts 
model. So the D-GO and GO-O transition will be respectively of the q
s
- and 
<j,-state Potts type. In case q, = q, the two lines are mapped on each other by 
the duality transformation. The D-O separatrix will follow for this self-dual 
models the line 
( e K - l ) e J = q (2.7) 
which is invariant under duality. 
The phase diagram of fig. la is found, using renormalization technics for the 
Ashkin-Teller model by Knops31) (first-order cumulant approximation) and 
for the Cubic model up to large q values by Aharony12) (dedecoration 
transformation). They found a relevant crossover exponent at the q-state 
Potts fixed point P(q), corresponding to its branch point nature. 
At q = 4 however a change in the phase diagram is expected, which is 
disordered 
region (D) 
ordered region (0) 
q coexislmg phases 
Piqj) 
group-ordered гедюп (GO) 
icoensling phases 
Fig. la. Phase diagram for the (q
st q,)-moóc[ at q ^ 4 and the corresponding critical fixed points 
that are expected using a renormalization transformation. 
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associated to the appearance of the latent heat along the Potts-axis. For q > 4 
phase diagram lb is most probable. In this structure, also predicted by mean 
field theory for the Cubic model at q
s
 = 3 l4), the branch point BR is not 
located anymore on the Potts-axis. Besides Kim et al.14) found along the D-O 
separatrix the transition to remain 2nd order for J < -{K. This indicates that 
at q = 4 a bifurcation of the Potts fixed point P(q) is most likely. The 
resulting 3 fixed points will correspond to the branch point (BR), the fixed 
point P(q) attracting the first-order part of the D-O separatrix and the 
cross-over fixed point (CR) separating the second order part of the D-O 
transition from the first-order part. The cross-over exponent of the Potts fixed 
point y£U B will be irrelevant for q > 4 and marginal at q = 4. 
It should be noticed that a different cross-over behaviour is found by 
Aharony12). He finds the C(q) fixed point in fig. la to move towards the 
Potts-axis and ultimately to cross the Ρ(q) fixed point. So here also the 
branch point leaves the Potts-axis. But now the transition along the whole 
D-O separatrix becomes first-order at once, because all these points are 
mapped on P(q) by this R.T. (In this dedecoration transformation the cross­
ing phenomenon takes place at the much too large value q = 16. Besides, the 
P(q) transition remains 2nd order for all q). 
In the R.T. presented here the cross-over exponent y£U B is irrelevant for 
q > 3.2 (section 4). The analysis is restricted to the Potts-axis; only the critical 
exponents in the Cubic direction are calculated. From the marginality of Усг118 
alone it is not possible to discriminate between the picture of Aharony and the 
one based on the mean field picture (fig. lb). 
The marginality of у£ и в at q = 4 not only follows from the arguments given 
above. In the Ashkin-Teller model, i.e. the Cubic model at q = 4, the D-O 
separatrix will be a fixed point line. The Baxterline in the 8-vertex model13) 
can be mapped on this line16). 
К 
PCq,) 
Fig. lb. Phase diagram and fixed points for the (<j„ q,(-model at q > 4 . 
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The temperature operator of the 8-vertex model and the Ashkin-Teller model 
do not coincide. So the critical exponents in the Ashkin-Teller model are not 
known from the Baxter solution. Weak universality arguments20) however 
suggest the scaling index for the temperature directions for both models to be 
related as 
(2-yîT)(2-ye T v)=l, (2.8) 
with 2/у7- = 2 - a. The 4-state Potts critical point (at J = 0) corresponds to the 
F-model limit of the Baxter line. So weak universality predicts, via the 
infinite-order transition in the F-model25), the specific heat exponent for the 
4-state Potts model to be α (4) = 2/3. 
Another well-known way of breaking the Potts symmetry of the hamil-
tonian is obtained by setting only one spin state special. Berker et al.17) named 
this the Potts-lattice gas. The special spin state then corresponds to a 
vacancy. At q = 4 it is used by them to describe the krypton absorption on a 
graphite substrate. By such experiments one obtains the specific heat 
exponent for the 3-state Potts model (see for example ref. 32). 
The hamiltonian reads 
Я = J {Κδ^,δ,,, + /«,„,} + Σ H8,
a
, (2.9) 
where now 2 groups are introduced (s, = 1,2), the first only containing one 
state (f, = 1) and the other all remaining states (f( = 1,2, 3 , . . . , q - I). At q = 3 
this is the Blume-Capel model, which is usually given in terms of the spin 
variables S, = 1,0,-1 by 
Я = У №5,8, + (2J + ^)S|Sî} - £ (4Л- Я)5^ - /}. (2.10) 
Here S]S) is the biquadratic exchange and S2 the crystal field interaction. 
Berker and Wortis") worked out a renormalization transformation (2 cluster 
approximation) for this model and Berker et al.'7) applied a Migdal type of 
R.T. to the 3-state Potts-lattice gas. 
The phase diagrams found from these two R.T. calculations have the same 
structure as the ones discussed above. The only distinction being that now fig. 
la does not correspond exactly to the Я = 0 plane because of the unequal 
number of spin states per group. Also the P(q,) line is exchanged for a line of 
(q - l)-critical points (For models with, in both groups, more than 1 spin state 
one will find here 2 transition lines). For large positive values of Я the model 
reduces to a (q - l)-state Potts model. The plane of P(q - 1) critical points for 
Я > 0 ends up at the D-0 and O-GO transition lines in fig. la (see also refs. 
17 and 33). 
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For this model mean-field theory also predicts an irrelevant cross-over 
exponent17"). A change in the phase diagram, similar to the one in the Cubic 
model is plausible. Again, because of the appearance of the latent heat in the 
Potts model at q = 4 this is expected, and confirmed by the results of the 
present R.T. to happen at q = 4. 
Summarising: the Potts model shows a cross-over from a critical (a < I) to 
a first-order transition (a = 1) at q = 4. At the same value of q the cross over 
exponents in Potts symmetry breaking directions, at least the one in the Cubic 
model, and the one in the 3-state Potts-lattice gas, become marginal. This 
corresponds to a change from the phase diagram of type la to that of lb, in 
which the transition point in the Potts model is no longer a branch point in the 
critical surface. 
3. The renormalization transformation 
The R.T. discussed in this paper is the straight forward generalization of the 
one used by Kadanoff for the Ising model2) and reduces to it at q = 2. The 
weight function associated to every cell (see fig. 2) is chosen as 
PÂa-'u σ,ι, σ,:, σ
ι3, σ,*; ρ) = εχρ{ρ(δσί(7ι] + δσ.№2 + δ^,, + δσ^) 
+ а(а,і,а,г, σ
ι3, σ*)}. ί3·1) 
It couples the 4 spins of the cell to the cell spin via a pair interaction of the 
Potts type with strength p. The function a is determined by the normalization 
condition 
2) Ρ,ίσ·;; σ,ι, σ,:, σ,3, σ,*; ρ) = 1. (3.2) 
" ι 
Fig. 2. The square lattice with spins σ, = 1,2,3,..., q, cell spins σ', and cells. 
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The renormalised hamiltonian for the cell spin lattice is obtained by the trace 
over all original spin states: 
ехр{Я(о-;; E'
n
)} = § ( П p) ™ρ{Η(
σ
,; £„)}. (3.3) 
Here E„ stands for the set of coupling constants. The R.T. is represented in 
the so-called parameter space by the set of equations: 
£', = £;<£„; p). (3.4) 
This type of renormalization transformations is always characterized by 
two crucial steps: 
i) the choice of the weightfunction and the cells. Within the chosen form 
(3.1) one is still free to choose the strength of p. 
ii) the choice of the approximation to handle the trace in eq. (3.3). One 
should use the freedom in weight function to minimalize the error made by 
the approximation. 
Following Kadanoff2) the trace is approximated by the bond moving pro­
cedure. All bonds are moved to the dashed squares in fig. 2. Afterwards the 
spins of different dashed squares are only coupled via a cell spin. The 
remaining trace can be handled exact and leads to R.T. equations of the form 
exp(E;) = 2 M
rJ(p, q) exp{4E, + e,(p, q)}. (3.5) 
M 
M,, are polynomials of degree 4 in q and exp(p). The set of parameters E, 
involves all interactions between the 4 spins of a basic square. They do not 
correspond to the usual language of nearest and next nearest neighbour 
interactions. Rewrite the hamiltonian as 
H = 2 ΗΧσ
ιΧ
,σ
Λ
, σ
ι3, σ,*). (3.6) 
squares f 
The E, correspond tó the ƒ different values H, can take. Likewise the a, in eq. 
(3.5) correspond to the ƒ values αίσ,ι, σ
Λ
, сг,з, σ,*) can take [see eq. (3.1)]. For 
the Potts model, see fig. 3, 7 different E, are included in this R.T. 
For the Potts lattice gas however there are already 17 and for the Cubic 
model 18 different parameters. In such a high dimensional parameter space it 
is difficult to trace the full fixed point structure. Especially when the number 
of fixed points is not known. Already in the Potts space the fixed point 
structure is complicated. There more fixed points than necessary are found to 
describe the phase diagram. The analysis of the R.T. equations will be 
restricted to fixed points in the Potts space. The study of the Cubic model and 
the Potts-lattice gas will be limited to these fixed points with an evaluation of 
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their critical indices corresponding to operators breaking the Potts symmetry. 
For a full study of these models more free parameters should be included 
corresponding to couplings between the cell spin and the original spins of the 
type given in the nearest neighbour hamiltonian (2.2), respectively (2.9). For 
the Blume-Capel model this is done by Burkhardt5). 
The bond moving approximation brings about in the R.T. of the Potts model 
a 5 dimensional (respectively 12 and 11 dimensional for the Potts-lattice gas 
and Cubic model) invariant subspace. This symmetrical subspace S cor­
responds to a H, which is invariant under permutation of the spin positions in 
a basic square, i.e. Ез = £4 and E5 = E6 (see fig. 3). In S the nearest neighbour 
coupling is twice as large as the next nearest neighbour interaction. It is 
possible, as done by Dasgupta, to restrict the analysis to this subspace. 
Remind that the pure nearest neighbour problem can be mapped in S via a 
dedecoration of all "black spins". The R.T. is however also interesting outside 
S. For the Ising model already extra critical fixed points outside S were found 
by Burkhardt34) and Knops"). 
Another invariance is due to the possibility to choose a reference level for 
the set of energy parameters. Under the translation £ , - » £ , - to one finds 
E',-* E', - /dco (with /d = 4 = number of spins per cell). One way of defining the 
"spin independent term" eo is, Co = Hi and e, = E,+i - 60. The e', are now 
independent of eo· 
From fig. 3 it will be clear that in case of the Potts model, at q = 1,2 and 3 
one or more of the E, are forbidden. They need more spin states than are 
available. For the Potts-lattice gas this happens still at q = 4 and the Cubic 
model shows this phenomenon up to q = 8. By means of factors like (q -
2)(q - 3) in the polynomials M,„ blocks of matrix elements become automa-
tically zero at these q values. So that the "allowed" E, transform in-
dependently of the "unphysical parameters". At q = 3 for example the R.T. 
reads 
6 
exp(£;) = 2 M4(p, 3) ехр{4£ ; + α;(ρ, 3)}, for ι = 1,2 6, ;-ι 
(3.7a) 
exp(EÍ) = A(p ; £ „ Е2 E6) + M-n(p, 3) exp{4£7 + α^ρ, 3)}. (3.7b) 
So at q = 3 one can forget about E^. However, for the understanding of the 
— 1 1—1 1 ^ 1 1—2 1 ^ 1 1 - 2 1 ^ 2 
I I I I I I I I I I I I I I 
— 1 2—1 2 — 2 2 — 1 3 — 2 3 — 1 i— 3 
Ει E2 E3 E 4 E 5 E 6 E 7 
Fig. 3. The 7 energetical different states of the 4 spins in a basic square for a hamiltonian with 
Potts symmetry. 
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fixed point structure around q = 4 this behaviour of £7 at q = 3 is, as we will 
see, essential. 
When exact R.T. equations could be derived, every choice for ρ would lead 
to the same results. The critical surface, the critical exponents and the free 
energy ƒ(£,) will be invariant with respect to changes in p. The fixed point 
E*(p) however is allowed to move through the critical surface along a 
direction corresponding to a redundant operator"). At the fixed point this 
implies 
* ' · ^ =
 0
·
 ( 3
·
8 ) 
for all left eigenvectors φ, of the linearised R.T. matrix 
(3.9) 
orthogonal to the critical surface. The invariance with respect to ρ of the 
calculated free energy for every point of the parameter space, i.e. 
(£),-· i Яп f - ( 3 · , 0 ) 
lead at the fixed point to the relation2) 
*«-(f)E. = 0 (ЗЛ1) 
фг' is the left eigenvector corresponding to the trivial eigenvalue /d, present 
owing to the presence of the spin independent term £0 in the R.T. equations. 
Because of the identity 
dE* 1 /3E'\ 
ФГ
=
Г^Ы
Е
.·
 (ЗЛ2) 
relation (3.11) can be written as inproduct with dE*ldp, too. 
So eq. (3.8) must be satisfied for the left temperature eigenvector ф
т
 and 
for φ? (In the Potts model the critical surface has co-dimension 2 in the 
parameter space E because the spin-independent term is included). Left 
eigenvectors in the Cubic and Potts-lattice gas direction automatically satisfy 
eq. (3.8). 
Eqs. (3.8) and (3.11) must hold for all p. For approximated R.T. equations 
however this will in general not be the case; the results will depend on the 
choice of the free parameter p. One must find a prescription which leads to an 
optimal choice of p. In this paper two prescriptions are used: 
i) The Kadanoff prescription. In the bond moving approximation the cal-
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culated free energy is for all ρ a lower bound to the true /(E)2). The Kadanoff 
criterium for the optimal p(E) reads that the free energy must be a maximum, 
i.e. eq. (3.10) must hold in every point of parameter space. Then the optimal 
fixed point is determined by eq. (3.11). It has been shown34,37) that (when the 
inproduct with φτ is not zero simultaneous) the optimal p(E) will be singular 
around this fixed point. Only transitions weaker than second-order or first-
order phase transitions can be consistently described if the dependence of 
p(E) on E is taken into account. Here however Kadanoff's original and very 
successful prescription for the optimal ρ will be used, i.e. eq. (3.11) must be 
fulfilled and corrections on the critical exponents due to the derivative 
(dpldE)E. are neglected. 
ii) The marginality condition. In general it is not possible to fulfill eq. (3.8) 
for φτ and фр simultaneously. However, when one of the irrelevant eigen­
values becomes marginal the derivative d£*/dp gets an infinite component along 
the marginal right eigenvector, see eq. (3.12). The cosines between d£*/dp and 
all left eigenvectors, except the marginal one, go to zero. 
This suggests the value for ρ at which the irrelevant eigenvalue becomes 
marginal to be another good choice for the optimal p. Wilson and Bell18) 
already applied this criterium in a linear R.T. 
Marginal eigenvalues occur when 2 fixed points cross or are created 
simultaneously. The existence of extra critical fixed points in the R.T., 
presented here, gives the opportunity to use this marginality condition. For 
the Ising model it was already observed by Knops") that for the ρ where the 
2 critical fixed points outside the symmetrical subspace are created, the 
critical exponent a is very accurate (see next section). 
Of course many other reasonable prescriptions for the optimal ρ can be 
constructed. Examples are: 
i) The critical temperature should be exact. 
ii) Eq. (3.8) must be satisfied for the eigenvector in the temperature 
direction. 
iii) All nearest neighbour interactions within a cell should be compensated 
by the weight function via αίσ,ι, σ
Λ
,σ,3, σχ,ρ). Then no nearest neighbour 
interactions are moved by the bond moving procedure. (So the approximation 
is expected to be valid as long as the nearest neighbour coupling is dominant). 
In order to determine the prescription that leads for the actual ap­
proximation to the most accurate results one should, if possible, compare the 
results with exact known data. Because of the good results for the Ising 
model we may expect the Kadanoff prescription, applied to the critical fixed 
point in the symmetrical subspace S, and the marginality condition, to the 
creation of the pair outside S, to lead to the best results for the Potts model 
with general q. The 2 prescriptions applied to the other critical fixed points 
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and also the alternative criteria mentioned above, can be used as guide for the 
reliability of the results. 
4. Results of the Kadanoff prescription and marginality condition 
Within the symmetrical subspace S the R.T. gives the usual fixed point 
structure: one high temperature fixed point O, one critical fixed point Ρ s and 
one low temperature fixed point С Outside S however two extra fixed points 
in the critical surface are found PB and PA· Fig. 4 shows this structure 
schematically. The structure will change if one varies p. For decreasing p, PA 
and PB annihilate at p
A B
. Further lowering of ρ even shows the annihilation of 
Ps and C, at p 8 0 . On the other hand, for increasing ρ PA moves further away 
from the S subspace, while Рв moves toward it. At pB S, Рв crosses the 
symmetrical subspace and Ps takes over the extra relevant eigenvalue of PB. 
For the Ising model the most accurate results are obtained by applying 
the Kadanoff prescription to Ps(I) and the marginality condition to the 
annihilation at pA B(II). Table I and fig. 5, for I and table II and fig. 6 for II 
show the critical exponents for several q. Both prescriptions lead to almost 
rational values for the specific heat exponent: a( l )=-2/3, a(2) = 0, a(3) = 
1/3, a(4) = 1/2. For q > 4 however no first-order transition is found {a(q)< 1 
for all q). Around q=4 the yT(q) curves remain smooth. 
The two prescriptions lead to very different results for the cross-over 
exponents as can be seen in fig. 5 and fig. 6. Only I shows, for q > 3.2 the 
expected irrelevancy of y£UB, while ycrLG remains relevant for both prescrip-
tions. 
In the results of I and II the special nature of the R.T. at q = 4 is only 
Fig. 4. Schematic plot of the fixed point structure at a fixed value of the free parameter p. In the 
symmetrical subspace the nearest neighbour interaction (K) is twice as large as the next nearest 
neighbour coupling (L). 
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TABLE I 
The critical exponents obtained by applying the Kadanoff prescription to the critical fixed point in 
the symmetrical subspace. The data between brackets for α and 5 are obtained by serie 
expansions, Monte-Carlo calculations (ref. 41) or by absorption experiments (ref. 32). 
q Ут 
Г 0.74501 
2Ь 1.0009 
3 1.2023 
4 1.3331 
5 1.4125 
6 1.4774 
10 1.5998 
15 1.6806 
y P H L C 
1.8962 
1.8753 
1.8724 
1.8798 
1.8877 
1.8954 
1.9196 
1.9387 
* Percolation model. 
ь
 Ising model (a = 0, δ = 
PLC 
Уст 
— 
[0.484] 
0.4610 
0.4207 
0.4209 
0.4128 
0.3335 
0.2250 
15). 
yf,LB 
— 
— 
[0.137] 
-0.2292 
-0.4299 
. - 2 - ± 
Уг 
-0.6845 
(-0.65 ±0.1 ")) 
0.00176 
0.3365 
(0.05 ± ΟΙΟ22)) 
(0.29 ± 0.00243)) 
(0.36 ± 0.02J2)) 
№ ^ ± 0 . 0 5 " ) ) 
0.4997 
(0.45 ± 0.02 ")) 
(0.64 ±0.05")) 
0.5841 
0.6463 
0.7499 
0.8099 
л
~г-уР 
18.258 
( 18.0 ± 0.7542)) 
15.040 
14.679 
(15.0 ± 0.4 ")) 
15.631 
(15.8 ± 0.84')) 
16.801 
(18.5 ± 1.045)) 
18.093 
(2[.I±1.0 4 5 ) ) 
23.892 
31.625 
reflected in the irrelevancy of yf"'.* Before discussing other evidence for the 
special behaviour at q = 4, we will first look at what can be learned from the 
alternative criteria mentioned in the previous section. 
The critical temperature [criterium i) in section 3] remains for all q within 
3% of the exact value in a large range of ρ values (the nearest neighbour 
critical point is determined by mapping the pure nearest neighbour model via 
a decimation transformation into the subspace S). The T
c
 found by I is for all 
q a little too small and becomes even closer to the exact value for large q. 
The insensitivity of T
c
 to changes in ρ is connected with criterium ii). The 
fixed point moves almost in the critical surface. The cosine between the left 
* For fixed points in the Potts model, the critical exponents in the Cubic direction (4, = <j/2 and 
q, = 2) and the ones in the (2.<j/2)-model (i.e. q, = 2 and q, = «j/2) direction.must be the same 
according to the duality relations (2.6). The R.T. does not conserve duality. So it is surprising that 
in this R.T. still the critical exponents in this two directions are found to be the same. 
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Fig. 5. The critical exponents as obtained by the Kadanoff prescription when applied to the 
symmetrical critical fixed point Ρ s (see also table I). 
temperature eigenvector and d£*/dp remains for all q within 0.5 degree for a 
large range of ρ values. 
The location of Ps does neither show a drastic change at q = 4. The nearest 
neighbour coupling of Ps at p s only gradually becomes less dominant for 
increasing q (criterium iii). So none of the 3 alternative criteria mentioned in 
the previous section suggests the Kadanoff prescription, when applied to Ps, 
not to be valid anymore for q >4. They are almost satisfied at ps. 
In the alternative applications of the Kadanoff prescription and marginality 
condition however q =4 appears to be special. 
The Kadanoff prescription can also be applied to the fixed points outside S, 
Ρ A (at pA) and Рв (at pB). For q = 2 this was already done by Knops"). The 
results, as can be seen in table III are not very accurate at q = 1 and 4 = 2, 
but at q = 3 these applications of the Kadanoff prescription coincide with II, 
respectively I. For q ss 4 however it is not possible anymore to satisfy the 
Kadanoff prescription for PA and Рв-
The marginality condition is also satisfied at the moment Рв crosses the 
symmetrical subspace. This happens at q = 1, 2 at a value p B S <p s . Also this 
condition leads to less accurate results (table III), except at q = 3 where it 
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TABLE II 
The critical exponents obtained by applying the marginality con­
dition at the moment the 2 critical fixed points Ρ в and PA (outside S) 
annihilate 
<? 
I 
2 
3 
4 
5 
6 
10 
15 
Ут 
0.695 
0.995 
1.206 
1.368 
1.475 
1.544 
1.680 
1.752 
>&"· 
1.899 
1.886 
1.886 
1.892 
1.899 
1.904 
1.916 
1.925 
PLO 
У et 
[0.665] 
0.86 
1.05 
1.18 
1.27 
1.44 
1.53 
yCUB 
[0.73] 
0.87 
0.97 
1.05 
1.20 
1.29 
α 
-0.88 
-0.01 
0.341 
0.538 
0.644 
0.705 
0.810 
0.859 
S 
18.8 
16.5 
16.5 
17.5 
18.8 
19.8 
22.8 
25.7 
coincides with I (pBS = ps). For qïM however Рц does not cross the sym­
metrical subspace anymore. At q = 1,2,3 PB behaves as sketched above. For 
q^4, PB starts, after its creation at p
AB
, moving towards S, but does not 
reach S. It turns back after a while and moves away in the same direction as 
PA- (This change in behaviour is due to a similar bifurcation phenomenon as 
the one that will be discussed in the next section). It may be wondered, 
whether this behaviour of Рв, might indicate that the R.T. fails for q > 4 
because of the invariance of the symmetrical subspace (caused by the bond 
moving procedure). Perhaps only for q < 4 the exact R.T. leads to a critical 
fixed point in or close to S at ρ = ρs. 
' ' ' ' ' ' ' ' ' 
1 2 3 4 5 6 7 β 9 10 11 12 13 14 15 q 
Fig. 6. The critical exponents of the PA and P, fixed point at the moment of their annihilation 
(see also table II). 
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T A B L E HI 
The results for the 3 alternative applications of the Kadanoff 
prescription and marginally condition 
4 
Я 
4 
= 1 
= 2 
= 3 
P A 
p = 123 
α = 0.02 
ρ = 1.46 
α = 0.22 
P=P
AB 
a = 0.342 
PB 
p = 125 
a = -0.53 
p = 152 
a =0.03 
P = PS 
a = 0.337 
PB S 
p = 121 
α = -1.15 
ρ = 148 
a = -0.22 
p = p s 
α = 0.337 
Optimal ρ for 
I and II 
p s = 1 252 
p A B = 1.190 
p s = 1.5320 
p A B = 1 455 
p s = 1 6893 
p A B = 1.626 
The behaviour of the additional applications of the Kadanoff prescription 
and marginality condition discussed here are only side effects of the bifur­
cation phenomenon at q = 4 to which the next section is devoted. 
5. The renormalization transformation around q = 4 
The results of the Kadanoff prescription and marginality condition given in 
the previous section do not show the first-order phase transition for q > 4. 
Also the value or(4)= 1/2 for the specific heat exponent is doubtful. In this 
section further evidence will be given for an eigenvalue structure around 
q = 4 , that might be considered as signalling the onset to the first-order 
transition. The present R.T. however is not able to establish the latent heat for 
q > 4. In this section the analysis will be restricted to the symmetrical 
subspace. 
At q = 4 the marginality condition can be applied once more. Fig. 7 shows 
how, at q = 4 three eigenvalues of the critical fixed point depend on the free 
parameter. One of the irrelevant eigenvalues of the symmetrical Potts space 
AM becomes almost marginal. At this value p B F of the free parameter the 
specific heat exponent takes a value close to the weak universality value 2/3, 
e(4) = 0.6937. Also the cross-over eigenvalue for the Potts lattice gas AcrLG 
becomes marginal at almost the same p. So the cross-over from the phase 
diagram la to lb for the PLG model is very likely to happen at q = 4. The 
cross-over exponent λ „ υ Β for the Cubic model is however already irrelevant 
for all values of ρ as soon as q > 3.3.* 
* At q = 3 9 AM and A'"* are marginal at precisely the same ρ value. For q « 3 Ac
r
LG
 and Af
r
UB 
are relevant for all p. Their irrelevancy at q = 4 is due to the bifurcation phenomenon For 
q > 5 A'
r
LG
 becomes again relevant for all p, due to mixing with the eigenvalue Α Γί-0 which at q = 4 
corresponds to the unphysical direction E
v
 (no spins of a basic square in the same state and no 
spin in the special spin state) At q = 3 9 this eigenvalue AnG becomes relevant at the same ρ 
where λ'1 - 0 becomes irrelevant 
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IO 
05 
/ /
 175 ρ* 18 pSF 185 1 9 ρ 
Fig. 7. The cross-over eigenvalues Af
r
LG
 and Af"1' and one of the irrelevant eigenvalues in the 
symmetrical part of the Potts space, Ay as function of ρ at q = 4. 
A marginal eigenvalue indicates the crossing or creation of fixed points. In 
the transition surface extra fixed points are expected. For q > 4 one anti­
cipates a structure with 3 fixed points in the transition surface. Baxter") only 
proved the pure nearest neighbour problem, and automatically also its image 
in S by decimation, to show a latent heat at q > 4. The transition might well 
remain critical in a part of the transition surface. Then a first-order and a 
critical fixed point are expected with their domain of attraction separated by 
the domain of a cross-over fixed point. 
This structure can be realized by a bifurcation of the critical fixed point at 
q = 4 into 3 fixed points for q > 4. This gives a physical meaning to the 
marginality of AM- In this R.T. however the marginal eigenvalue leads to a 
bifurcation for decreasing instead of increasing q. In order to see this let us 
examine the R.T. equations at q = 3. 
At q = 3 only 6 parameters are physical meaningful. E^ needs more spin 
states than there are available, and can be neglected [see eq. (3.7)]. In order to 
explain the fixed point structure for q > 3 however E7 must be taken into 
account. From eq. (3.7b) follows that at every fixed point in the 6 dimensional 
parameter space, depending on the value of p, 2 or no (real) values for Εη can 
be found. So in the full parameter space fixed points appear in pairs. The 
twins only differ in their value of E7. From the point of view of the 7 
dimensional parameter space the number of fixed points is doubled at q = 3. 
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Fig. 8a. Fixed point structure in the symmetrical part of the full parameter space at q = 3. P2 and 
C2 are the twin fixed points of respectively the critical fixed point P, and the low temperature 
fixed point Ci, in the unphysical direction £7. 
For q > 3 the extra fixed points annihilate such that for q 3s 4 (at not too high 
values of the free parameter) the structure of fig. 4 is regained. 
In order to see how this takes place for the critical fixed point, it is 
sufficient to restrict the discussion to the fixed points Ρ (the index S will be 
dropped from now on) and С (the low temperature fixed point) and their 
twins, i.e. the quartet Pi-Pr-Ci-Cj. Fig. 8a shows schematically the relevant 
part of the fixed point structure around q = 3, and fig. 8b the p(q) where these 
fixed points are created or annihilated (the drawn lines). At p p p the critical 
fixed point Pi and its twin P2 annihilate. For q > 3 the Pr-C: pair is created at 
a larger ρ value than the Pi-C, couple. At q = 3.9 the Pr-C: creation and 
P1-P2 annihilation take place simultaneously. So for 3 < q < 3.9 there is a 
region with 3 "critical fixed points", Pi, P2 and Cj. For q > 3.9 only one 
survives. At q = 4 the irrelevant eigenvalue corresponding to the bifurcation 
still becomes almost marginal.*t 
So we have seen that the weak universality value for the specific heat 
exponent, α(4) = 2/3 is connected to a bifurcation phenomenon. However, 
instead of leading to 3 fixed points in the transition surface for q > 4, it shows 
the disappearance of candidates for them, i.e. Pi, Ρ2 and C2. 
Fig. 8b will be discussed in more detail now, in order to show that С2 is a 
candidate for the first-order fixed point and also to make clear the ambiguity 
in the identification of the only remaining critical fixed point at q ss 4. Let us 
for the moment assume the free parameter in the whole transition region of 
the parameter space to be fixed by one of the dashed curves p(q) in fig. 8b. 
'Similar behaviour is found for the quartet (outside S) PBI-PBI-PAI-PAI. resulting in the 
peculiar behaviour of the Ρ в fixed point as discussed in section 3. 
t Also the twin of the high temperature fixed point θ ! has disappeared at 4 = 4. O, and O2 and 
the twin of the trivial fixed point located at all Boltzmann weights zero show a bifurcation at 
q = 3.4. A figure similar to fig. 8b is obtained for this quartet. 
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Fig. 8b. p(q) curves (the drawn lines) where fixed points annihilate or are created; at p" the 
Рі-Рг pair, at p ' 0 1 the Pi-C, pair and at pP C 2 the P2-C2 pair. The dashed curves represent 
different possible p(q) choices; along (K) the Kadanoff prescription is satisfied at P,. 
i) Along curve (K) (corresponding, as we will see below, to the Kadanoff 
prescription) P2 and Cj are found to annihilate at 3 < q < 3.9. The only 
remaining critical fixed point for q as 4 is identified as Pi. 
ii) Along curve (a), one finds Pi and P2 to annihilate at q < 3.9. Now the 
critical fixed point for q s* 4 is identified as C2. For q s* 4 the transition is ruled 
from this point of view by a new fixed point emerging from the (at q = 1, 2, 3) 
physical meaningless part of the parameter space. Notice that at q = 3 the 
Kadanoff prescription optimalizes C2, like Ci, at ρ -»». There the eigenvalue 
in the unphysical direction E7 takes the value \7 = /
d
, necessary for a first-
order transition. For q > 3 this eigenvalue is seen as the temperature eigen­
value. So С2 might be identified as the first-order fixed point. Along curve (a) 
however no latent heat will be established. Only for ρ -» <*> the temperature 
eigenvalue approaches λ
τ
 -> l4. Unfortunately the Kadanoff prescription is (as 
we will see below) not satisfied anymore at ρ -»<» as soon as q > 3. Curve (a) 
also has the disadvantage that already at q = 4 the fixed point is identified as 
Cj, i.e. as first-order like. 
iii) By taking the limit in which the curve (a) runs precisely through the 
bifurcation point this last default is taken away, while also the "correct" value 
for α is found. 
iv) One must be careful with drawing conclusions from the behaviour along 
curve (c). Not only leads it to much too large values for the specific heat 
exponent at <j ^ 3, moreover the critical fixed points are located now (as we 
will see below) in a region of parameter space where the validity of the bond 
moving approximation is doubtful. It is however noteworthy that Pi and Ρ2 do 
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not annihilate anymore. A structure with 3 fixed points in the transition 
surface for q > 4 is established along (c).* 
The Kadanoff prescription leads (unfortunately) to type i) behaviour. Curve 
(K) in fig. 8b corresponds to the ρ values where Pi satisfies the Kadanoff 
prescription. Around q = 3 however this condition can also be satisfied for P2 
and C2. At q = 3 C2 is optimalized, just as C, at ρ -»<», while the twins Pi and 
P2 simultaneously fulfill the Kadanoff prescription at ρ = 1.689 2%. So at 
q = 3 3 optimal "critical" fixed points exist. For q > 3.0 however the optimal ρ 
value for C2 and P2 is found to decrease rapidly to the value where this pair 
annihilates. For q > 3.05 only P| can be optimalized. 
The main reason why this R.T. ultimately still fails to establish the cross­
over to a first-order transition for q > 4, might be, that it is unable to give a 
latent heat for a location of the first-order fixed point where the ap­
proximation is valid. The temperature eigenvalue of the first-order fixed point 
must take the value λ
τ
 = /d (= number of spins per cell) in order to establish a 
latent heat. 
For all fixed points, eigenvalues /d, except the trival one corresponding to e0 
(see section 3), are only found in the limit ρ-»00. The critical fixed point 
moves, as we have seen in the previous section, almost in the critical surface. 
In the ρ -»00 limit it moves to a region of parameter space where the transition 
takes place at temperature zero. In this limit instead of the nearest neighbour 
interaction, the four-body coupling QS^^S^^S^^ with Q < 0 is found to be 
dominant. Here the bond moving approximation is no longer justified, while 
also antiferro magnetic type of phase transitions, not treated well by this R.T. 
because of the weight function choice might become important. So the latent 
heat can only be established in this R.T. by a fixed point located in a region of 
parameter space where the approximation cannot be expected to be valid 
anymore. 
In conclusion some possibilities for renormalization transformations are 
discussed, that might lead to a more natural location for the first-order fixed 
point, where the usual approximations are still valid. 
Full application of the variational method can in principle lead to a 
first-order transition within the present R.T. 
The free parameter p(E) then is chosen such that eq. (3.10) is satisfied in 
every point of the parameter space. The results can be found in ref. 37. As 
already stated in section 3, the method is in general not able to describe a 
second-order transition (i.e. 0 < a < I). So for 2 < q « 4 the results were 
already expected to be wrong. But for q>4 we could hope to find a 
* The image of the pure nearest neighbour problem in S (by means of a decimation of all 
"black" spins) is found for q 3= 4 in this region of large ρ values to intersect the domain of 
attraction of the "first-order" fixed point C2. 
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first-order transition [by means of a discontinuous p(E)]. For this method the 
transition remains however for all q weaker than second order.* 
In the staggered Ice model version24) of the Potts model q plays the role of 
an interaction. It might be advantageous to construct a R.T. which does not 
automatically conserve the number of spin states, but treats q at the same 
level as the E,. The critical points (for q < 4) should then be mapped on a 
fixed point line, while the first-order transition points (for q > 4) are expected 
to stream to <?-»<». Notice that the present R.T. already shows the "correct" 
behaviour in the limit q-*^. The transition temperature is very accurate, and 
a(q)-> 1 in this limit (see fig. 5). 
This structure resembles the one expected in the discrete Gaussian model, 
that is used to describe crystal growth. It might just as in that case be 
necessary to inbed the Potts model in a larger model. The discrete Gaussian 
model, and the the Gaussian model are limit cases of the generalised Villain 
model2*). Knops39) constructed a R.T. which maps the infinite-order-transition 
region of the discrete Gaussian model on the "trivial" fixed point line in the 
Gaussian model, while points at J > J
c
 are finally mapped on a fixed point 
situated in the discrete Gaussian model at J -» «. 
The discrete Gaussian model and the Ice-model (i.e. the Potts model at T
c
) 
have not only a similar flow-diagram. The models are related to each other. 
Van Beyeren40) showed a slightly modified version of the discrete Gaussian 
model to be equivalent to the Ice-model. 
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Appendix 
The duality relations (2.6) can be easily derived applying the same method 
as used by ref. 27 and ref. 28 to show the equivalence between the classical 
ΛΎ-model and the discrete Gaussian model. 
Replace the spin variables (s„ I,) of the (q
s
, q,) model (section 2) by the bond 
variables: и,, = (s, - s,) mod q
s
 and υ,, = (/, - f,) mod q,. For every basic square 
ι the following restrictions must hold: 
Σ'ΙΑ = м,2+ И2Э+ MM + «41 = 0mod q„ (la) 
* Notice that the dip in t*(q) at q = 4 in fig. 4 of ref. 37 is due to the nearness of the bifurcation 
point. 
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Σ'υ = t>i!+ t>2j+ D M + »4i = 0 mod q,. ( lb) 
After insertion in the partition function for every basic square i the factor 
¿ Σ expßrs'Xu) Σ expf^t'Xv), (2) 
with (i',, fi) new spins located in the centres of the basic squares, the trace 
over the bond variables is free. One easily verifies that this summations, lead 
to an hamiltonian 
7ч> 
(3) 
for the model on the dual lattice. The interactions K' and /' are determined in 
terms of the original ones as 
x'=\+—^ , q
 1 4 , (4) 
with χ = exp(X) and у = exp(J). Notice that the dual model is a {q,, qj-model, 
i.e. has q, groups each containing q
s
 states, instead of the (q
s
, q^-model 
[compare eq. (3) with eq. (2.2)]. Only a model with q
s
 = q, is self-dual. For 
q, = q, = 2, i.e. the Ashkin-Teller model this duality relation was already 
known30), while for J = 0 the well known duality relation for the Potts model') 
is recovered. 
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CHAPTER 4 
A Relation Between the Temperature Exponents of the 
Eight-Vertex and q-State Potts Model 
The main -part of this ohaptev has been published 
separately in The Journal of Physios A 1979 12_ 1857-1868. 
It is explained that the critical lines of the Potts, 
Ashkin-Teller and Eight-Vertex model can be mapped on the 
Ice model. The temperature operators of these 3 models 
correspond to S different directions in which one can leave 
the Ice model. (These mappings are also discussed in 
Appendix II and III of this thesis.) 
A comparison of the exactly known temperature exponent 
8V y„ with the approximately known values for the temperature 
p 
exponents y„ of the Potts model leads to the conjecture of 
Ρ 8V 
the weak scaling relation (y- - 3)(y- - 2) - 3. This 
Ρ 3 
relation yields the explicit equation y^iq) = -* (2 + ъ/(\і-т[)) 
with cos μ = -ρ </q. So in the percolation model (q = 1) the 
correlation length diverges with the exponent ν = 4/3, while 
for the 3-state Potts model (He-adsorption on graphite) the 
specific heat diverges with a - 1/3, and for the 4-state 
Potts model with a = 2/3. 
To the paper a section is added in which some recent 
developments concerning this conjecture are discussed. 
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I. Introduction 
In this paper a relation between the critical exponents for the 
temperature operator of the 8-vertex model and the q-state Potts model 
(for q < 4) is proposed: 
(У?" - 2) (yj - 3) - 3 (1.1) 
This relation can be rewritten, using the Baxter solution, as an 
ρ 
explicit equation for y : 
y!J(q) - | (2 + - Î - ) for q < 4 
У
 (1.2) 
with cos ν " •=• \q 
(The specific heat exponent is related to y as α • 2-2/y ). 
The q-state Potts model, 8-vertex model and Ashkin-Teller model 
have in common (see section 2) that their critical lines can all be 
mapped on the Τ > Τ domain of the F-model (solved by Lieb in 1967). 
The temperature operators of the 3 models correspond to 3 different 
directions in which one can leave the F-model. Or in other words: One 
can construct a parameter space in which the 3 models intersect each 
other at their critical line; along this line (the Baxter line) the 
3 models reduce to the F-model. The identification of the fields is 
summarized in table 1. 
These equivalences were already implicitly known in the literature; 
no new mappings are needed to show them. A combined presentation however, 
as given in section 2, with the F-model as central model can not be 
found in the literature. 
ρ 
A comparison, in section 3, of the critical exponent y T of the 
q-state Potts model, as obtained by recent approximative calculations, 
8v 
with the exactly known y T (Baxter 1971) lead then to the conjecture 
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that these two exponents satisfy along the Baxterline (i.e. for q < 4) 
a simple relation. 
Eq. (1.1) is similar to relations between other critical exponents 
along the Baxterline that have been conjectured before (see section 3). 
Just as these other relations, eq. (1.1) does not contain the parameter 
of the Baxterline explicitly. It confirms the concept of weak 
universality. 
operator« for the F-raodcl 
. /(ae u, Шйа. ae"u, «e~u; β", ·"*; d,d) »ublatti (Ml.M2.u,.U4:»5,ui.e7.ug) -j 
^(ae , ae , ae , ae ; e , · , d.d) aublatci 
с s clce λ 
cc В 
field 
• 
я 
d 
u 
1 
u . i t p 
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y^- 2μ/. (Baxter 1971) 
cos u " — r - 1 
2* 
first-order (Baiter 1973.Ь) 
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2. Relations between the 8-vertex, Ashkin-Teller and Potts model 
In this section it is discussed how successively the 8-vertex 
model, the Ashkin-Teller model and the q-state Potts model are related 
to the F-model. The definition and interpretation of the several fields 
is summarized in table I. All mappings used in this section are 
already known, but appear rather scattered in the literature. This 
section serves as a review of these mappings in a presentation that 
has the F-model as central model. 
a. The 8-vertex model 
The 8-vertex model has been introduced as a model for (anti-)ferro 
electrics. Draw arrows on the edges of a 2 dimensional square-lattice, 
with the restriction that an even number of arrows point into every 
vertex. Attach to each of the 8 allowed vertex states (see figure 1) a 
Boltzmann weight ω.. The symmetric 8-vertex model, solved by Baxter (1971), 
is obtained when ω. • ω. « a, ω_ • ω, • b, ω. • ω, - с and ω_ - ω„ • d. 
For a >> b,c,d and for b >> a,c,d the arrows will order ferro electric­
ally. For с >> a,b,d and d >> a,b,c an anti-ferro electric groundstate is 
obtained. Notice that in each of this A limits the arrows are allowed 
to order in two groundstates (2 coexisting phases). So in the 8-vertex 
model 2 natural order parameters play a role: the polarisation and the 
^ ^ Ф Н Н Ф ^ + ^ 
"1 ω, ω, ω, ω. ω. ω, ω. 
A c e s " 1 ер"5*' d i * " ' rip5*' 
 h.v -h-v . h-v . -h.v c e c e a e a e 
subiaiiiMg a e ae be be
 ce-s.t ς ^ - ι d ^ . i de-s-i 
fig 1 The 8 different vertex configurations ста their Boltzmann weights. 
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staggered polarisation. Conjugate to these 2 order parameters are 
respectively the direct electric fields h and ν (fig.l) and the 
staggered fields s and t (divide for the definition of a staggered 
field the lattice in the usual way into two sublattices A and B). 
In the Ising translation of the 8-vertex model (Kadanoff and Wegner 
1971, Wu 1971) another order parameter emerges: the magnetisation 
(to which the magnetic field is conjugated). The electrical fields 
are translated there into the nearest neighbour interactions. 
Baxter (1971) gives the solution of the symmetrical 8-vertex 
model in the so-called principal domain 
a > 0, b > 0, d > 0, c > a + b + d (2.1) 
The free energy shows a singularity at the с - a + b + d border 
only. The critical exponent varies continuously in this plane 
2/y!V 
f * |Τ - Τ | (2.2.a) 
8 v
 — ab - cd ,, , .
 ч 
у
т
 - π , cos μ -
 a b + c d (2.2.b) 
The solution in the rest of the (a,b,c,d)-space can now be constructed 
from the symmetry relations given by Fan and Wu (1970): 
Z(a,b;c,d) - Z(a,b;c,-d) (2.3.a) 
- Z(b,a;c,d) (2.3.b) 
- Z(c,d;a,b) (2.3.C) 
- Z( J (a-b+c+d) , J (-а+Ы-c+d) ; j (a+b+c-d) , 
(2.3.d) 
J(a+b-c+d)) 
In fig.2 the result in the a»b, c-1 plane is shown (the c-1 choice 
is no restriction). The drawn lines are critical lines corresponding 
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to che Baxter line; the dashed curves correspond to non critical 
borders of the principal domain. The two shaded "triangles" are 
mapped on each other by relation (2.3.d). 
For d"0 (the Ice condition) and a-b, the 8-vertex model reduces 
to the F-model (already solved by Lieb in 1967). He found an infinite 
order transition at a - J (i.e. y- • 0). From fig.2 we conclude that 
the Baxter line in the principal domain is mapped on the Τ > Τ domain 
с 
of the F-model. 
a=b 
fig. 2: The phase diagram of the 8-vertex model for a-1 and a=b. 
After completion of thie work, the author received л preprint by 
Temperly and Ashley (1978) where this mapping of the Baxterline 
onto the F-model, and the conclusion that the criticalline in the 
Potts model is a Baxterline, is also established. 
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Variation of the temperature in the F-model corresponds to moving 
along the a»b line in the critical plane 1 • a+b+d of the 8-vertex model. 
Moreover, by solving the Ice-models Lieb has automatically solved 
the 8-vertex model at the critical plane and the non critical borders 
in the principal domain. The whole I « a+b+d plane is mapped by 
eq.(2.3.d) onto the d-0 plane. From the solution of the Ice models 
as discussed by Lieb and Wu (1972) we learn, that a transition in the 
Ice models is found when lines corresponding to the boundary of the 
critical domain in the 1 = a+b+d plane (i.e. at a"0, b-0 or d=0) 
are crossed. This transition is F-like (i.e. antiferroelectric; infinite-
order) when Δ - -I (d-0) at the border and KDP-like (i.e. ferroelectric; 
first-order) when Δ » +1 (a or b»0). This variable Δ (introduced by 
Lieb) is related to the ν variable (introduced by Baxter) as 
Δ · - cos μ (2.4) 
We return now to the F-model. Below Τ the staggered polarisation 
с 
(the order parameter) shows a jump (Baxter 1973 a), 
So for a < J a first-order transition in the staggered field direction 
s is found. Not only at Τ but also for all Τ > Τ the F-model shows 
' с с 
long-range correlations. The staggered susceptibility is expected to 
diverge with a continuously varying exponent, i.e. the 
free energy is singular in the s-direction as 
2/У! 
f *· M 8 (2.5) 
This exponent is exactly known at a « J 4 ? where Baxter (1970) 
found the second derivative with respect to s to diverge lo-
F F 3 
garithmically (y • 1), and at a = j where y » •=• (Baxter 1973.a). 
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Finally, from the mapping of eq.(2.3.d) and the Baxter solution 
follows that along the F-model for Τ > Τ 
с 
2/у? 
f * |d| (2.6.a) 
with у - -^ , cos μ - — = - - 1 (2.6.b) 
1
 2a 
while for Τ < Τ the free energy remains regular in the d-direction 
(see table I). 
b. The Ashkin-Teller model 
The Ashkin-Teller model has been introduced to describe a 
mixture of 4 components A,B,C and D (Ashkin-Teller 1943). 
Associate (Fan 1972) to every vertex i of the 2 dimensional square lattice 
2 Ising spins (s-.t.)· Then the 4 different states of a vertex can be 
identified as A - (+,+), В - (-,+), С - (+,-), D - (-,-). The hamiltonian 
is chosen as 
H - Σ Κδ δ,. ^  + J.í + J-δ,. „ (2.7) 
^..- 8.8. t.t. 1 8.8. 2 t.t. 
<1J> 1 j 1 j 1 J 1 J 
This implies for 2 nearest neighbour vertices 4 different Boltzmann 
weights: ν « exp(K + J + J») for AA, BB, CC and DD, w - expiJj) for 
AB and CD, w - exp(J ) for AC and BD, w, - I for AD and ВС. 
Fan (1972) has derived a duality transformation for this model, 
which leaves the w • w + w. + w- plane invariant. By a duality 
transformation on the t. spins only, however, the A.T. model is 
mapped on a different Isingmodel which is equivalent to a staggered 
8-vertex model. The equations obtained by Wegner (1972) read (after 
an additial application of eq. (2.3.c) and a normalization of c): 
J06 
a - b - (w2 + "з)/("0
 +
 Wj) 
b « a - (w - w, ) /(w + w, ) 
о l / o 1 
(2.8) 
d - (w2 - w3)/(wo + Wj) 
A and В refer to Che two sublattices (see above). One can introduce 
a staggered field u such that a • b - a exp (u) and a « b « a exp ( 
2u - In 
W_ + W-
_2 3 
w - w, 
о 1 
(2.9) 
When u • 0 the A.T. model reduces to the syranetrical 8-vertex 
model with a • b. From eqs. 2.8 we read that u • 0 corresponds to 
w - w. + w- + W-, i.e. the plane in the A.T. model that is invariant 
о I 2 3 
under duality (Fan 1972). Fig. 3 shows this plane. 
••
w7 
fig.3: The plane in the Aehkirt-Teller model that га invariant under duality. 
The intersection of this plane with the w - w« - w, line (i.e. 
J · J - 0, the 4-state Potts model) is mapped on the transition point 
a • J in the F-model. We conclude from fig.2 that the dual plane of the 
A.T. model must contain 3 Baxter lines that meet each other at this 
point. They are situated (Wu and Lin 1974) along w. » w for w_ < — w , 
w
 - « for w,< •=• w and w, • w, for w,< •=• w Further, the temperature 
2 3 1 3 o 1 J Z J o 
operator in the 8-vertex model corresponds in the A.T. model to the 
cross-over operator in the w » w + w + w. plane. So within this plane 
the free energy becomes singular when the Baxter lines are crossed. 
This corresponds to phase transitions between the 3 types of partial 
demixing. In the w. >> w2» w3 region of the plane an AB/CD-mixture 
is obtained. A is still mixed with В and С with D, but there 
is no mixing between the two groups. In this region the order 
parameter <s.> r1 0, while the two other natural order parameters of 
the A.T. model, <t.> and <s.t.> (Enting 1975 a) remain zero. (We 
will denote the conjugated fields by respectively h ,h and h ). In 
the w_ » w. ,w_ region one finds an AC/BD-mixture with only <t.> j· 0 
and in the w_ >> w.,w„ region an AD/BC-mixture with only <s.t.> φ 0. 
Notice that the permutation symmetry between w ,w and w. (obtained 
by a permutation of the names A,B,C and D) is the counterpart in the 
A.T. language of eq. (2.3.a) and eq. (2.3.d). Further we see that this 
symmetry maps the 3 order parameters onto each other. Along J. - J. 
(v. • w.) Enting (1975.a) named (in analogy to the Ising version of 
the 8-vertex model) <s.t.> the polarisation, and <s.> » <t.> the 
ι ι
 r
 ' 1 1 
magnetisation. Along J_ - 0 (w, - w.) however <s.> must be identified 
as the polarisation and <t.> - <s.t.> as the magnetisation. 
Crossing the dual plane in the temperature direction (varying u), 
only a singularity in the free energy will be found at the Baxter lines. 
This is due to the phenomenon that the A.T. model shows 2 phase 
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transitions. (Wu and Lin 1974). Departing from high temperatures one 
first finds a transition to one of the 3 partial demixed states (the 
corresponding order parameter, identified as the polarisation no longer 
vanishes). After crossing the dual plane a second transition to total 
demixing takes place (the magnetisations become not zero too). The 
2 sheets of Ising type critical points (Wu and Lin 1974, Knops 1975) 
are mapped on each other by the duality relation of Fan (1972) (or 
equivalently by inversion of u). They only intersect each other (in the 
w - w, + w. + w- plane) at the Baxter lines, where the transition 
о 1 2 3 
needs no longer to be of the Ising type, but is described by a 
AT 
continuously varying exponent y T (A drawing of the full phase diagram 
is given by Wu and Lin 1974). 
We can conclude, that via eq. (2.8) the J_ • 0 A.T. model maps 
on a staggered F-model. The temperature operator of the A.T. model 
corresponds to the operator u, i.e. a staggering in the a and b weights. 
AT 
For a > J one will find a continuous varying exponent у , while for 
a < J the free energy will remain regular with respect to u (see table 1). 
Further the polarisation <s.> is expected to behave similar as the 
staggered polarisation of the F-model: along the Baxter line a continuous 
f and for J. 
s 1 
AT 
varying exponent y > 0 (i.e. a < J) a first order transition. 
The magnetisation <8.t.> « <t.> on the other hand remains zero along 
the whole duality line. One expects along the Baxter line a continuously 
AT 
varying exponent y H and for J. > 0 the free energy to remain regular 
with respect to li and h . r
 t st 
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с. The q-state Potts model 
The q-state Fotts model, introduced by Potts in 1952 can also be 
considered as a model to describe mixtures; a mixture of q components. 
On a 2 dimensional lattice are situated spins that can take q different 
states σ. • l,2,3,..q. The Hamiltonian is chosen as 
Η - Г К б (2.10) 
<ij> i j 
For q • 2 the model reduces to the Ising model, while in the limit 
q •* 1 one obtains the percolation model and in the limit q •+· 0 (when 
taken in the appropriate way) a linear resistance network (Fortuin and 
Kasteleyn 1972). Notice that the A.T. model for J - J - 0 reduces to 
the 4-state Potts model. Further, the 3-state Potts model is of interest 
for adsorption experiments on graphite substrates (Berker et.al 1978). 
In the present form the model only makes sense for integer values 
of q. In the Random Cluster model presentation of Fortuin and Kasteleyn 
(1972),however, q can take all real values. Temperley and Lieb (1971) 
and Baxter et.al (1976) showed this model to be equivalent to a 
staggered F-model. The equations read (Baxter 1973.b) 
. u +u -u - u s -s. . ν, _..· 
Í (ae , ae , ae , ae , e , e ) A sublattice (2.10.a) -u -u u u -s s. _ .. , . (ae , ae , ae , ae , e , e ) В sublattice 
with 
-2 
a 
2u 
2s 
-
-
m 
2(cosh2u 
In χ 
1п{(1+хее 
+ cosh 
θ) 
'Шх+е
8)} 
(2.10.Ъ) 
-1 к 1 
χ » q '(e -1) and cosh θ - Jq' 
At its critical points x-1 (K
c
(q) - ln(1+ Vfq),Potts 1952) also the 110 
Potts model reduces to the F-model. Again the critical point of the 
4-state Potts model maps on the a»J point of the F-model. All critical 
points for q<4 are mapped on the Baxter line. 
The temperature operator of the Potts-model is a combination of 
the temperature operator of the A.T. model and the staggered field 
operator of the F-model. Notice that θ is purely imaginary for q<4 and 
real for q>4. From eqs.(2.10.b) one finds that u is real for all q. 
The staggered field s however is real only for q>4. For small ε - In χ 
(i.e. close to the critical point) one finds: 
s * i tgh (θ/2) ε
ρ 
ι (2.11) 
So close to the Baxter line (q<4) s becomes purely imaginary. 
For q>4 (the a<J domain of the F-model), the free energy shows 
a first-order transition with respect to s and remains regular in 
the u direction (see above). Because at x"l, ε_ is a linear 
combination of u and s (both real), a first order transition must be 
found in the Potts model for q>4 too (Baxter 1973.b). 
Notice that 5 different parameters have been used to parameterize 
the Baxter line: β,Δ,μ,θ and q. 
They are related as 
-Δ - cos ν - cosh θ - J \fq - -Ц· - I (2.12) 
2a 
The parameter q can only be applied for a ί ) ^ 2 . At a • J \ΐ (q"0) 
the 8-vertex model and the A.T. model reduce both to 2 decoupled Ising 
models. Also the staggered F-model is solvable at the corresponding 
temperature since the free femion condition is satisfied (Wu and 
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Lin 1975). Not only the second derivative of the free energy in 
the u and d direction deverges logarithmically. The second 
derivative with respect to the staggered field s also diverges 
as ln|s| at this point of the Baxter line (Baxter 1970). In the 
Potts direction ε
ρ
 the free energy behaves as f'blnx. 
Another special point is the critical point in the 4-state Potts 
model. At least 4 Baxter lines emerge from this multicritical point: 
3 in the duality plane of the A.T. model (i.e. the a-b symmetrical 
8-vertex model) and 1 in the q-direction of the Potts model (both 
models are included in the so-called Cubic model introduced by Kim et al 
1976). A simular multicritical point is found in another model (José 
et al 1977). This model can be described as a XY-model (in fact a 
Villain-model) with 3 parameters: the coupling K, a magnetic field h, 
with cubic anisentropy and a parameter y controlling the number of 
vortices. This model is related to the Coulomb gas (Villain 1975, José et al 
1977) and to the discrete Gaussian model (Knops 1977). 
It is tempting to believe that also this multicritical point is 
isomorphic to the 4-state Potts critical point. The mapping of a modified 
version of the discrete Gaussian model on the F-model given by 
van Beyeren (1977), gives some support for this idea. Further, Kadanoff 
(1977), in an heuristic way, has conjectured this isomorphism on 
basis of a comparison of the expansions of some critical exponents 
around this multicritical point. 
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One of the most intriguing aspects of the solution of the symmetrical 
8-vertex model is the breakdown of universality. The critical exponent 
8v . . 8v 
yT varies continuously along the Baxter line; yT is not independent 
of the details of the interactions. Kadanoff and Wegner (1971) have 
shown the existence of a marginal operator along the Baxter line (at 
least to first-order around a - J Vl?, where the 8-vertex and A.T. model 
reduce to 2 decoupled Ising models). In an (exact) renormalization 
transformation one should find thus in order to obtain a proper 
description of the transition, instead of one fixed point attracting 
the whole critical domain, a line of fixed points. Notice that in 
the 8-vertex and A.T. language this fixed point line will be difficult 
to obtain because of the approximations usually needed in the R.T. 
equations. In the Potts language, however, q is automatically preserved. 
Consequently, in the Potts presentation, the variation of the critical 
exponents along the Baxter line is not unexpected. At integer values of 
q, the transition point has the nature of a q-critical point (an endpoint 
of a line of q-coexisting phases). 
Along a fixed point line the critical exponents for different 
operators are in principle allowed to change independently of each other. 
Along the Baxter line, however, this does not seem to be the case. 
Simple relations between several exponents are conjectured, that are 
independent of u. The critical exponents are "weak, universal" (see 
i.a. the discussion given by Enting 1975.b). 
For the magnetic and staggered field operator in the 8-vertex 
model. Barber and Baxter (1973) respectively Baxter and Kelland (1974) 
have proposed the relations: 
J13 
y$ V - 15/8 (3.1) 
yJV - 3/2 • 1/4 y5 V (3.2) 
(according to scaling: 0. » (2 - у.Э/у-). Further, Enting (1975.b) 
conjectured similar relations for the A.T. model: 
y ¡ T - 15/8 (3.3) 
y£T - 3/2 • 1/4 y£T (3.4) 
AT 
with y the exponent for the operator conjugated to the polarisation 
in the A.T. model. Finally, Radanoff (1977) has recently proposed 
the following relation between the temperature exponents of the 
8-vertex and A.T. model 
(y5V - 2) (y£T - 2) - 1 (3.5) 
This relations are known to be correct up to first order (using 
the method first applied by Radanoff and Wegner 1971), around a • J 42, 
and agree with the exact results for the Ice models. They are conjectured 
to be exact along the whole Baxter line which is confirmed by series 
expansion results. Notice that eq.(3.3) and (3.4) are consistent with 
eq. (3.5) at a - j; they lead at the 4-state Potts point to the same 
AT 
yT . The permutation symmetry between the w. (see previous section) leads 
AT AT 
at the 4 state Potts model to y « y .So from eq. (3.3) and eq. (3.4) 
H s 
AT 
Enting (1975.a) has conjuctured yT - 3/2 at the Potts point. 
8v 
From the Baxter solution we know that yT » 0 at this point. So 
AT 
eq. (3.5) aleo leads to y* - 3/2 (Kadanoff 1977). 
Further it is noteworthy that eq. (3.1) and (3.3) are actually 
the same. One can easely show that the magnetic field operator in 
the A.T. model and the 8-vertex model transform into each other. 
The mapping of the A.T. model on a staggered 8-vertex model, eqs. (2.8) 
is obtained by a duality transformation on the t. spins only. The 
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lattice with 2 Ising spins at every vertex (the A.T. model) is mapped 
to a Ising model with s. spins and t. spins at respectively the A and 
В sublattice. The equivalence between the 8-vertex model and the 
Ising model leads then to eqs. (2.8). 
The s. spins are unaffected. So the duality transformation can 
still be applied when extra interactions between the s. spins only, 
are present. The field h leads to an Ising model with a magnetic field 
on the spins of the A sublattice. In the A.T. model for J. • J-, <s.> 
is identified as the magnetisation. In the corresponding Ising model 
<s> is the magnetisation of one sublattice. Along the Baxter line, 
the Hamiltonian of that Ising model is invariant under permutation of 
the 2 sublattices (only 4-body coupling and an isotropic next nearest 
neighbour interaction). So <s.> • <t.,> and 
β
 1 1 
AT 8v ,, ,. 
y H - y H (3.6) 
8v 
A relation similar to eq. (3.5) will now be proposed between y_ 
ρ 
and y . In table 2 the Baxter line is parameterized by q. The exact 
8v AT 
known values for y- and the via eq. (3.5) conjectured values for y T 
ρ 
are compared with the y- of the Fotts model, as obtained by approximated 
table 2 
conparieon between y T , y T and y T along the Baxter line. 
AT 
q ia chosen aa parameter. The valuea for y T are obtained by eq» (Э.5) 
ρ
 T 
and the value· for у are conjecture· fron table 3. 
4 
0 
1 
2 
3 
4" 
1 
2/3 
1/2 
1/3 
0 
/TT 
1 
5/4 
4/3 
7/5 
3/2 
A 
0 
3/4 
1 
6/5 
AT 
yT 
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calculations. The rational values for y given in the 4th column can 
be conjectured from results of recent Monte-Carlo calculations,adsorption 
experiments, series expansions and renormalization transformations 
(see table 3). In particular the Kadanoff lowerbound renormalization 
transformation (Kadanoff 1975; Dascupta 1976 and 1977; den Nijs 1978), 
Ρ 
suggests these values for y_. 
From the numbers in table 2, we can propose the relations 
У
т
 - 3(yT - I) (3.7.a) 
(У? - 3) (y5V- 2) (3.7.b) 
ft Ρ 
Using Baxter's result у V « 2μ/π , an explicit equation for y^q) can 
be obtained 
#4) • I ( 2 + Ϊ=Γ > (3.8) 
with cos μ » i\[<? 
values of у obtained by approximated calculations. 
4 
1 
2 
3 
.
p
 .
 2
 . ' 
у
т " τζ τ 
0.77+0.06 
0.746 
0.7496 
0.738 
0.7450 
1 (log) 
1.0009 
1.1696 
1.219 
1.266 
1.2023 
method 
Honte Carlo (Kirkpatrick 1976) 
aeries expansion (Dunn et al 1975) 
aeries expanaion (ОопЬ and Fearse 1976) 
ren. tranaf. (Reynolds et al 1978) 
Kadanoff lover bound R.T. (Dascupta 1976) 
exact (Onaager 1944) 
Kadanoff lowerbound R.T. (Kadanoff 1975) 
series expanaion (Zwanzig and Ramshaw 1977) 
adsorption experiment (Breti 1977) 
aeries expansion (de Neef and Enting 1977) 
Kadanoff lowerbound R.T. (Dascupta 1977, 
Burkhard! et al 1976) 
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This function is drawn in fig.4. Notice that at q-4 the derivative 
dyT/dq •• " · For small q eq. (3.8) can be approximated by y£ - 3/w \{q\ 
This agrees with the result of Kunz and van Leeuwen (Kunz 1977). They 
found using a Migdal approximation for small q, y • Vq. Equation (3.8) 
however disagrees with the recent conjecture of Klein et al (1978) for 
• · Ρ 
the critical exponent of the percolation model y-O) - 2 ln(3/2)/ln 3 - 0.738. 
't 
15 
10 
0-5 
y T
P ( q ) 
/ ^ 
- / 
i i 
1 
fig.4: The critical exponent y7 as function of q. The draun line is obtained from 
eq. (3.8) and the dashed curve is obtained by the Kadanoff lover bound 
method (for q<3 the dashed curve is not drawn because it practically 
coincides with the draun line). 
ρ 
The y_(q) obtained by the Kadanoff lowerbound R.T. shows an excellent 
correspondence with eq. (3.8) up to q-3. For q>3 however the results of 
the R.T. disagree with eq. 3.8 (see the dashed curve in fig.3. For q<3 the 
dashed curve is not continuated because it almost coincides with the drawn 
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curve. The drawn curve shows a point of inflection at q - 2.7318). 
One of the features of all R.T.'s constructed up to now for the Potts 
model (Aharony (1977); Dascupta (1977) and den Nijs (1978); Shenker et al 
(1978)) is that they are unable to describe the first-order transition 
ρ 
for q>4. The transition is found to remain critical. The yT(q) curve 
ρ 
remains smooth around q-4 (see fig.3) and predicts yT(6) - 4/3. This 
result of the R.T. at q-A based on a straight forward application of 
the variational method is questionable. Arguments can be given for 
ρ 
another solution yielding у-W = 3/2 (den Nijs 1978). 
In conclusion: We have seen in this paper that the critical line 
in the 4-state Potts model (up to q-4) can be mapped onto the Baxter 
ρ 
line. Further an explicit equation for the critical exponent yT(q) is 
proposed. Because this equation confirms weak universality and also 
ρ 
gives a good fit for the y. obtained by approximative calculations, 
eq. (3.8) is expected to be exact. 
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§4 Recent developments 
After completion of this paper some developments have taken place that 
are worth mentioning. 
In the paper the discussion is restricted to square lattices. It is shown 
in Appendix II and III that the picture in which the critical lines of the 
Potts, A.T. and 8-vertex model map onto the Ice model, also holds for 
arbitrary planar lattices. Recently Baxter (197Θ) has solved a restricted 
8-vertex model on an arbitrary planar lattice. This solution implies 
(Appendix III) that for all planar lattices the Potts and Ashkin-Teller model 
are solved at^  their critical points (i.e. the corresponding Ice model is 
8V 
solved). Also y (i.e. the singularity in the d-direction; see table 1) is 
known exactly for all lattices. Finally it is shown in Appendix III that the 
critical exponents for the Potts and A.T. model must be lattice independent. 
This proof only needs the assumption that in the critical plane of the square 
8-vertex model all exponents only vary with the parameter μ (as is known to 
8V be the case for y and is very plausible for the other exponents). 
A second question that arises is, whether (next to the relations (3.1)-
(3.5) and (3.7)) similar weak scaling relations for the remaining operators 
can be conjectured. At the moment we have not sufficient data to do this. For 
2 operators however it is tempting to suggest such a relation. 
AT 8V (a) In analogy with y and y one expects that the magnetic field exponent 
π rl 
ρ 
y„ of the Potts model remains constant along the Baxter line 
η 
Уд = 15/8 (4.1) 
This value is known to be exact at 2 points: at q = 2 and at q • 4. At q = 4 
Ρ AT 8V . 
the A.T. and Potts model become identical, so y„ ~ y„ . The exponent y
u
 is 
η η η 
8V known exactly at this point, y
u
 = 15/8 (Barber and Baxter 1973). So one 
η 
ρ 
finds via eq. (3.6) that y„ » 15/8. The data from the Kad.Lowerb.R.T. (see 
η 
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table I and II in chapter 3) and also the results from other methods support 
eq. (4.1) for 1 < q <^  4. Notice however that the Kad.Lowerb .R.T. disagrees 
. . Ρ 
with the conjecture in the limit q + 0, where one finds y t 2 (see fig. 5 
H 
and 6 in chapter 3). 
F (b) The staggered electrical field exponent y (see table 1) is exactly known 
AT 
at 2 points. At both it takes the same value as y ; namely at a = 1/2 (i.e. 
F I 
q = 4) where y = 3/2 (Baxter 1973.a) and at a = y /2 (i.e. q = 0) where 
F 
y = 1 (Baxter 1970; see also Wu and Lin 1975). So one can suggest the 
relation 
y
s
 = У
т
 (4.2) 
These 2 weak scaling relations are at the moment only suggestions. Additional 
evidence is necessary. 
The renormalization transformation of Nienhuis et al (1979) must be 
mentioned. This is the first R.T. that describes the Potts model correctly 
for q > 4. The cross-over to the first-order transition is established by it. 
As already suggested in chapter 3, one should inbed the Potts model in a 
larger model. Nienhuis et al. have chosen the Potts lattice gas for this 
purpose. Next to the q-spin states of the Potts model they also allow a site 
to be in the "vacuum state". A fully disordered cell is mapped under the 
R.T. on this state. In terms of the phase diagram of the Potts lattice gas as 
discussed in 55.с of chapter 2, they start at H = °°. There the vacuum state 
is surpressed i.e. the model is a pure q-state Potts model. (Notice that we 
consider a Potts lattice gas with q+1 states. So with respect to the 
discussion in chapter 2 the number of states is raised by one.) The R.T. 
For imaginary values of s this relation follows directly from eq. (3.7) 
AT Ρ (which yields y T > y T for all q < 4), and eq. (2.11). Scaling theory 
(chapter 1, §4) yields that ε is the special direction. 
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generates the vacuum state. Or in other words, the Potts fixed point is 
located at finite H. In the terminology of §5.с in chapter 2, this fixed 
point is the attractor of the plane that is the phase boundary between the 
"solid" and "liquid" phases. 
The cross-over to the first-order transition takes place in the approach 
of Nienhuis et al. by an annihilation of the P(q) fixed point with the (q+1)-
critical fixed point C(q+1). (They find this to take place in their approxi­
mation at q = 4.73.) From fig. (II.2a) one sees that this implies that the 
whole "solid-liquid" transition is governed now by the first-order fixed 
point (of the "gas-solid" transition). 
Also Nienhuis et al. give an exponent relation for the (q+1)-critical 
fixed point C(q+1). The fact that C(q+]) and P(q) annihilate leads to the 
С Ρ 
conjecture that the magnetic exponent yH(q+l) is related to yT(q) via the 
analytis continuation of the weak scaling relation for the Potts model eq. 
(3.7). Nienhuis et al. propose the relation 
(4 y¡j - 9)(4 y£ - 9) - 9 (4.3) 
For q =1, the C(q+1) transition must become Ising like. Indeed the relation 
yields y£(2) = 15/8. 
Burkhardt (1979) has applied the Kad.Lowerb.R.T. to the Potts lattice 
gas. His data for С(q+1) support relation (4.3) (with an accuracy that is 
comparable to that obtained with the same method for eq. 3.7). The cross­
over to the first-order transition in the Potts model is however not 
established. The P(q) fixed point remains for all q (at the optimal values 
of the 3 free parameters) located in the pure q-state Potts model. As we 
have already seen in chapter III, the Kad.Lowerb.R.T. gives rise to more 
fixed points than necessary for the description of the phase diagram. 
Burkhardt finds that (at q = 4.079) fixed point С(q+1) annihilates (or 
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crosses) with one of these extra fixed points. 
Finally the expansion method of Kadanoff must be mentioned. The A.T. and 
8-vertex model are solved exactly (via the Onsager solution) at the point 
where they reduce to two decoupled Ising models. Via an operator expansion 
method (Kadanoff and Wegner 1971) it is (at least in principle) possible to 
generate the exponent relations (3.1) - (3.5) in a systematical way (via a 
Taylor series). 
In a second approach, Kadanoff and Brown (1979; see also Kadanoff 1979) 
indicate a point on the fixed line in the Gaussian model where by a proper 
identification of operators the correlation functions decay asymptotically 
in the same way as at the decoupling point of the Baxterline. It is shown that 
in such a case the exponents should match along the whole fixed line (in a 
proper parametrization) at least until a second marginal operator comes into 
the game. Since in the Gaussian model the exponents are known exactly, one 
derives in this way the relations (3.2), (3.4) and (3.5). 
In the present form the method is however not able to handle the weak 
scaling relation for the Potts model (Kadanoff private communication). 
Research in this direction is in progress. 
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The variational principle is presented for a continuous renormalization transformation It is 
shown that a strict application of the variational method leads to a singularity in the variational 
parameter which is related to that in the free energy The equations governing the behaviour of 
the variational parameter can, in the continuous formulation (for a single coupling parameter), be 
cast in a differential form from which it can be seen that the method will predict either a very 
weak singularity (a < 0) or a first order transition A numerical study of the 4-state Potts model is 
presented which shows that as q increases to 4 the model just fails to exhibit the expected first-
order transition 
1. Introduction 
Among the several renormalization group methods used to calculate critical 
exponents, the lower bound variational method proposed by Kadanoff') has 
been particularly successful. Since Kadanoff's original application to the Ising 
model (in various dimensions, see also ref. 2) it has been used, e.g. to obtain 
rather accurate exponents for the Blume-Capel model3) and the Potts 
model4-5). In this paper we will especially be interested in the application of 
the method to the q-state Potts model in two dimensions. A puzzling feature 
remained there; the method seems to predict exponents well in agreement 
with what is known from other sources for q ^ 4, i.e. the region where the 
transition is of second order, but fails to show the first-order transition which 
should occur for q > 4. 
A possible way by which this could be restored comes from a deeper 
analysis of the variational method. In this method a renormalization trans­
formation is set up containing a free parameter ρ in such a way that the free 
energy generated is a lower bound to the true free energy for all values of p. 
The optimal value of p, at a given value of the interaction parameter, is found 
by demanding that the resulting free energy is maximal. In practice this 
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implies a rather complicated optimalization procedure since it involves a 
whole string of p-values along the renormalization trajectory by which the 
free energy is calculated7). The only exception is the value ρ * of ρ at a fixed 
point of the renormalization transformation where this procedure reduces to a 
simple condition1). Using this value p * for ρ in the calculation of the critical 
exponents leads to the accurate values mentioned above. However, as noted 
by Kadanoff et al.2) and Knops"), setting ρ = ρ* is not a consistent application 
of the variational method since the dependence of ρ on the interaction 
parameters in the neighborhood of the fixed point has been neglected. 
A first rough numerical estimate of this effect was made in ref. 8 resulting in 
a much too low value of a = —0.1 for the d = 2 Ising model. Recently a more 
careful analysis by Saarloos, van Leeuwen and Pruisken9) showed that the 
optimal value of p, considered as a function of the interaction parameters, is 
in fact singular on approach of the fixed point. The nature of this singularity is 
such that it can only be combined with a very weak (a < 0) singularity in the 
free energy. This is a rather discouraging result as far as the calculation of 
critical exponents of e.g. the Potts model is concerned because a should 
certainly be positive for 2 < q « 4. 
It should be noted that the conclusion α < 0 only holds under the assump­
tion ρ -» ρ as the interaction parameters approach the fixed point. It was 
already observed from a numerical analysis in*) that there is a second 
possibility namely that ρ is discontinuous in the neighborhood of the fixed 
point. In the present paper we set up a differential equation for the optimal ρ 
as a function of the interaction parameters starting from the renormalization 
group equations in differential form. This set up is in the case of a single 
coupling parameter somewhat simpler than the approach used by Saarloos et 
al. but its main advantage is that it is also able to describe the case of a 
discontinuous p. As we will see, it turns out that the analysis of ref. 9 can still 
formally be used to predict a discontinuous p(K). 
Unfortunately it is not so clear how one can construct a differential 
equation for the optimal p(K) when more coupling parameters are present. 
However, the solutions, following in the general case from the method of ref. 
9, are very reminiscent of the results obtained from the differential equation 
in the single-parameter case. We will assume that the same formal extension 
seen to be valid in the single-parameter case may be used in the general case 
to predict a discontinuous p(K). 
In section 2 we derive and discuss the differential equation that follows for 
p(K) in the single-parameter case. In section 3 we review shortly the method 
of ref. 9 applied to a continuous renormalization transformation. Section 4 is 
devoted to an evaluation of the optimal p(K) for a concrete example namely 
the q-state Potts model. In particular we want to answer the question whether 
124 
RENORMALIZATION METHOD AND THE POTTS MODEL 
the possibility of a discontinuous solution for the optimal p(K) will actually 
materialize for q > 4 resulting in the expected first-order transition. 
2. The optimal function ρ (1С) for a single coupling parameter 
In this section we study the variational equation: in the case of a single 
coupling parameter K. It appears that much of the characteristical behaviour 
of the general case can be seen already here if we think of К as the scaling 
field corresponding to the temperature direction. We start by setting up the 
renormalization group equations in differential form. 
Denote the renormalized coupling resulting from a renormalization trans­
formation corresponding to a change of scale with a factor e' by 
K, = »,(#:, p), (2.1) 
where the dependence on the variational parameter ρ is explicitly shown. The 
scaling relation for the free energy then takes the form 
f(K) = %(Κ. ρ) + е-*/(А,(К, ρ)). (2.2) 
The function % represents as usual the configuration independent part of the 
renormalized hamiltonian. 
The scaling relation in differential form may be obtained from (2.2) by 
differentiation with respect to t: 
f(K) = G(K,p) + R(K,p)^ (2.3) 
where the functions G and R are defined by 
G(K,p) = (lld)3%{*¡'p)\ , (2.4a) 
К(К,р) = (Ш)д {^р)\ . (2.4b) 
Ol \l=0 
Note that the renormalization transformation for the coupling constant К can 
be expressed in terms of the function R as: 
^- = dR(K,p). (2.5) 
The fixed points K*(p) of this transformation are found by setting R(K*, p) = 
0. 
We now come to the choice of the variational parameter p. For any given 
function p(K) one may in principle solve the differential equation (2.3) (under 
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proper boundary conditions) and obtain as a result the free energy as a 
function of К and as a functional of p(K). The optimal choice is then 
obtained by demanding that the free energy should be stationary with respect 
to small variations in p(K). This condition, when applied to eq. (2.3), leads 
to: 
0=Gp(K,p(K)) + Rp(K,p(K))^. (2.6) 
Here and in the sequel we denote the derivatives of the functions G and R 
with respect to ρ resp. К by indices p, resp. K. 
OUT eqs. (2.3) and (2.6) which are a coupled set of differential equations for 
the unknown optimal f(K) and p(K) are the direct analogue of the basic eqs. 
(2.1) and (2.2) of ref. 9. In the present form it is easy to eliminate the unknown 
f(K) and to arrive at a differential equation in p(K) alone: 
R(RPPGP - GPPRP) ^ = RP(RKGP - dR, - Gp) + R(GpKRp - GpRpK). 
(2.7) 
Before we analyze this equation we notice, following van Leeuwen9), that the 
singularity structure of p(K) as K^K* is intimately connected with the 
singularity in the free energy. It is a direct consequence of eq. (2.6) that a 
term of the form 
f,
m
(K) = A\K-K*\1-' (2.8) 
in the free energy leads to a term 
Pw(K) = -(RPIGPP)(2 - a)A\K - K*\l-a (2.9) 
in the function p(K). 
We now turn to the analysis of the differential equation (2.7) in the 
neighbourhood of the fixed point. At the fixed point one has R(K*, p) = 0 so 
that the coefficient of dp/dK vanishes. In order to have the other side of eq. 
(2.7) to vanish too, one needs to choose ρ such that 
RKGP - GKRP - Gp = 0. (2.10) 
This condition is in fact equivalent to the condition used by Kadanoff et al.1) 
to find the optimal p* at the fixed point. We see1 therefore that the "Kadanoff 
point" K*, p* is a singular point of the differential equation (2.7). 
Kadanoff's value for the exponent о is simply ao = 2-l/yo where the 
scaling index yo is defined as 
dR (2.11) 
K:P' 
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The structure of the integral curves of this differential equation around its 
singular point may be obtained from an expansion of this equation around ρ * 
and K* which after some algebra yields 
(\-Rt)p + CK = {R*p + Rmjjc- (2.12) 
In this equation ρ and К denote the deviation from p* resp. K* and 
derivatives evaluated at this point are indicated by R$, etc. The constant С is 
given by 
С = gpVWgSp + (1 - 2Rt)g%Kh (2.13) 
where the function g is defined by 
g = G
 + T^R. (2.14) 
As usual the nature of the singular point (p, K) = (0,0) of the equation (2.12) 
may be determined from the eigenvalues λ ι, λ2 of the matrix 
"-Ο;?' й- <2· ΐ5> 
Three distinct cases may arise: 
(i) λ ι, λ: are real and of the same sign; the singular point is a node; 
(ii) λ ι, Λ2 are real and of opposite sign; the singular point is a saddle point; 
(iii) Лі.Аг are complex; the singular point is a focus. 
We discuss these three cases separately. 
(i) Denote the (in absolute value) smallest eigenvalue by Ai and let (tip, nK) 
be the corresponding (right) eigenvector. The integral curves come in tangen-
tially to (п
р
,пк) with an exponent χ = λ2/λι>1. The function p(K) must 
therefore behave as 
ρ(Κ) = (η
ρ
Ιηκ)Κ + Α±Κ·, (2.16) 
(compare fig. la) where the amplitude A~ is determined by the boundary 
conditions at К = 0 resp К = ». 
The only exception which may occur is when л* = 0 (corresponding to 
Ä? = 0) in which case one may have χ < 1 in (2.16). In all other cases one has 
χ > 1 which by (2.9) leads to a <0, i.e. a very weak singularity in the free 
energy. This conclusion agrees with the results of Saarloos et al.9). Their 
analysis is directly applicable to the present case since an implicit assumption 
used by them, namely that p-»p* as K-»K*, is valid here. As we will see 
this assumption is no longer true in the other two cases. 
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7/-
Ψ 
•»•K 
P(K) 
(b) 
Fig. 1. Typical shapes of the optima! curves p(K) are shown. The dashed line represents the 
direction of the "fixed point line" r", while the drawn lines represent the eigendirections of 
matrix M. 
Case (ii) arises when ku λι have an opposite sign. The integral curves which 
are solutions of (2.12) are now of an hyperbolic nature with asymptotes formed 
by the two (right) eigendirections of the matrix M. In fig. lb two such integral 
curves are shown corresponding respectively to the high and low temperature 
boundary condition. 
The actual solution is found by selecting from these two possible solutions 
the one with the lowest free energy. This will result in a discontinuity in p(K) 
and consequently to a first-order transition in the predicted free energy. 
A similar discontinuity is found in case (iii). In this case the eigenvalues of 
M are complex conjugates. 
The integral curves are spirals as depicted in fig. 1c; the optimal p(K) is 
expected to jump from one branch to the other as shown in this figure. 
We notice for later reference that, in view of the structure of the matrix M 
in (2.15), there exists an obvious relationship between an eigenvalue λ ι and 
the direction f ' = np/nk of the corresponding eigenvector namely: 
λ ^ Κ ί + Α**1 (2.17) 
If one assumest that this direction is the tangent to the solution p(K) as 
К -» К*, this relation can be written as 
*
 dR\ 
ΟΛ ι κ·.ρ· 
(2.18) 
where у denotes the value of the scaling index for which the variation of ρ 
with К is taken into account. Since Tr M = I it is clear that the eigenvalue 
(scaling index) corresponding tò the second eigendirection of the matrix M is 
tThis assumption is valid in case (i) with λ = λ,; in cases (ii) and (iii) this behaviour may be 
expected too if the amplitudes leading to the hyperbolic resp. spiral behaviour vanish. 
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given by 
Л 2 = у ' = 1 - Л І . (2.19) 
These findings are consistent with the value for the scaling index that 
follows in case (i) from the relation a = 1 -Лг/Аі since 
In case (i) where λι and Aj = 1 - λ ι have the same sign (and λι is chosen as the 
smallest eigenvalue) the value of λ ι is restricted to 0<λι <{• In terms of the 
tangent t this leads to the restriction 
i e e < t 7 i * < l , (2.21) 
where t*^-R!l(IRf denotes the direction of the "fixed point line" 
R(K*,p) = 0. Case (ii) arises when A] < 0 or equivalently f1/f*> 1. Incase (iii) 
complex eigenvalues Ai,2 = 2±ie are found with corresponding complex 
eigendirections with a real part given by f = {aot*. 
3. The optimal function p(K¡) for a D-dimensional parameter space 
Only for a one-dimensional space of coupling parameters we were able to 
derive from the scaling relation for the free energy 
ΗΚ,) = 0(Κ„ρ) + Σκ'(Κ
ι
,ρ)-^ (3.1) 
and the minimalization condition 
0=Gp(K1,p) + 2Jl 'p(JC 1 ,p)^- (3.2) 
a differential equation for ρ(Κ,) in which the free energy is eliminated. A 
direct expansion of eqs. (3.1) and (3.2) around the fixed point-as is also done 
by Saarloos et al.9) for a discrete transformation - implies that one is strictly 
speaking confined to case (i) of section 2. We present the procedure here for 
the continuous transformation, in order to make contact with the results of 
section 2, which has also the advantage that the equations become simpler. It 
leads to 2D possible gradients pj* at the fixed point, which for D = 1 cor­
responds to the eigenvectors of matrix (2.15). 
Define new parameters u, in which the uncorrected linearized trans-
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formation matrix is diagonal at the fixed point 
The first derivative of (3.1) evaluated at the fixed point defines ff: 
fni-y4)=G*, (3.4) 
where ƒ!* etc. denote derivatives with respect to и, at the fixed point. The 
second derivative of (3.1) and the first derivative of (3.2) lead to 
m i - y ? - y í , ) = Z A ^ Í p r + AJ + B,p*) (3.5) 
0 = ΣΚρίί + Β
ι
 + €ρ* (3.6) 
ι 
in which A,,, B, and С are expressions of the known functions G and R'. 
Eliminating the second derivative of the free energy leads to: 
Σ ,
 RkPT
v
bPT + pT + ß, = 0. (3.7) 
ι
 l
 ~ У ι ~ У ι 
This set of D quadratic equations has 2° solutions p¡*. For each solution one 
can define the matrix 
Ltf-LS + AÍp,*, (3.8) 
which represents the linearized transformation matrix for which the variation 
of ρ with the couplings is taken into account. The eigenvalues у
а
 of this 
matrix should be compared with the scaling index у defined in (2.18). Given 
the set of eigenvalues y,, corresponding to one particular solution p,* one can 
easily find the sets of eigenvalues corresponding to all other solutions. To see 
this it is advantageous to write eq. (3.7) in terms of deviations Δρ? from the 
given solution p,*. 
Some reflection shows that if this is done by repeating the derivation of 
(3.7) in a coordinate system (4>
α
) for which L,i is diagonal, the equation for 
Δρα takes again the form (3.7) with β
α
 = 0 and eigenvalues y
a
 replacing the 
eigenvalues y?. One easily verifies that for every left eigenvector φα of L,/ 
is a solution which upon insertion into (3.8) leads to a new set of eigenvalues 
У'а= 1- Уа, (3.10) 
y'ß = yß tor β* a. 
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From one solution one can construct in this way D other solutions. They 
differ only one eigenvalue from the original one, and have also the left 
eigenvalue φ
α
 and all right eigenvectors φβ, αϊ* β in common. Repeating the 
procedure leads to 2D solutions corresponding to the possible permutations of 
the eigenvalues y
a
 and 1 - y
a
 for every a. 
Comparing this result with the previous section, we see that eq. (3.7) is 
equivalent to the eigenvalue problem (2.15) for D= I. So although above 
derivation is only valid for case (i), we can handle all cases. We assume this to 
be true for all D. 
A pure case (i), i.e. all corrected eigenvalues 0 < y, < 1 for all solutions of 
(3.7), corresponds to a total instable fixed point. The optimal p(K,) will reach 
the fixed point along the p? with the smallest set of eigenvalues, i.e. that one 
with all 0 < y, < j . These eigenvalues will also correspond to the critical 
exponents of the free energy. The phase transition is weaker than second 
order. 
A fixed point which is expected to be totally attractive, such as a ground 
state fixed point, will correspond to a pure (ii) case. If we do not expect a 
singularity at this fixed point, the boundary conditions have to give a regular 
p(K,) which approaches the fixed point tangent to the (unique) solution of 
(3.7) with all eigenvalues y, < 0. 
In the same way we may expect for a critical fixed point whose irrelevant 
eigenvalues have to span a D-η dimensional critical plane, the boundary 
conditions to give no first order phase transition in the irrelevant directions. 
Such a fixed point which is a mixed (i)-(ii) case can then be seen as a D - η 
dimensional pure (i) case. As we will see this is what happens in the Potts 
model. 
4. Optimalization for the q-state Potts model 
The Potts model we consider consists of a two-dimensional square lattice 
with spins that can take q different values σ, = 1,2, 3 , . . . , q. The Hamiltonian 
is invariant under an arbitrary permutation of these values. The interaction 
range is restricted so that the Hamiltonian can be written as a sum of 
interactions H„ where H, operates within the /th basic square of the lattice. 
From permutation symmetry it can be seen that at most 7 different energy 
levels are present in H„ which will be denoted by £„ ; η = 1,2, 3 , . . . , 7. The 
q-state Potts model has q degenerated ferromagnetic ground states. One 
expects at the nearest neighbour axis a q-critical point when q « 4. For q > 4 
Baxter10) proved the transition to be of first order. 
The transformation we used is a straightforward generalization of the one 
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used by Kadanoff1). Some results obtained by it are already published by 
several authors4,56). The weight function associated to every "red" cell is of 
the form 
Ρ(σ'; σ,, σ^, (т}, оч; ρ) = e\p[p(Sa^ + δ„..σ2 + δ,.,,,, + δ„>4) 
+ α(σ,,σ2,σι,σ4)], (4.1) 
where ρ is the free parameter, and a is defined by normalization. As 
shown by Kadanoff a lower bound to the free energy is obtained when all 
interactions are shifted to the "blue" cells. In the present case this leads to a 
renormalization transformation of the form 
7 
exp Ei = Σ C
n
.
m
(p, q) exp(ldE
m
 + a
m
), (4.2) 
m = l 
where the matrix elements C„,
m
 are polynomials of degree four in q and e" 
and l" = 4. 
The transformation has a 5-dimensional invariant subspace corresponding 
to an H, which is symmetric under permutation of the spin positions in a basic 
square. We will restrict ourselves to fixed points located in this space. From 
(4.2) we see that a translation £
n
-*E
n
-eo leads to E'n-*E'„-/'«o. Choose 
«o = E\ and define «/ = E/+1 - to· Then the "spin independent term" Co has no 
influence on the ci: 
6¿=/<'(6o + g(«,;p)), 
e! = «;(«,; ρ) with ¿ = 1,2,3,4-
So our parameter space is essential 4-dimensional (D = 4). At q = 2 and 3 
however the matrix C„m breaks up further; the "allowed" energy levels 
transform independent of the "forbidden" e,. The parameter space is then 
even 2 respectively 3-dimensional. 
The optimal value of ρ at the fixed point is found by demanding 
(*..f) = 0. (4.4) 
with φο the left eigenvector with eigenvalue /'' of the linearized trans­
formation matrix L° 
L?, = ^ , i, j = 0,1,2,3,4. (4.5) 
de, 
The Kadanoff prescription is to compute the critical exponents from this 
matrix (see also table I), which yields results that for the Ising model are very 
close to the exact values and that are also believed to be very accurate for all 
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TABLE I 
Uncorrected eigenvalues and critical exponent a 0 (Kadanoff prescription) 
4 
P* 
λί 
Αϊ 
Al 
A0, 
α
0 
1 
12504 
16763 
0 5306 
0 394 ±10105 
-0 6845 
2 
1 53197 
20012 
0 5056 
0 00176 
3 
168929 
2 30105 
0 7281 
0 4022 
0 3365 
4 
177966 
2 5194 
0 7898 
0 3561 
0 2709 
0 4997 
5 
185401 
2 6620 
0 7270 
0 2894 
0 1929 
0 5841 
10 
2 10787 
3 0310 
0 5068 
0 1729 
0 0696 
0 7499 
q « 4. However, for q > 4 the transformation fails to give a first-order phase 
transition, the specific heat is still found to diverge: 2 < a o < 1. 
First we will discuss the results of the expansion around the fixed point of 
the scaling relation for the free energy, which for discrete transformations is 
given by 
ƒ(€,) =/"d/(«0 + e(«.;p), / = 1,2,3,4. (4.6) 
The analogue of eq. (3.9) then reads 
Where λ
α
 is an eigenvalue and φ
α
 the corresponding left eigenvector of the 
linearized transformation matrix 
L„ = .L° + e;,-p?. (4.8) 
The eigenvalues of this matrix are connected with the y, of the previous 
section by λ, = f'"·. The eigenvalues of (4.8) for p',* and p? are now related 
[compare with (3.10)] as: 
λα = 1'4λα·, А^ = Л
Э
 for β* a. (4.9) 
For q ss 4 the Potts fixed point is expected to span a D - 1 dimensional 
plane of q-cntical points. Indeed we find a mixed (i)-(ii) case. Of the 2° 
solutions there are two, p] and pi (see table II) which have D - 1 irrelevant 
eigenvalues; the only relevant eigenvalue, λτ corresponds to the temperature 
direction. They can be constructed out of each other by choosing α = Τ in 
eqs. (4.7) and (4.9). In all 2 D - 2 other solutions, as one sees from (4.9), one or 
more irrelevant eigenvalues are exchanged by /''/λ« which are larger than ld. 
This kind of solutions will in general lead to a first-order phase transition. 
But as has been argued in the previous section we expect for a critical fixed 
point the boundary conditions to be such that we may ignore all solutions of 
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T A B L E Π 
The two solutions of the expansion around the fixed point of which only Ar > 1 
Я 
Л'г 
Г") 
α' 
λ\ 
t2·) 
α
2 
А,") 
AÏ 
λ, 
1 
1.6438 
0.5249 
-0.7893 
2.4334 
-12.2210 
0.4411 
0.4878 
0.392 ±i0.107 
2 
1.9210 
0.8175 
-0.1234 
2.0822 
-0.8257 
0.1098 
0.4568 
3 
1.7747 
2.1703 
-0.4167 
2.2539 
0.1942 
0.2941 
0.6665 
0.3703 
4 
1.6276 
3.400 
-0.8460 
2.4577 
0.2354 
0.4584 
0.6221 
0.3446 
0.2617 
5 
1.5414 
4.1756 
-1.2039 
2.5950 
0.24% 
0.5462 
0.5187 
0.2814 
0.1893 
10 
1.3478 
8.0397 
-2.6446 
2.9678 
0.3022 
0.7256 
0.2779 
0.1837 
0.0690 
*) Г' is the component of pj along the uncorrected left eigenvector corresponding to the 
temperature direction φ τ- The component along φ°, corresponding to A°, is for all q of the order 
of t2. The other components are smaller than t2. 
b)p¡ and p] have the irrelevant eigenvalues in common. 
the expansion which have eigenvalues larger than ld in directions which are 
expected to be irrelevant. This will be confirmed by an explicit calculation of 
the optimal p(e,). Our fixed point can then be seen as a one dimensional 
(D = 1) case. 
Apparently the two remaining directions p« and p] should be compared with 
the eigendirections introduced in section 2 where we discussed the one-
dimensional case. 
It turns out that the eigenvalues λΐ- and λ τ corresponding to these direc­
tions are relevant and smaller than l* (0<у'т< 1) so that we are in case (i) of 
section 2 (see table II). Consequently we expect the actual solution pie,) to 
approach the fixed point tangent to the direction p\ (which is chosen to be the 
one with the smallest λτ). 
The optimal pie,), see also eq. (2.16), will be given by: 
ріе,) = р* + р,,-Ае + А\ф
т
-Ае\1-°*+--; (4.10) 
where A has to be determined by the boundary condition, and фт is the left 
eigenvector corresponding to the temperature eigenvalue (which is the same 
for pi and pi). While αϊ, the specific heat exponent is given by 2 - α ι = yî-
The phase transition is now weaker than second order (α, < 0), which is 
certainly wrong for 2 < q « 4. Notice however that λ τ remains for all q s* 2 
within 4% of the uncorrected value λ т. 
For q > 4 the phase transition should be of first order. We hoped to find a 
pure (ii) case. But for all q, see table II, we remain in the mixed case; λ τ does 
not become larger than /'', only asymptotically for q-*oo Ar approaches i1*. 
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The expansion procedure only gives all possible tangents of p(e,) around 
the fixed point. In order to find the actual optimal p(e,) and to check our 
assumptions about the boundary conditions, we have to minimalize the free 
energy for a string of ρ values (see also Barber7)). From the scaling relation 
for the free energy (4.6) we see that the free energy in a point e? can be 
calculated for a given string of ρ values as 
«.. Ρ » Ρ .Ρ , · · ·, Ρ , · · ·) - Ζ, ш . (4.11) 
where the boundary condition /~'"'/(e")-»0 as n-*°° has been used. In an 
extremum all derivatives (df/dp,) have to be zero. In practice we can confine 
ourselves to the first 10 à 15 parameters. For the accuracy in the free energy 
and its derivatives to p" it is sufficient to restrict the summation in (4.11) to 
20<n<30. We minimalized by correcting only one p" each time. The 
correction is given by 
The convergence of this method is very slow. It takes at least 80 iterations for 
e? close to the fixed point. It becomes even worse for large q values, where 
the method has the tendency to derail. If λ г gets closer to one, the points («Γ, ρ") 
are situated close to the plane in (e,, p) space which is the separatrix of the Г = °° 
and Τ = 0 fixed points. Crossing this plane corresponds to a jump in one or more 
of the derivatives {dfldp"). 
In fig. 2 the optima] p(ci) curve is shown for q = 5 along φο, i.e. the 
uncorrected temperature direction. As expected the curve is of the form 
(4.10), which confirms our assumptions about the boundary conditions. 
From fig. 3, where λ τ is plotted as function of q, one does not get the 
impression that anything special happens at q = 4. But as we will see this 
picture might be deceptive. 
If λ τ = 1 the fixed point line £*(p) has to be tangent to the optimal p(e) 
plane. In the D = l case this follows from eq. (2.17): (* = ('. We define 
equivalents of this quantities for D ^ 1: 
i ' 
'-(•*·!$"· (413) 
i.e. the inverse of the projection of the fixed point line derivative in the 
uncorrected temperature direction. And t' is defined as the component of p't 
along the uncorrected left temperature eigenvector 
t' = (pi · ΦΖ). (4.14) 
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Fig. 2. The optimal ρ (e,) curve for q=5 along φΖ, i.e. the uncorrected temperature direction «3-
1 2 3 4 5 6 7 8 9 10 q 
Fig. 3. The eigenvalues λ τ and λ τ- as function of q. 
See fig. 4. Extrapolating the t*(q) curve for q increasing to 4, one should 
expect the crossover (i.e.'f* = f') to the pure (ii)-case for a q very close to 
four. But t*(q) bends back to remain a little larger than tl(q) for all q values. 
In conclusion one might say that the present method applied to q « 4 
signals the onset of a first-order transition at <j = 4 but again, as in the case of 
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t 
10 
5 
0 
-5 
Fig. 4. i*, t ' and t1 as defined by eqs. (4.13) and (4.14) as function of <j. 
the original Kadanoff method, fails to materialize such a transition for q > 4. 
It seems as if for q = 4 a bifurcation of the fixed point of the R.T. occurs and 
that the present R.T. selects the "wrong" branch for q > 4. We conjecture 
that this might be caused by the fact that the number of colours q is always 
"conserved" under the present R.T. This seems rather natural in the Potts 
language. However, Temperley and Lieb") and Baxter10) showed that the 
variable q (at Г
с
) is related to the strength of the vertex weights of the ice mode. 
This indicates that this parameter might as well be considered as a coupling, and 
should be renormalized under a R.T. 
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APPENDIX II 
Duality Transformations 
In thie appendix the duality transformations for the 
Potts model, 8-vertex model and Ashkin-Teller model are derived 
as special cases of the duality transformation for the so-called 
(q
 3q.)r.-model and the (q.q.)nr-model. They are obtained from 
S V ЬЬ S V DL· 
one basic transformation that maps these two models onto each 
other. The duality equations are valid for arbitrary lattices 
and also allow site dependent interactions, 
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§ I Introduction 
In this thesis various models are discussed which are related to the 
Potts model in some way. Duality transformations and mappings from one model 
onto the other take an important place in these discussions. Most transfor-
mations discussed in this appendix are already known (at least for specific 
lattices). They were however originally derived by more complicated methods. 
The duality transformation for the Ising model for example was derived 
(Kramers and Wannier 1941) by a comparison between the high- and the low-
temperature expansion of the partition function. Fan (1972) on the other hand 
has obtained the duality transformation for the Ashkin-Teller model from the 
transfer matrix. The method that is used here is much simpler. Another 
advantage is, that the mappings are generalized to arbitrary (2 dimensional) 
lattices. Moreover, the transformations are found to be local in the sense 
that the interactions in the dual lattice only depend on the direct-neighbour 
interactions in the original lattice. The couplings are therefore allowed to 
be position dependent. 
The method that is used, is in fact already outlined by Wegner in 1973 
(see also Wu and Wang 1975). Knops (1977) and José et al (1977) however have 
"rediscovered" the method by their mapping of the classical XY model onto the 
Discrete Gaussian model. In this case periodic variables are mapped onto 
variables that can take only discrete values. The Fourier transform character 
of duality transformations become therefore very apparant in this case. 
It is convenient for the further discussion to introduce 3 related 
lattices (fig. II. 1). Consider an arbitrary planar lattice L which has N 
sites (fig. II. 1.a). Its dual lattice will be named D (fig. Il.l.b). Notice 
that the number of (basic) loops in L is equal to the number of sites N in 
D. The number of bonds in both lattices is equal. The sites (vertices) of 
lattice S, the so-called surrounding lattice (fig. II.l.c) are located at the 
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points where the bonds of L and D intersect (so one vertex at every bond of 
L). The number of bords in L (and D) is equal to the number of vertices N 
in S. Notice that from every vertex in S A bonds emerge; it is possible to 
define an 8-vertex model on lattice S. One can distinguish shaded and non-
shaded domains in S. The sites of L are located in the shaded domains and 
the sites of D in the non-shaded ones. 
§2 The basic transformation 
Consider at lattice L a model with at every site 2 Potts spins: 
s. = l,2,3,...,q and t. = l,2,3,...,q. The spins s. and also the spins t. 
are coupled by nearest neighbour interactions. A nearest neighbour four body 
coupling with strength К couples the two Potts models. We allow the inter­
action constants to be position dependent. In order to avoid a too heavy 
notation we will not include an extra index to indicate this. 
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5 ^ = Σ (Κ δ 6t _ + J δ + J δ.. + Κη) (II.2.1) 
"
Λ χ
- .. s.· s· tjt; s SiSJ t t i t i 0 
<ij> : L J 1 J 1 J 1 J 
This is in fact a generalization of the (q ,q)-model discussed in chapter 2 
(§5) and chapter 3 (§2). There only the case J = 0 was considered. We will 
use here the notation (q ,q) -model, to indicate that both spins are 
located at lattice L. 
Th is model will be mapped onto the (q ,q )_.-model. In this new model 
the t.-spins are still located at L, but the s.-spins are situated now on D. 
χ
 r
 ι
 r 
De 2 types of spins are again coupled via a 4-body interaction 
% - * <*' 4 s 0
 e t . t . + J ' * \ : + J't6t.t. +KÒ> ( Ι Ι · 2 · 2 ) 
<ljkS,> kS. ij кг, ij 
Here <ijki.> denotes summation over nearest neighbour pairs in L (i and j) and 
D (k and Î,) whose bonds have a vertex of S in common. Notice that when we 
wished to add an index to indicate the position dependency of the interactions, 
this could be done by an index that labels the vertices in S. 
In the derivation of the mapping, the interaction language will be used. 
The results however can be brought in a much nicer form in terms of the 
following Boltzmann weights: 
w = exp (K + J + J + К ) w = exp (J + К ) 
U
 s t U 2 s o (II.2.3) 
Wj = exp (Jt + K0) w 3 = exp (Kg) 
Notice that a multiplication of the weights with a common factor leads to a 
trivial shift in the free energy. 
The mapping that we will discuss now is a duality transformation for the 
spins s.. Replace the spin variables s. (located at the sites of L) by bond 
variables u.. (located at the vertices of S) 
ij 
uij = (si ~ s j ) m o d qs (II.2.4) 
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These new variables are not independent. There are N u.. variables and only 
N s. spins. For every (basic) loop in L one finds the condition 
Σ u.. = 0 mod q (II.2.5) 
τ 1 1J s 
loop к 
In the partition function, the trace over all {s.} configurations can be 
replaced by a trace over all {u..} configurations when these restrictions are 
in some way included in the Boltzmann weights. This can be done by inclusion 
of a weight 
-L ΐ 
% S* = S Sk .^
 4
s loop к J J 
for every loop. The s' spins can be imagined as new Potts spins 
sJ" = l,2,3,...,q that are located at the dual lattice D. It is easy to check 
that a factor like (II.2.6) becomes only non zero when eq. (11.2,5) is 
satisfied. 
The trace over all u.. configurations is now decoupled, and can be 
carried out. The remaining partition function reads 
Σ Π (J-π -L)XD e^titj+Ko (^titj+Je
 + q 6 _ ,) ( I I. 2. 7 ) 
.!}it.} <ijki> X (»
e
/ s SkSj 
with x
n
 = N_/N„. Using the Boltzmann weight language introduced above, one 
finds as result 
-
XD 
w¿ = % (wo + (Vi)",) 
wî = 4 S X D ( W0 - W 1 ) 
_Xn (II.2.8) 
w2 = % (W2 + (Ч
в
-1)«з) 
W3 = q s X D ( W2 - w 3 ) 
This can be written in matrix notation as 
w! = А(ч 8).. w. (II.2.9) 
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Matrix A is defined as 
Α(χ) = ' ' U U (II.2.10) 
~
XD . We have omitted here the constant q since it only corresponds to a shift 
in the free energy. 
It is easy to check that the inverse transformation is governed by the 
same matrix A(q ). When instead of the s.-spins, the t.-spins are moved, one 
finds the matrix B(q ) which is obtained from A(q ) by a permutation of the 
second and third row and column. 
Notice that these transformations are linear in the Boltzmann weight 
language. Also it is important for the further discussion to notice that A 
and В commute and that their square is proportional to the unit operator. 
§3 The duality transformations for the (q ,q ) - and ( q , q ) -model 
S L Li Li S t JJij 
In §2 it is shown that the (q ,q) -model can be mapped onto the 
(Я >tlt.)nT~
m0<lel. Combination of the mappings leads to duality transformations 
for both models. Here we will discuss only the general case. In the next 
sections some special cases involving extra symmetries are considered. 
The models are mapped onto itself when the basic mapping is applied 
twice: 
( e , t ) L L - (s,t) D L+ (s,t) D D (II.3..) 
( s , t ) D L ^ ( e , t ) L L - (s,t) L D (II.3.2) 
The duality equations are for both models (up to a trivial factor) the same 
w! = с (ς,,.ς,).. w. (il.3.3) 
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The matrix С is defined as C(x,y) = A(x)B(y) = B(y)A(x), or explicitely: 
1 x-1 y-1 (x-l)(y-l) 
C(x,y) = | ' -' ^ - ^ " I (II.3.4) 
1 x-1 -1 -(x-1) 
1 -1 -1 +1 
Remember that the weights are allowed to be position dependent. 
The models are selfdual when the lattices L and D are isomorphic. In 
such a case one is interested in the points that map onto itself. Information 
about the location of the transition points may be obtained from it. Consider 
for simplicity the interactions to be position independent. 
Since a trivial shift in the free energy does not matter, we are actually 
interested in points that map according to w! = λ w., i.e. in the eigenvectors 
of matrix C. The square of matrix С is proportional to the unit operator (this 
follows directly from the fact that A and В commute and that their square is 
proportional to the unit operator). The eigenvalues of С can therefore only 
take the values λ = ± /xy . It is easy to check that both values occur twice. 
Only λ = /xy is of direct interest. The negative eigenvalue leads to an 
invariant subspace with negative Boltzmann weights. The invariant subspace 
for the positive eigenvalue is given by 
w0 " Wl " W2 + (1 " / 4s qt ) w3 = 0 (II.3.5) 
•
/q
s
(w1 - w 3) = •
/qt(w2 - w 3) (II.3.6) 
These equations determine an invariant line in the 3 dimensional 
(K,J
s
,Jt)-space. 
§4 The special case q = q !_ 4s nt 
For the special case q » q , the above duality transformations can be 
modified in such a way that they keep invariant a whole plane. Consider the 
(Я0»Ч,-)т T
-
niodel. Since q = q the model is mapped onto itself by an exchange 
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of the spinnames s and t 
(s,t) L L * (t,s) L L (II.4.1) 
So the partition function is invariant with respect to a permutation of the 
weights w. and w„. Also in the (q ,q) -model such a permutation corresponds 
to an exchange of the spinnames. Here however the model is only mapped onto 
itself when lattice L and D are isomorphic 
( 5
'
С )
В І ^
 ( t
'
s )DL ( Ι Ι · 4 · 2 ) 
In the Boltzmann weight language these transformations correspond to a 
permutation operation 
w! = P 1 2 w. (II.4.3) 
Notice that matrix B, introduced in §2 is obtained from matrix A by the same 
permutation: В = Ρ „ A P^· 
The two permutation operations of eq. (II.4.1) and eq. (II.4.2) are not 
independent. They can be obtained from each other via a combination with the 
basic mapping of §2: 
(s,t) L L - (s,t) D L - ( t , S ) D L * (t,s) L L (II.4.4) 
In the matrix notation this is equivalent to the observation that (up to a 
trivial factor): Ρ = B(q ) Ρ
 2 A(q ). (Remember that Β = Ρ Α Ρ , 
P2l2 = 1 and А
2
 ъ 1.) 
The 2 new duality transformations that can be constructed now are 
obtained via: 
and 
(s,t) D L - (e,t) L L - (s.t) L D - (t,s) L D (11.4.5) 
(s,t) L L - (s,t) D L - (e,t) D D - (t,8) D D (II.4.6) 
With respect to § 3 an extra permutation of the spin names is applied. The 
corresponding duality equations are governed by the matrix 
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P ) 2 C(qs,qs) = A(qs) P | 2 A(qs) (II.4.7) 
The (q ,q)
m
-model is now selfdual for all lattices. The (q ,q) -model is 
S С JJL) S L LL 
still only selfdual when L and D are isomorphic. 
The matrices C, Ρ . and Ρ.» С commute and have therefore their eigen­
vectors in common. It is easy to check that P.» С has a 3 folded positive 
eigenvalue λ = /xy and only one negative eigenvalue λ = - /xy. Now all points 
in the plane of eq. (II.3.5) are invariant. 
i 5 The Ashkin-Teller and 8-vertex model 
For q = q = 2 the (q ,q) -model and the (q ,q) -model are equiva-
S L S C JjL· S С Dij 
lent to respectively the Ashkin-Teller and the 8-vertex model. 
The Ashkin-Teller model is discussed in chapter 4. Since the spins s. 
and t. can take now only 2 values, one can use an Ising spin representation 
(Sj - 2 s. - 1 = ± 1, T. - 2 tj - 1 - ± 1). The duality equations of 54 read 
for this case 
w¿ = 4 (w0 + Wj + w 2 + w3) 
Wj = 4 (w0 + WJ - w 2 - Wj) 
(II.5.1) 
w2 " 4 (w0 - Wj + w 2 - w3) 
w^ = 4 D (w0 - Wj - w 2 + w3) 
with x n = Νρ,/Νς. For the square lattice these equations were derived 
originally by Stephen and Mittag (1971) and Fan (1972). For a selfdual 
lattice (and, for simplicity position independent interaction) the plane 
w = Wj + w 2 + w 3 (II.5.2) 
is left invariant. Notice that the duality transformation of §3 only leaves 
in this plane the line w. = w. invariant. As we have seen in chapter 4 (for 
the square lattice) this line is special in the plane since it contains a 
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Baxter line. 
Again this special case exhibits more symmetry than the former cases. 
Now the Hamiltonian is also invariant with respect to the transformations: 
S! = S., T! = T.S. or S! = S.T., T! = T.. They correspond to permutations of 
l l ' l l l 1 1 1 1 X 3 v v 
respectively w. with w, (P,,) or w. with w- (P.. = Ρ Ρ i^-a)· With respect 
to these transformations the subspaces w. = w» and w. = w, are invariant. 
For the square lattice we have seen in chapter 4 that their intersection with 
the dual plane of eq. (II.5.2) contains also Baxter lines. 
In the (q ,q) -model for q = q = 2, 2 Ising models at respectively 
S С U ij s с 
lattice D and L are coupled via a four body interaction. It is well known 
that such a model is equivalent to an 8-vertex model at lattice S. For a 
square lattice this was pointed out by Wu (1971) and Kadanoff and Wegner 
(1971). 
In the 8-vertex model, arrows are attached to the bonds of lattice S. 
Only the arrow configurations that have an even number of arrows pointing 
into every vertex are allowed. This leaves the 8 possible vertex states of 
fig. (II.2). The Boltzmann weights ω. that are associated to these states 
are taken pairwise equal in the way shown in fig. (II.2). 
fig- и-г 
The vertex states of a 8-vevtex model in the definition with shaded domains. 
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Baxter has solved the 8-vertex model for a square lattice with vertex 
independent weights. There is however a difference between the model that he 
considers and our present definition. We are able to distinguish between the 
states 1,2 and 3,4 via the introduction of shaded domains. We will call this 
the S-definition. This is a natural choice for an arbitrary lattice (see e.g. 
Baxter 1978). For a square lattice it is however customary to do this via the 
distinction between horizontal and vertical bonds (see also chapter 4). We 
will call this the HV-definition. From fig. II.3 it will be clear that with 
respect to the HV-definition of the vertex 
weights, the S-definition give rise to 2 
types of vertices (situated at sublattice 
A and B). So a model that in the S-defini­
tion has vertex independent weights (a,b,c, 
d), is in the HV-definition a staggered 8-
vertex model. 
Baxter has solved at the square 
fig, ii.3 lattice the model which is non-staggered in 
The sublattzoee A and В m the square 
lattxoe гп aanneoticm with the ehaded 
domaine. the HV-def inition. As we will see now, the 
Ashkin-Teller model maps exactly on an 8-vertex model which is non-staggered 
in the S-definition. The square A.T. model is therefore only solved through 
the Baxter solution in the subspace that happens to map onto the a = b sub-
space of the 8-vertex model where the staggering does not matter. We will see 
that the dual plane of eq. (II.5.2) maps onto this subspace. 
First we will discuss now the mapping of the 8-vertex model onto the 
(Ч » Ό ™ -model (for q = q = 2). To every vertex configuration of the 
8-vertex model, 2 spin configurations are associated. (These spin configura­
tions are related by a reversal of all spins.) When we have chosen the state 
of one spin, the state of all others is determined by the following rule (see 
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fig. II.2): consider the arrow at the bond of S that is located between two 
neighbouring spins s, and t.. The 2 spins are in the same (different) state 
when, looking along the direction of the arrow, the shaded domain is situated 
at the right (left). This yields Boltzmann weights that are related as 
a = w 2 , b = w. , с = w- , d = w, (II.5.3) 
Notice that again the interactions are allowed to be vertex dependent. The 
mapping also remains valid when nearest neighbour interactions δ are 
skt;i 
included. In the 8-vertex model they correspond to (staggered) electrical 
fields that make e.g. ω. φ ω- (see fig. II.2 and also chapter 4). A magnetic 
field on the Ising spins however can not be handled. 
From eq. (II.5.3) and eq. (II.4.7) follows the well-known (Fan and Wu 
1970) duality transformation for the 8-vertex model: 
c' = — (c + b + a + d) 
b' = j (c + b - a - d) 
, (II.5.4) 
a' = γ (с - b + a - d) 
d' = ~ (с - b - a + d) 
These relations are valid for any planar lattice, and also allow vertex 
dependent weights. 
The mapping of the Ashkin-Teller model (on lattice L) onto the 8-vertex 
model (on lattice S) is determined by the basic mapping of §2 and eq. 
(II.5.3): 
a = 2~ X D (W 2 + w 3) 
b = 2~ X D (W 0 - Wj) 
(II.5.5) 
с - 2 D (w0 + w,) 
d = 2~ X D (w2 - w 3) 
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For the square lattice these equations were first obtained by Wegner (1972). 
Notice that an A.T.-model with vertex independent weights, maps onto an 
8-vertex model which is uniform in the S-definition. In the HV-definition 
(used for the square lattice) the 8-vertex model is staggered in the weights 
2-4 (see also chapter 4). The plane of eq. (II.5.3) that is invariant under 
duality (when L and D are isomorphic) maps onto the a = b plane. From the 
discussion in chapter 4 we know that, for the square lattice, not all points 
in this plane are critical points. Only 3 Baxter lines are present. When one 
8V 
moves through the plane, a singularity with exponent y is found when one of 
these 3 lines is crossed. The temperature operator of the 8-vertex model maps 
onto the cross-over operator in the dual plane of the A.T. model. As we will 
see in appendix III this picture also holds for other lattices (but then in 
another plane). 
We have seen above that the Ashkin-Teller model exhibits extra permuta-
tional symmetries. Via the mapping of eq. (II.5.5) one can search now for the 
corresponding 8-vertex symmetries. 
1. The permutational symmetry 
ZAT ^ w o , w i ' w 2 , w 3 ^ = ZAT (t wo , w2 , wl' w3^ (II.5.6) 
(the { } brackets denote that the weights are allowed to be vertex 
dependent) leads to the duality transformation eq. (II.5.4) for the 
8-vertex model 
2. The permutational symmetry 
ZAT (i wo , wi» w2 , w3^ = ZAT ^ w o , w l ' w 3 , w 2 ^ (II.5.7) 
leads to the reflection symmetry 
Z 8 V ({a,b,c,d}) = Z 8 V ({a,b,c,-d}) (II.5.8) 
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The third permutation P., in the A.T. model is a combination of the former 
two (^з-РгзР^Ргз)-
These two symmetry operations are valid for any lattice and allow vertex 
dependent Boltzmann weights. For the square lattice. Fan and Wu (1970) and 
Fan (1972) give for respectively the 8-vertex and A.T. model also some extra 
symmetry relations (see also chapter 4). They are only valid for special 
lattices. 
3. The permutâtional symmetry 
Z 8 V ({a.b.c.d}) = Z 8 V ({b.a.c.d}) (II.5.9) 
in the square 8-vertex model translates into the duality transformation 
of the A.T. model (see eq. II.5.1). In the 8-vertex language it corresponds 
to an interchange of the shaded and non-shaded domains. The model is 
only mapped onto itself when L and D are isomorphic. Only then this is 
a symmetry of the model. 
4. The pair-permutational symmetry 
Z a v ({a.b.c.d}) = Z 8 V ({c,d,a,b}) (II.5.10) 
translates (see eq. II.5.5) into a similar permutation in the A.T. model 
ZAT (i wo , wl' w2 , W3^ = ZAT ^ w2' w3' w0' wl^ (II.5.11) 
This symmetry applies when lattice L can be devided into 2 sublattices 
(such that all nearest neighbours of a site belong to the other sublattice). 
It corresponds to a reversal of all spin t. in one sublattice of L (see 
eq. II.2.3 and eq. II.5.3). Similar when lattice D can be devided into 2 
sublattices, one obtains the pair permutational symmetry 
Z 8 V ({a.b.c.d}) = Z 8 V ({d.c.a.b}) (II.5.12) 
This translates (see eq. II.5.5) into a pair reflection in the A.T. model 
ZAT ^ w o ' w l ' w 2 , w 3 ^ " ZAT ({wo'_wi'w2'~w3^ (II.5. 13) 
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§6 The Potts model 
The Potts model (with q = q q ) is included in the (q ,q) -model for 
S C S U LIXJ 
J = J = 0. The duality equations of §3 here reduce to 
w¿ = q XD (W0 + (q-l)w3) 
W3 = q D (w0 - w3) 
Or in interaction language 
(II.6.1) 
XD " ND/NS 
(eK' - l)(eK - 1) = q (II.6.2) 
For a selfdual lattice with position independent interactions K, the 
transition takes place at 
eKc = 1 + /q (II.6.3) 
The Potts model includes the Ising model (for q = 2) and the bond percolation 
model for q •+ 1 . For the last model one finds (see also chapter 2) ρ'·ρ = 1 
( у*— is the probability for a bond to be present). 
§7 Magnetic fields 
The mappings that are discussed in this appendix have the nature of 
duality transformations. One can expect, in analogy with the Ising case, 
that no magnetic fields can be included in these mappings. As we will see 
now this is not the case for the basic mapping of §2 that maps the 
(q
s
,qt)LL-model onto the (qs,qt)DL-model. 
In the mapping of §2 only the s.-spins are moved. The t.-spins are 
unaffected. It is therefore allowed to add all types of interactions that 
involve only the t.-spins. An example is the magnetic field Η ^ . In the 
(Ч >Ч,.)т Τ -model and also in the (q ,q )
 T -model Η is conjugated to the 
sublattice magnetization. Since the 2 operators map onto each other, they 
must lead to the same singularity at critical points. So y H must be the same 
in the two models. 
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APPENDIX III 
The Relation Between the Potts, Ashkin-Teller 
and 8-vertex Model for Arbitrary Lattices 
It is shown that not only for square lattices but also 
for arbitrary planar lattices, the Potts, Ashkin-Teller and 
8-vertex model coincide along their critical line. This line 
maps again onto the Ice model. It is proven that the critical 
exponents of the 2 dimensional Potts and Ashkin-Teller model 
are lattice independent. 
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§ 1 Introduction 
As already mentioned in chapter 4, the q-state Potts-model, the Ashkin-
Teller model and the 8-vertex model are related by the fact that their 
critical lines map onto the Ice model. The temperature operators of the 3 
models correspond to 3 different directions in which one can leave the Ice 
model. In chapter 4 the discussion was restricted to square lattices. In this 
appendix it is shown that the picture scetched above also holds for arbitrary 
lattices. Further we can prove that several critical exponents in the Potts 
model and A.T. model are lattice independent. 
We will, just as in appendix II (fig. II.1), use the names L, D and S 
for the different lattices. As we will see, an 8-vertex model on lattice S is 
related to both an A.T. model and a Potts model at lattice L (or at its dual 
lattice D). In appendix II (§5) we have defined the vertex states of the 
8-vertex model via the shaded domains in lattice S (fig. II. 1). In this 
definition, the temperature operators of the A.T. and Potts model (involving 
the fields u and s; table 1 in chapter 4) become uniform (instead of staggered) 
fields. 
The basic ingredients for the discussion in §2 of chapter 4 remain valid 
for arbitrary lattices: 
i) The reflection symmetry (eq. (2.3a) in chapter 4) and the duality trans-
formation (eq. 2.3d) of the 8-vertex model are shown, in appendix II (eq. 
II.5.4 and II.5.7) to be valid for any lattice S. 
ii) The transformation of Wegner (eq. 2.8) that maps the A.T. model onto the 
8-vertex model is also shown in appendix II to be valid in general (eq. 
II.5.5). An A.T. model on lattice L maps onto an 8-vertex model on lattice S. 
iii) The prove of the equivalence of the Potts model to the Ice model, by 
Baxter et al (1976) holds for arbitrary lattices. The Potts model on lattice 
L maps onto the Ice model on lattice S. 
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Moreover all these mappings allow the interactions to be position 
dependent (see also appendix II). 
Recently Baxter (1978) has been able to solve the 8-vertex model on an 
arbitrary lattice S when the so-called star-triangle conditions are satisfied. 
Actually he shows that the 8-vertex model with these restrictions can be 
mapped onto the square 8-vertex model (э4). 
It turns out that the star-triangle conditions are satisfied in the Ice 
model on which the critical lines of the Potts and A.T. model map. Also for 
the temperature operator of the 8-vertex model, i.e. for the field d (see 
table 1 in chapter 4) these conditions are satisfied (§4). 
Using the mapping of Baxter (1978) it can be shown that the critical 
exponents of the Potts and A.T. model must be lattice independent (§5). 
§2 The mapping of the Potts model onto the Ice model 
The mapping of the Potts model onto the 6-vertex model plays a central 
role in this thesis. For a square lattice this equivalence was first shown by 
Temperley and Lieb (1971). They considered the transfer matrices of both 
models. More recently Baxter, Kelland and Wu (1976) have obtained the mapping 
by a graphical method, which is simpler and which applies to any planar 
lattice. We will scetch briefly their approach. 
Consider a Potts model on lattice L. Allow position dependent inter­
actions. In the Random Cluster formulation (§1 chapter 2) the partition 
function reads: 
Z p = Σ ( Π v r) q
k
 (III.2.1) 
graphs r € С 
with ν = exp (K ) - 1 
The index r labels the vertices in S (and therefore, see fig. (II. 1 ) also the 
bonds in L), к is the number of clusters and С denotes the set of bonds 
present in a specific graph. It is useful to introduce the variable 
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-1/2 
χ = ν q . The duality transformation (eq. II.6.2) implies that for a 
Potts model on a selfdual lattice L (with homogeneous interactions) the 
transition takes place at χ - 1 for all q. Using the Euler relation for 
planar graphs: u> = M - N +k(u) = number of loops; M = number of bonds that 
are present) one can rewrite eq. (III.2.1) as 
Z p = q
i NL Σ ( Π x
r
) q i ( k + ш ) (III.2.2) 
graphs г £ С 
In this version every cluster and (basic) loop in the graph contributes a 
factor /q. 
The partition functions of the Potts and Ice model are related as 
Z p = q
i NL Z I C E (III.2.3) 
This Ice model is located at lattice S and is defined by means of the shaded 
domains (see Appendix II, §5). 
Next to the dependency on q, the Boltzmann weights ω. of the Ice model 
depend only on the local quantities χ and the angles α , β , γ and 6 (as 
defined in fig. III. 1). They read 
»¡ r ) 
•?' 
•i" 
α -γ 
г 'г 
= ζ 
e r - ä r 
-ßr-sr 
= ζ + x
r 
V Y r 
ζ 
"?' 
»r 
-i" 
r 
(III.2.4a) 
ϊ -γ 
r 'r 
r 
with ζ = exp (ίμ/2π) (III.2.4b) 
cos μ = J /q (III.2.4c) 
The derivation of this result will be scetched now. For more details 
(e.g. for the way the boundaries of the lattice are treated) the reader is 
referred to the paper of Baxter et al (1976). 
In the Random Cluster model of eq. (III.2.2), one has to count the 
number of clusters and loops in a specific graph (on lattice L). This can be 
done by drawing a closed polygon around every cluster and inside every loop. 
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fig. /ΤΙ-Ί 
The definition of the angles 
at vertex r. 
One can choose these polygons to follow the 
bonds of lattice S (see fig. II. 1) when 
they are "opened" at their vertices 
according to the following rule: The shaded 
domains are (dis)connected when the 
corresponding bond in L is (dis)connected 
(see fig. III.2). 
The second step is an assignment of a 
direction to every polygon by placing an 
arrow on it. It follows that at every vertex the Ice condition (= only 2 
arrows pointing into the vertex) is satisfied. The vertex states 1 and 2 (see 
fig. II.2) correspond to a disconnected state (fig. III.2a). The vertex states 
3 and 4 correspond to a connected state (fig. III.2.4b) and therefore carry 
a factor χ (see eq. III.2.4a). The vertex states 5 and 6 can correspond to 
both states. As result the weights uO and ω} exist out of two terms (eq. 
III.2.4). The angles in the weights take care of a factor /q for every cluster 
and loop, since for every polygon the angles add up to ± 2π (the polygons are 
closed). This leads to eq. (III.2.4c). 
The mapping leaves still some freedom in the Boltzmann weights. Notice 
that for the Potts model at lattice L, the lengths of the bonds nor the angles 
fig. III.2 
The two tíaya to open vertex r. 
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between them are important. One is free to deformate lattice L. In this way it 
is always possible to choose a lattice S that exists of straight lines. So 
without loss of generality we can choose о = γ and ñ = δ . It follows that ь
 ' г ' г г г 
only the weights ω. and ω, remain dependent of the angles: 
b ,}·> . . < " .
 s
 - • 
(r) _ „(r) 
ω 3 - Ш д 
.(г) _ „-26
r + χ z
2 a
r
 (г)
 = z 2 ß r + 
6 r 
r 
-2a,-
(III.2.5) 
5 - "r 
After this choice it is still possible to rotate the (straight) lines in 
lattice S over angles θ (S. labels the lines) . At the vertex where line Ì. and 
¿' intersect, the weights ω,- and ω, behave as: 
θ -θ , 
ι ι' 
ι ι' 
ζ ω, 
(III.2.6) 
Suppose that only line i is rotated over an angle Θ. One sees that 
angle a_ in fig. III.3 becomes the same amount smaller as α. is enlarged. 
Therefore the rotation of a line results 
fig III.3 
Angles in a lattice S that existe 
out of staight lines, 
in the t r a n s f e r of a f r a c t i o n of the 
Boltzmann weights ω,- and ω«· to a 
neighbouring v e r t e x . 
§3 The Ashkin-Teller and P o t t s model viewed from the 6-vertex model 
In appendix I I we have seen t h a t the A.T. model on l a t t i c e L (or D) maps 
onto an 8-vertex model on l a t t i c e S. This 8V-model i s defined v ia the shaded 
domains. The Boltzmann weights are allowed to be p o s i t i o n dependent. They are 
(r) (r) pair wise equal: a = ω, (r) , _ (r) 
ω 9 , b - ω-, 
ω4 ' cr u)/· and 
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d = ω,^ = ω ^ Γ \ The Α.Τ. model with J^·* = 0 (see eq. II.2.1 and eq. II.5.5) r 7 8 s ν -ι η 
maps onto the 6-vertex model (d = 0). 
As we have seen in 52 also the Potts model maps onto the 6-vertex model. 
Now however u)
c
 and ω are in general unequal. Only when the χ satisfy 
э Ь г 
the equation 
β μ α μ 
χ = sin ( -^- )/sin ( -=- ) (III.3.1) 
r π π 
(i.e. at a specific temperature) these 2 weights become equal. At that 
occasion the A.T. and Potts model coincide. 
For the discussion in §4 and §5 it is important to observe that in this 
subspace the Boltzmann weights of the 6-vertex model satisfy the relation 
α
Γ
μ 6 μ 
a : b : с = sin ( ) : sin ( ) : sin μ (III.3.2) 
r r r π π 
(remember that with respect to the Potts model cos μ = J /q and 
χ -b la = exp (K ) - 1). The parameter Δ defined as 
r r r
 y
 r 
2
 ^ v
2 2 
a + b - с 
Δ = — = - cos μ (III.3.3) 
2 a b 
r r 
is position independent. Just as in chapter 4 we will normalize с to one (a 
trivial shift in the free energy). As we will see, the parameter Δ (just as 
in the square lattice; see eq. (2.12) in chapter 4) determines the critical 
+ f 8V 2μ , 
exponents (e.g. y T = — ). 
In §4 and 55 we will show that the critical points of the A.T. and Potts 
model are located in the subspace where they intersect each other (i.e. in the 
subspace determined by eq. III.3.2). For the moment we will discuss the 
identification of the several temperature operators (in analogy with §2 of 
chapter 4). 
First a remark on the dimension of the critical subspace is in order. 
Eq. (III.3.1) needs to be satisfied at every vertex r. This suggests that the 
Potts model (at a fixed value of q) only becomes critical at one point in the 
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parameter space (of position dependent interactions). From the lattice 
deformation symmetry, as discussed in §2 however, we can construct a whole 
subspace of such points. Notice that the number of (straight) lines in 
lattice S is only proportional to ^ „ , while for the general case the 
dimension of the parameter space is proportional to N_. 
The number of independent interactions is often finite. An example is the 
triangular Potts model with 3 different (direction dependent) interaction 
strengths: x., x„ and x,. Lattice S is now a Kagoml lattice (see fig. III.4). 
It can be thought to be obtained from 3 sets of parallel lines that make an 
angle with each other. Each set can be rotated over an angle. From eq. 
(III.2.6) follows that the subspace where the triangular Potts and triangular 
A.T. model intersect is given by 
3
 w
(r> 
1 1 - ^ . - 1 (III.3.4) 
r = 1
 Ш б 
Using eq. (III.2.4) one finds 
/q x.x.x + (x,X2 + X2 X3 + X 3 X ] ^ = ' (III.3.5) 
(see also Baxter, Temperley and Ashley 1978). 
The identification of the several temperature operators in terms of the 
Ice model will now be discussed by an example. First we recall the results 
for the square lattice (chapter 4). Next we will discuss the triangular 
lattice. For simplicity the interactions are taken vertex independent. The 
generalization to other lattices and vertex dependent interactions is 
straight foreward. 
From eq. (II.3.2) and also from chapter 4 we know that for the square 
lattice (a = 3 = n/2) the critical lines of the Potts model and the A.T. 
r r 
model are located in the square F-model (lattice S is square and a = b). We 
use in this appendix the definition of the vertex states with respect to the 
shaded domains (Appendix II, §5). The distinction between sublattice A and В 
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(see table 1 in chapter 4) is 
therefore not necessary. The 
temperature operator of the A.T. 
model is conjugated to the field 
u 
u that sets a ψ b: a = a e , 
b = a
n
e . The temperature field 
ε of the Potts model is a 
combination of the fields u and s. 
The field s sets ω,- 5* 
V 
ш 5 = c 0e
S
, ID6 = c0e . Eq. (2.Π) 
in chapter 4 determines how u and 
s depend on e . (Remember that for 
fvg. III.4 
The Kagame lattice. q < 4 s is imaginary.) The tempe­
rature operator of the 8-vertex 
model corresponds to leaving the 
F-model in the d-direction (i.e. allowing vertex state 7 and 8). 
The Potts and A.T. model on a triangular lattice (and also on its dual 
lattice, which is the hexagonal lattice) map to the 6-vertex model on the 
2 I 
Kagomé lattice (see fig. III.4). For this lattice α = •=• π and β = -г π. Eq. 
(III.3.2) now implies that the critical lines of the 2 models map onto the 
2 2 . . 
line b = a - b in the 6-vertex model on the Kagome lattice. The identifi­
cation of the several temperature operators remains the same as in the square 
lattice (the temperature field of the A.T. model now yields: a = a.e , 
b = b^e with Ь
п 
2
 u
2
·, 
a
o -V-
In the next paragraph we will see that for all lattices the A.T. and 
Potts model are solved at^  their critical lines, i.e. that all 6-vertex models 
are solved in the subspace determined by eq. (II.3.2). The solution also 
includes the d-direction, i.e. the temperature of the 8-vertex model. So for 
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a l l these models 
, , 8V 
f ъ | d p / y T ( I I I . 3 . 6 ) 
8V is known exactly (yT = 2μ/τι; see also eq. III.3.2). 
54 Baxter's solution of the restricted 8-vertex model on an arbitrary lattice 
Recently Baxter (1978) has been able to solve the 8-vertex model on an 
arbitrary lattice S under certain restrictions. By a graphical method he maps 
the restricted 8-vertex model onto the square lattice. For our purpose it is 
not necessary to discuss all details. Only the basic ingredients are scetched. 
Lattice S can be thought to be build from a number of straight lines 
(see §2). As we will see it is allowed to move these lines freely through the 
lattice when conditions like (III.3.2) are fulfilled. Far away from vertex r 
at "infinity", the lattice can be extended with lines that are parallel to 
the two lines that intersect at vertex r (fig. III.5a). 
/tg. IH Sa 
ТНш »xtended lattioe. 
fie, ш s тие i n t ма іяо PROCCOME. 
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Since this extension of the lattice take place at the boundary of the lattice, 
far away from r, it will not influence the thermodynamic averages of the local 
quantities around r. The new lines can be moved towards and the lines around 
r moved away from r. With as result that around r the lattice become square 
(fig. III.5b). 
Baxter showed that this line moving procedure is allowed when the 
Boltzmann weights satisfy the so-called "star-triangle conditions". The 
Boltzmann weights at the vertices transform then during the line moving 
procedure according to the star-triangle equations. 
Consider the Ising spin representation of the 8-vertex model (App. II, 
§5). The T. spins are located at lattice L and the S. spins at D (S. and T. 
ι
 r
 ι
 r
 ι ι 
can take the values ± 1). The Hamiltonian reads 
^ , = Σ (К(Г) S^.T Τ + J^r) S.S. + J^r) T T ) (III.4.1) 
with a
r
 = exp (-K(r) • j( r ) - J ^ ) , b
r
 = exp (-K(r) - J< r ) • J<r>), 
c
r
 = exp (K(r) + J^r) + j£r)) and d
r
 = exp (К(г) - J^r) - J^ r )). The basic 
operation that has to be allowed in lattice S is, moving a line across a 
vertex. In the Ising language this corresponds (fig. III.6) to a removal of 
one T-spin and an addition of one S-spin (without changing the partition 
function). 
fig. Ill, в 
The Ъавгс operation in the line moving procedure at lattice S. 
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For the special case that the four body coupling К is zero, i.e. for 2 
decoupled Ising models, this transformation is always possible. It is known 
then as the star-triangle transformation (star-to-triangle for the T-spins and 
triangle-to-star for the S-spins). For К 4 0 however, one finds restric­
tions on the Boltzmann weigths of the 3 vertices that are involved. They 
imply that the 4-body coupling К and the parameter 
2
 L 2 2 ,2 a + b - с - d 
L a b + с d 
r r r r 
are position independent. This two conditions are necessary but not yet 
sufficient. There are more constraints on the strength of the pair interac­
tions Jg and J^r^ (see further Baxter 1978). 
The resulting lattice of fig. (III.5b) has the topology of a square 
lattice. Notice that the angles are related as α, = ß 9 and α 9 = g (fig. 
III. 5b). As already suggested by these relations between the angles, one 
finds (from the star-triangle equations) that the resulting 8-vertex model 
(around vertex r) is uniform in the definition of the vertex states that uses 
the distinction between horizontal and vertical bonds. This is the model that 
Baxter has solved in 1971. 
The crucial step is the observation that the line moving procedure 
implies that the expectation values <S S >, <T Τ > and <S S Τ Τ > (that 
involve only spins of vertex r) for the original lattice must be the same as 
those for the resulting square lattice. So these expectation values are known 
exactly from the Baxter solution. From the Hamiltonian eq. (III.4.1) it 
follows that the free energy satisfies the relation: 
6f = τ ( 6 K ( r ) < s i s j T k T J l > s + 6 j ( r ) < з . 8 . > 5 + 6j( r ) < T k V s ) 
r
 ( I I I . 4 . 3 ) 
= Σ ( 6 K ^ <S.S.T, T„> + SJ„ <S.S.> + 6 j5 r ^ <T, T„> ) i j k A s q S i j s q Τ k í . sq 
Within the subspace where the star-triangle conditions are satisfied the free 
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energy can therefore be written as (Baxter 1978): 
f = 4- Σ f (a ,b ,c ,d ) (III.4.4) 
Ν„ sq r' r' r' τ' ч ' 
S r 
With f the solutions for square 8-vertex models that have uniform weights 
sq n ö 
a , Ь , с , d (in the definition where the horizontal and vertical bonds are 
distinguished). 
For the 8-vertex model on the Kagomé lattice with uniform weights (in the 
definition with shaded domains), the star-triangle conditions are satisfied 
in the subspace (Baxter 1978) 
J=a2?~bl (111.4.5) 
C
 c2 - d2 
In t h i s subspace the so lu t ion i s now known to be the same as in the same plane 
of the square 8-vertex model 
f = f ( a , b , c , d ) ( I I I . 4 . 6 ) 
sq 
It is not surprising that the 8-vertex model on the Kagomé lattice is only 
solved in this plane. In the definition with shaded domains, the square 
8-vertex model with uniform weights is also only solved in one plane (i.e. 
for a = b, see Appendix II, §5). 
The plane of eq. (III.4.5) has a similar structure as the a = b plane in 
the square case (see fig. 2 in chapter 4). It contains 3 Baxter lines that are 
(just as in the square case) located at the intersection with the planes 
d = 0 , a + b + d = 1 and a + b - d = 1 (take с = 1). These lines again map 
onto each other by the reflection symmetry and the duality transformation 
(which are the only 2 symmetry operations of the 8-vertex model in eqs. (2.3) 
of chapter 4 that are valid in general, see Appendix II, §5). Also here one 
8V finds within the plane of eq. (III.4.5) the 8-vertex exponent у when one of 
the three Baxter lines is crossed. (So the star-triangle conditions allow the 
temperature operator of the 8-vertex model.) In the Ashkin-Teller language 
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(with J,, now allowed to be non zero) this operator translates again into a 
cross-over operator. In the A.T. language the plane of eq. (III.4.5) is the 
analogon of the plane that is invariant under duality in the square case (see 
§2 of chapter 4). 
Let us return now to the discussion of §3. All 6-vertex models (on 
arbitrary lattices S) are solved exactly in the subspace where the vertex 
weights can be written in the form of eq. (III.3.2). This relation is precise­
ly the so-called "eliptic-angle" formulation (Baxter 1978) of the star-
triangle conditions (in the 6-vertex limit). This implies that for any planar 
lattice the Potts model (and also the A.T. model) is solved exactly at its 
critical points. The star-triangle conditions do not allow the temperature 
operators of the Potts and A.T. model. The temperature operator of the 8-
vertex model however is included. One finds 
f 'ь l u l ^ T with y^ V = 2μ/π (III.4.7) 
§5 The lattice independence of the critical exponents 
Finally we can show that the critical exponents of the Potts model and 
the A.T. model are lattice independent. This proof only needs one assumption: 
8V just as у all exponents (that we consider) are assumed to vary in (the 
critical plane a + b + d = 1 of) the square 8-vertex model only with the 
parameter y. 
The proof exists of two steps: 
i) Since the critical exponents vary continuously with μ along the critical 
line one must find for each model a parametrization of the critical line 
which is universal i.e. lattice independent. 
ii) One must show that e.g. the temperature operators for different lattices 
are equivalent. 
For the Potts model we see from eq. Ill (2.4c) and the discussion in §4 that 
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the critical points for models that have the same q but that are located on 
different lattices map onto points in the square 6-vertex model that have the 
same μ. So q is a universal parametrization since we expect all exponents in 
the Baxter plane only to depend on q. 
For the Ashkin-Teller model it is also possible to give a universal 
parametrization of the fixed line. The mapping of the A.T. model onto the 
fri 
8V-model eq. (II.5.5) gives for J^ = 0 (i.e. see eq. (II.2.3) 
w 2 r ) = w 3 r ) ; d r = 0> 
w ¿ r > w ¡ r > - , s i n h U ^
 + І К <
Г > ) 
cos
 μ - - Δ - = (111.5.1) 
w.
 wi sinh C-x- К ; 
So A.T. models (with J 4 = 0) at different lattices but with (at the critical 
line, i.e. in the subspace where eq. (III.3.2) is satisfied) the same ratio 
(III.5.1) are expected to belong to the same universality class. (Temperley 
and Ashley 1979 need here 3 different equations for respectively the 
triangular, hexagonal and square lattice. This is due to the fact that they 
incorporate the position of the critical line which is lattice dependent.) 
For the final step of the proof we use again Baxter's mapping. First of 
all, we have seen in §4 that the temperature field of the 8-vertex model is 
included in the star-triangle conditions. So within the class of 8-vertex 
8V . . 
model that satisfy the star-triangle conditions we know that y T is lattice 
independent when we use the parameter μ for the parametrization of the fixed 
line. 
Baxter also shows that the exponents for the magnetization and the 
polarization in the 8-vertex model are lattice independent. His proof however 
also applies to other operators of interest. 
Consider the line moving procedure as scetched in §4 (fig. III.5). Notice 
that no line is moved across vertex r. Therefore the star-triangle conditions 
do not include the weigths of vertex r. It is allowed to add at vertex r all 
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types of interactions that in the A.T. and Ising language only involve the 
spins S., S„, Τ , and T- or in the Potts language only the spins σ. and σ„ 
adjacent to vertex r. In these models the line-moving procedure is interpreted 
as a repeated application of star-triangle transformations, that do not affect 
these spins. The interactions that can be added at vertex r include the ones 
conjugated to 
i) the magnetization and polarization in the 8-vertex model 
ii) the temperature, magnetization and polarization in the A.T. model 
iii) the temperature, magnetization and cross-over (into e.g. the Potts 
lattice gas and Cubic model) in the Potts model. 
Consider for example the temperature operator of the A.T. model 
0 = Σ 0 and its conjugated fields u . Assume for simplicity that the 
r 
interactions are vertex independent. The derivative of the free energy with 
respect to u can be expressed as a local correlation at vertex г 
f ' < 0u r ) >S ^ 1 1 1· 5· 2) 
(r) (the index S denotes the lattice type). Since operator 0 only involves 
vertex r, one finds via the line moving procedure that in the subspace where 
the star-triangle conditions are satisfied 
< 0 ( Γ ) > = <0 ( г )> (III.5.3) 
u S u sq 
It follows that the derivative of the free energy with respect to u behaves 
in this subspace the same as in the square case. Moving for example towards 
a Baxter line along the temperature direction of the SV-model one finds 
2-yf 8V 
3f , SV, 'T 
i h i " I U T I 
AT (compare with §4 in chapter 1). So in conclusion y must along the fixed line 
be the same as in the square lattice. 
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SAMENVATTING 
In dit proefschrift wordt het oritisohe gedrag van het 2 dimensionale 
q-state Potts model bestudeerd. Hierbij neemt de real-spaae renormalisatie-
methode een belangrijke plaats in. 
Twee dimensionale modellen spelen al een lange tijd een belangrijke rol 
in de theorie van aritisahe verschijnselen en fase overgangen; met name via 
de Onsager (1944) oplossing van het Ising model en de Baxter (1971) oplossing 
van het 8-vertex model. Sinds kort is de 2 dimensionale wereld echter ook 
experimenteel toegankelijk geworden. In een groeiend aantal experimenten wordt 
2 dimensionaal critisoh gedrag verwezenlijkt. Voorbeelden zijn: super-
flutditeit in dunne helium films, de verruuings overgang in kristal opper­
vlakken (welke van belang is voor kristalgroei) en adsorptie (van een enkele 
laag) van gas moleculen op een substraat oppervlak (bv helium of krypton op 
grafiet). 
Het q-state Potts model is nauw verwant aan een groot aantal modellen 
(hoofdstuk 2). Voor q = 2 reduceert het tot het Ising model en voor q = 1 
tot het Percolatie model. De zogenaamde /3 χ /3 overgang die is waargenomen 
in adsorptie experimenten op grafiet, wordt beschreven door het 3-state Potts 
model. Het Potts model (voor willekeurige q) kan worden afgebeeld op het 
IJs model (bij een temperatuur T(q)). Via deze transformatie is het Potts 
model ook verbonden met het 8-vertex en Ashkin-Teller model. De critische 
lijnen van deze 3 modellen beelden op elkaar af. 
Op een cri tisch punt wordt de vrije energie singulier (en daarmee ook 
de andere thermodynamische grootheden zoals de soortelijke warmte en 
susceptibiliteit). T.o.v. de temperatuur gedraagt de vrije energie zich als: 
f 'ь \T - T
c
\2/yT (i) 
Het belangrijkste resultaat van dit proefschrift is de bewering dat de 
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Ρ 
cvitÎBche exponent z/_, van het Potts model exact wordt gegeven door 
»fa =ì(2+^) (2) 
voor q <_ 4 met oos μ - ·,• /7 (S) 
Voor q > 4 treedt in het Potts model een eerste orde fase overgang op (Baxter 
1973. Ъ). 
Relatie (2) heeft tot gevolg dat in het 3-state Potts model (d.w.г. in 
de adsorptie experimenten op grafiet) de soortelijke warmte divergeert met de 
aritisohe exponent а = 1/3 (а = 2 - 2/y„) en in het 4-state Potts model met 
α - 2/3. Voor het Peroolatie model impliceert de relatie dat, op het over-
gangspunt (waar het rooster "doorlatend" wordt) de correlatie lengte diver­
geert met de critische exponent ν = 4/3 (ν - 1/у
т
). 
Voor het poneren van relatie (2) zijn 3 ingrediënten essentieel: 
(i) De bovengenoemde transformaties die de critische punten van het Potts, 
Ashkin-Teller en 8-vertex model op elkaar afbeelden. Dit leidt tot het 
volgende beeld: de 3 modellen hebben een gezamenlijke critische lijn. Maar 
bij variatie van de temperatuur verlaat men deze lijn in een richting die 
per model verschilt. Elk model (d.w.z. elke richting) heeft zijn eigen 
... , . , Ρ AT 8V, 
crvtvsche exponent (yT, yT , ут ) . 
(ii) Langs de critische lijn (het is een zogenaamde fixed line) variëren de 
SV . 
critische exponenten conttnu. Voor у гв deze variatie exact bekend via de 
Baxter oplossing van het 8-vertex model. De veronderstelling dat de critische 
exponenten (behorende bij verschillende richtingen) langs de hele lijn in 
elkaar kunnen worden uitgedrukt via simpele relaties wordt aangeduid met het 
begrip weak-scaling. 
(iii) Door op corresponderende critische punten de exact bekende waarden voor 
8V Ρ 
yT te vergelijken met de bijbehorende bij benadering bekende waarden voor y^ 
vindt men sterke evidentie voor de simpele relatie 
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(y* - 3) (y8/ - 2) = 3 (4) 
8V Uit deze weak-sealing relatie volgt, via y„ - 2u/ir vergelijking (2). 
Vergelijking (2) wordt in het bijzonder ondersteund door de resultaten 
van de Kadanoff Lowerbound Renormalizatie Transformatie (hoofdstuk 3). Deze 
R.T., geïntroduceerd door Kadanoff (1975) geeft veel nauwkeurigere resultaten 
(zowel voor de oritisohe exponenten als voor de oritisohe temperatuur) dan 
die welke worden verkregen via R.T. 's die bijvoorbeeld cumulant of cluster 
expansies gebruiken. Voor het Ising model bijvoorbeeld (d.w.z. het Potts 
model voor q - 2) leidt het tot a = 0.0017 (exact: a = O (log)). Voor 
andere waarden van q vindt men waarden voor de oritisohe exponenten die bijna 
simpele rationele getallen zijn: in het Percolatie model ν - l/yT = 1.342 en 
in het 3-etate Potts model a = 2 - 2/y- = 0.3365. 
De R.T. vertoont echter ook een gebrek. Voor q > 4 vertoont het Potts 
model een eerste-orde fase overgang. De transformatie faalt in de beschrijving 
voor q > 4; voor alle q wordt een tweede-orde fase overgang gevonden (d.w.z. 
a < 1 voor alle q). De transformatie is echter niet volledig fout. Op q - 4 
treedt een bifurcatie verschijnsel op dat kam worden geïnterpreteerd als een 
uiting van de overgang naar het eerste-orde gedrag. Bovendien ia dit bifurca-
p 
tie verschijnsel verbonden met de waarde y„(4) = 3/2 voor de temperatuur 
exponent (hetgeen in overeenstemming is met vergelijking (2)). 
Naast de toepassingen van de Kad.Lowerb.R.T. is ook het variationele 
aspect van deze R.T. bestudeerd (hoofdstuk 3 en appendix I). Een R.T. is niet 
uniek. Er is juist via de keuze van de gewichtsfunctie een grote vrijheid bij 
het construeren van een R.T.. In de afleiding van de stroom vergelijkingen is 
het meestal noodzakelijk benaderingen te maken. Hierdoor kan een bepaalde 
R.T. veel nauwkeurigere resultaten geven dan een andere. De Kad.Lowerb.R.T. 
is een voorbeeld van een transformatie waarin de vrijheid in gewichtsfunctie 
nog steeds aanwezig is in de stroom vergelijkingen via een vrije parameter. 
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De kunst is nu een geschikt criterium te kiezen dat de optimale waarde van 
deze parameter bepaalt. 
Voor zijn Lowerb.R.T. heeft Kadanoff een variatie criterium voorgesteld 
dat tot de bovengenoemde opmerkelijk nauwkeurige resultaten leidt. Dit is 
echter alleen het geval als het criterium slechts wordt toegepast ££ het 
fixed point. In een meer systematische aanpak, waarin ook de variatie van de 
parameter rond het fixed point wordt meegenomen, blijkt dat alleen overgangen 
die zwakker zijn dan tweede-orde (a < 0) en eerste-orde fase-overgangen goed 
kunnen worden beschreven (appendix I). Dit betekent dat de nauwkeurigheid van 
de Kadanoff methode nog steeds niet opgehelderd is. 
Naast het Kadanoff criterium is (in hoofdstuk 3) ook een ander optimali-
zerings criterium onderzocht. Dit criterium lijdt niet aan de interne incon­
sistentie van het Kadanoff criterium. Voor q <_ 3 leidt het tot waarden die 
slechts iets onnauwkeuriger zijn. Op q = 4 blijkt dit 2 e criterium zelfs 
superieur te zijn. 
Dit proefschrift is als volgt ingedeeld. Hoofdstuk 1 dient als een 
introductie in de theorie van critische verschijnselen. In hoofdstuk Σ worden 
verschillende modellen besproken die aan het Potts model verwant zijn. In 
hoofdstuk 3 en appendix I is de Kad.Lowerb.R.T. bestudeerd en worden de 
resultaten van het Potts model besproken. Relatie (2) wordt geponeerd in 
hoofdstuk 4. In de appendices II en III wordt aangetoond dat het verband 
tussen het Potts, Ashkin-Teller en 8-vertex model (zoals besproken in hoofd­
stuk 4 voor kwadratische roosters) ook op gaat voor willekeurige planaire 
roosters. Bovendien wordt (in appendix III) bewezen dat de critische exponen­
ten van het Potts en Ashkin-Teller model rooster onafhankelijk zijn. 
Hoofdstuk 3 en 4 en appendix I zijn reeds eerder gepubliceerd in Physica 
en Journal of Physics Α. Aan het artikel van hoofdstuk 4 is een paragraaf toe­
gevoegd waarin enkele recente ontwikkelingen rond relatie (2) worden besproken. 
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STELLINGEN 
I 
De soortelijke wärmte critische exponent α van het 2 dimensionale q-state 
Potts model wordt voor 0 < q < 4 exact gegeven door de relatie 
, . 2 . Αμ-π . 
a(q) = -r- ( •= ) 
3 ζμ-π 
met cosv = J/q. 
Dit proefschrift (hoofdstuk 4) 
II 
De critische exponenten van het 2 dimensionale Potts model zijn onafhanke­
lijk van het roostertype. Hetzelfde geldt voor het Ashkin-Teller model 
mits de critische lijn, d.w.z. de "fixed-line" op de juiste wijze geparame-
terizeerd wordt; deze parameter is niet de sterkte van de vierpunts inter­
actie. 
Dit proefschrift (appendix III) 
III 
De Kadanoff lowerbound renormalizatie transformatie leidt tot aanzienlijk 
eenvoudigere berekeningen dan die bij series expansies, omdat slechts ge­
sommeerd behoeft te worden over de toestanden van 4 spins. Toch geeft de 
renormalizatie methode met name voor het 3-state Potts model tot op heden 
de nauwkeurigste resultaten. 
Dit proefschrift (hoofdstuk 4 tabel 3) 
IV 
Het feit dat in Monte-Carlo renormalizatie transformaties een eerste-orde 
fase overgang kan worden gerealizeerd zonder dat een discontinuiteits 
fixed point wordt waargenomen is een specifieke eigenschap van deze metho­
de en kan dus niet gebruikt worden als argument tegen de aanwezigheid van 
zo'n fixed point in het algemeen. 
Swendsen, R.H. 1979, Phys.Rev.Lett. 42_ 859 
Blote, H.W.J. and Swendsen, R.H. 1979, Phys.Rev.Lett. 43 799 
ν 
De door Prost gegeven beschrijving m.b.v. het Meyer-Lubenski model van de 
in een mengsel van dibenzoate en TBBA waargenomen smetic A-smetic A fase 
overgang, is twijfelachtig. 
Prost, J 1979, Le Journal de Physique 40 581 
VI 
De vrije energie van het door Baxter exact opgeloste staggered 6-vertex 
model, met de Boltzmann gewichten ω. = ω. = ω. = ω. = i/2, ω. = ω, = e 
η . 1 ¿ J 4 3 D 
Β A "S 
en ω,- = ω, = e heeft precies dezelfde vorm als de Onsager oplossing van 
het Ising model, waarin К = -J/kT de sterkte van de naaste-buur interactie 
is. Dit suggereert dat er een transformatie bestaat die beide modellen op 
elkaar afbeeldt volgens 2 cosh(2s) = coth(2K) cosh(2K). 
Baxter, F.J. 1970, Phys.Rev. В ¿ 2199 
VII 
Tegen de bewering van Reynolds et. al., dat de door hun beschouwde renor-
malizatie transformatie voor het percolatie model exact wordt in de limiet 
waarin de cel oneindig groot wordt, kan worden ingebracht dat de gewichts-
functie in deze limiet het aantal percolatieve clusters onderschat. 
Reynolds, R.J., Stanley, H.E. and Klein, W. 1978, J.Phys. A 11_ L 199 
VIII 
Vanuit individueel gezichtspunt zijn de risico's van kernenergie klein 
t.o.v. die van het dagelijkse verkeer. Vanuit de Nederlandse samenleving 
als geheel gezien is dit echter niet waar. 
IX 
Bij het beoordelen van de zogenaamde alternatieve geneeswijzen, zoals de 
acupunctuur en methoden die gebruikmaken van para-normale verschijnselen 
dient men meer aandacht te schenken aan de diagnostische mogelijkheden die 
deze technieken bieden. 
χ 
Bij de 2 ondervermelde uitvoeringen van het chanson "Chanterai por mon 
coraige" van Guoit de Dyon (ca. 1215) is het ensemble direct, maar het 
chanson nauwelijks herkenbaar. 
Studio der Frühe Mus-ia, Chansons der Trouvères, Telefurìken 1974, 6.4127S 
The early Musió Consort of London, Music of the Crusaders, Argo 1971, 
ZRG 3S23 
M.P.M. den Nijs 
oktober 1979 
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GENERAL IMTROPUCTIÖW 
The history of the treatment of so-called incorrectable 
biliary atresia is one of the most disappointing in pediatric 
surgery. Many attempts to correct this anomaly finally have 
proved to be only palliative. In 1968 Kasai published his re-
sults of hepatoportoenterostomy for the first time in English 
(Kasai 1968). Although these results appeared to be promising, 
hepatoportoenterostomy did not gain general acceptance in those 
days. At present, however, this technique is considered to be 
the best that can be offered to children with so-called in-
correctable biliary atresia, who otherwise are doomed to die. 
In literature the results of hepatoportoenterostomy vary con 
siderably: from 0 percent cure (Puri 1975) to 8.3 percent 
(Carcassonne 1977), while Kasai (1978) expects 80-90 percent 
cure under favourable conditions. Several factors that influenc 
the definite outcome are known, whereas a clear insight into th 
course of events at the anastomosis and in the peripheral liver 
after hepatoportoenterostomy is not yet obtained. Poor results 
after hepatoportoenterostomy may be due to the underlying dis-
ease, the hepatoportoenterostomy itself, or both. Extrahepatic 
biliary atresia is suggested to be a progressive obliterating 
process (Landing 1974; Koop 1975). It is not certain whether 
surgical intervention, even with restoration of bile flow, will 
prevent further progression of the disease. Even if the oblit-
erative process has stopped spontaneously, or if surgical re-
storation of the bile flow indeed prevents further progression, 
the bi 1 iointestinal anastomosis may become obliterated by facto 
inherent to hepatoportoenterostomy. In hepatoportoenterostomy, 
apposition of the mucosa of the bile duct and the intestine is 
not achieved, resulting in a non-epitheliali sed area between th 
bile duct and the intestine. Generally, this condition is con-
sidered to cause severe scarring and obliteration of the anasto 
mos i s. 
In the Clinic of Pediatric Surgery of the University of 
Nijmegen, The Netherlands, hzpcLtopofitoduodanoitomy (HPP) is the 
method of choice for the correction of so-called incorrectable 
extrahepatic biliary atresia. The duodenum is preferred to a je-
junum loop in a Roux-Y fashion to serve as the efferent segment 
for several reasons. The operating procedure is more simple and 
hence takes less time. Drainage of bile into the duodenum is 
more conform the normal physiological state. In addition, less 
ascending cholangitis is expected, since the duodenum contains 
less bacteria, whereas using an intestinal Roux-Y loop prevent-
ion of regurgitation of bowel contents into the biliary system 
also can not be guaranteed. 
Besides the use for the correction of so-called extrahepatic 
biliary atresia, hepatoportoenterostomy has found its applic-
ation in the restoration of the bile flow after i rrepairabie dam-
age to the extrahepatic bile ducts, e.g. by carcinoma or ex-
tensive inflammation. A modification of HPD has also been carried 
out in experimental liver transplantation to ensure bile drain-
age (Hess 1979). 
The aim of this study was to investigate the bile drainage 
system and complications after HPD in a hzalthy model, to ex-
clude the possible influences of an underlying progressive ob-
literating disease. In addition, the basic operating technique 
could be ascertained. 
As a general reference it seems to be appropriate to describe 
relevant aspects of the liver and biliary system (chapter I ) , as 
well as to provide an overview of extrahepatic biliary atresia 
(chapter II) before the experimental studies will be discussed 
(chapters III and I V ) . 
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CHAPTER I. THE LIVER AMP BILIAR/ TRACT 
I.J. Fanct-ional aip&cti о & tkn llvzn.* 
The liver accomplishes a multitude of functions making its in­
sufficiency incompatible with life. The liver is the central 
organ of carbohydrate, fat and protein metabolism. Glycogen, cer­
tain lipids, protein and numerous vitamins can be stored in the 
liver. The liver synthesizes fibrinogen, prothrombin, other co­
agulation factors and probably all of the serum albumins. Various 
exogenous toxic substances are detoxicated in the liver and se­
creted into the bile. Ammonia is removed from the blood and 
estrogenic and androgenic substances are inactivated by the li­
ver. Water insoluble (indirect) bilirubin is conjugated with 
glucuronate to form soluble (direct) bilirubin in the hepatocyte 
and is excreted into the bile which further consists of bile 
salts, water, electrolytes and organic substances. The bile 
passes the bile duct system and enters the duodenum. The bile 
salts and a minor part of the conjugated bilirubin, that is di­
verted into urobilinogen return to the liver in the enterohe-
patic cycle. The bile salts are re-utilised, the urobilinogen is 
excreted by the liver and kidney. 
1.2. EmbH-yotogy** 
1. 2 . ? . The ракгпскцта. 
At the 18th day a hepatic rudiment differentiates, that can 
be recognised at the 25th day as a T-shaped diverticulum at the 
convexity of the future duodenal loop. Severn (1971, 1972) 
states that the hepatic diverticulum develops сопе.и>іке.піІу with 
•Reviewed from Vest (1963), Nemeth (1963), Wright (1971), 
Hardison (1972), Billing (1973) and Kaye (1975). 
»•Reviewed from Elias (1969), Hamilton(1972)and FitzGerald (1978). 
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the formation of the alimentary tract and not secondary from the 
pre-existing primitive gut. The diverticulum grows into the mes-
enchymal mass of the septum transversum. The wall of the divert-
iculum consists of a mul ti 1ayered entodermal epithelium from 
which solid hepatic cords extend cranially and ventrally. The 
proliferating cells of these cords anastomose but leave free 
either small clusters of mesenchymal cells of the septum trans-
versum or small preformed vesicles in this mesenchyme. The iso-
lated vesicles confluence to form continuous channels, which be-
come small blood vessels. These vessels in turn form a plexus 
that becomes continuous with the vitelline and umbilical veins 
(Hamilton 1972). According to Elias (1969) a plexus that arises 
from the vitelline veins and communicates with the front end of 
the umbilical veins pervades the mesenchymal mass of the septum 
transversum. These capillaries are embraced by streamers of ento-
dermal cells, which have grown from the hepatic diverticulurn. 
These blood vessels become the ¿¿nuioldi. Together with the ento-
dermal hepatic cords, proliferating cells of the mesothelium grow 
into the septum transversum (Fig. 1 ) . Thus a hepatic muralium, a 
system of interconnecting cell layers, is formed by epithelial 
cells of entodermal and mesodermal origin. The muralium of the 
developing liver is a maiaiium maZtlplzx consisting of liver cell 
plates which are several cells thick. This condition persists un-
til about five years after birth when the muralium is transformed 
into liver cell plates of only one layer of cells: а такаЫит 
•blmplzx. (Fig . 2) . 
I. 2. 2. Tfee bile, duciti 
It is generally accepted that the extrahepatic bile ducts de­
velop from the hepatic diverticulum (Severn 1971, 1972; Hamilton 
1972; FitzGerald 1978). Elias (1969) describes a gallbladder con­
nected with the gut by means of a patent duct in a 7,5 mm embryo 
(about 5 w e e k s ) ; a solid cell cord extends from the choledocho-
cystic duct towards and into the liver. This cord represents pro­
bably the primordium of the hepatic duct. In a 15 mm embryo 
4 
there is still no trace of either a hepatic duct or any intra-
hepatic ducts. In a 18,5 mm embryo (about 7 weeks) two sprouts 
grow out of the choledochocystic duct. One ends blindly in the 
mesenchyme of the hepatoduodenal ligament, the other comes in 
contact with the liver. At the site where the latter touches the 
liver the parenchymal liver cells transform into ductal epithel-
ium. From this very moment no further outgrow of the tubular 
sprout can be recognised. The newly formed ductal epithelium is 
arranged in a two-cell thick plate which subsequently undergoes 
canalisation. Intrahepatic duct formation proceeds by means of 
¿nductlon o{¡ pafiznchymai dillo to transform into ductal cells. 
The inductive stimulus originates from the mesenchyme which 
grows along the branches of the portal vein into the liver par-
enchyma (Picardi 1968a,b; Кода 1971; Hamilton 1972; Enzan 1974). 
Thus the ductual development progresses from the hilus towards 
the periphery of the liver. The hepatic duct develops from the 
solid tubule extending from the choledochocystic duct to the li­
ver by cianali.<>atlon of this tubule. 
Between the third and fifth month the human gallbladder con­
tains a thin, mucoid, practically colourless material which be­
comes yellowish at the fifth month. At the sixth month bili­
rubin is present and after eight months bile pigments are pro­
duced extensively (Windle 1941). 
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flg. 1. Development of the liver in a 19 somite human embryo. 
F: foregut; L: entodermal portion of the liver anläge; 
U: umbilical vein; V: vitelline vein; M: mesothelium; 
Y: yolk sac. The black ovals represent proliferating 
cells of the mesothelium. (Redrawn from Elias 1969). 
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FXg. 2. Stereogram of muralium simplex. (Redrawn from Elias 
1969) . 
1.3. Anatomy* 
The liver is the largest organ of the body weighting 120-160 g 
in a full term infant at birth and 1200-1500 g in an adult. It 
occupies the right hypochondriac and the greater part of the 
epigastric region. The human liver consists of a compact and 
continuous mass of parenchyma, consisting of four lobes: thz 
flight, ie.it, quadrati and caudate. ¿оЬг. In the adult the right 
lobe is larger than the left, whereas in the newborn infant the 
left lobe is relatively larger. During the postnatal period, 
however, the growth rate of the right lobe is higher. At the 
visceral side the smaller quadrate and caudate lobe are situated 
(Fig. 3 a ) . The hepatic poKta is located at the area in which the 
four lobes are connected. The hepatic porta is the htiai of the 
liver containing the poital гіп, the hepatic aKteiy, the common 
ho-patlc duct and the hepatic lymph channels and ne-tve-i. The gall­
bladder usually lies close to the right lobe and adjacent to the 
*Reviewed from Emery (1963), Gardner (1969) and Feneis (1974). 
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the quadrate lobe. 
Based on the intrahepatic arrangement of the branches of the 
portal vein, hepatic artery and common hepatic duct Hasse (1965, 
1966) divides the liver of the newborn infant into two functional 
halves: the ¿z^t and the. flight ^anct-tonal lobzi. The left funct-
ional lobe consists of the left lobe, divided into a lateral and 
a medial segment, the left half of the caudate lobe and the 
quadrate lobe, and is drained by the left hepatic duct. The 
right functional lobe consists of the right lobe, divided into a 
posterior and an anterior segment and the right half of the cau-
date lobe, and is drained by the right hepatic duct (Fig. 4 ) . 
There are no anastomoses between the biliary system of the two 
functional lobes, except for the confluence of the left and 
right hepatic duct which emerge from the parenchyma behind the 
quadrate lobe to combine to the common hepatic duct. 
The liver is covered by a fibrous capsule, the zapiulz o^ 
GlA-òòon. At the hepatic porta this capsule turns inside and en-
ters the liver to accompany the branches of the portal vein, 
hepatic artery and hepatic duct. The liver is covered by peri-
toneum for the greater part. The peritoneal covering passes into 
the lesser omentum that extends from the liver to the stomach 
[hzpatogaotA-lc ¿igamznt) and to the duodenum [hzpatoduodznat 
¿¿gamznt]. The hepatoduodenal ligament contains the portal vein, 
hepatic artery, extrahepatic bile ducts, hepatic lymphatics and 
nerves. The part of the liver that is not covered by peritoneum 
is called "bare area" and at this area the capsule of Glisson is 
associated with the diaphragm. 
In contrast to the compact human liver, the liver of the pig 
is divided into four largely separated lobes: the largest ¿z^t 
latzial ¿obz, and iz{)t mzd-Lal lobz, and night mzdlat lobz and 
the night latztiat ¿obz. At the visceral side two additional 
small lobes can be distinguished: the caadatz and quadnatz lobz 
(Fig. 3 b ) . The hepatic porta is located at the quadrate lobe. 
The different hepatic ducts confluence in or somewhat outside 
the hepatic porta to form the common hepatic duct (Nickel 1960; 
Koch 1963; Krediet 1967). 
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Tig. За. Visceral side of the human liver of an adult. 
A: left lobe; B: right lobe; C: caudate lobe; D: quadr­
ate lobe; 1: hepatic artery; 2: portal vein; 3: common 
hepatic duct; 4: cystic duct; 5: gallbladder; 6: com­
mon bile duct; 7: hepatic vein. (Redrawn from Feneis 
1974) . 
Fig. 3b. Visceral side of the porcine liver. 
A: left lateral lobe; B: left medial lobe; C: caudate 
lobe; D: quadrate lobe; E: right medial lobe; F: right 
lateral lobe; 1-7 see Fig. 3a. (Redrawn from Nickel 
1960) . 
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Flg. 4. Functional division of the liver of the newborn infant, 
a: parietal side; b: visceral side. 1A: left half of 
caudate lobe; IB: right half of caudate lobe; 2: left 
ventrolateral segment; 3: left dorsolateral segment; 
4: quadrate lobe; 5: right ventral segment; 6: right 
dorsal segment. (Redrawn from Hasse 1966). 
1.4. Hiitoiogy* 
The liver parenchyma consists of interconnecting cell plates 
imaKCLÍlum) (Fig. 2 ) . The cell plates are separated from each 
other by ¿¿nu.60A.d& that anastomose through gaps in the cell 
plates to form a labyrinthine system. The sinusoids receive 
blood from both the potita.1 гіп and the h z p a t l c aitziij and drain 
into the dLntial vzln, i.e. the smallest branch of the hzpat-ic 
vz-in. The sinusoids are lined by two types of cells: endothelial 
cells and Kupffer cells while the fat storing cells have a peri-
sinusoidal position. The lining of endothelium of the sinusoids 
exhibits numerous fenestrations and is separated from the liver 
cells by a virtual space, called the i p a a z od Vli&z. The par­
enchymal liver cells project numerous microvilli into the space 
»Reviewed from Elias (1969), Bloom (1975), Grisham (1976) and 
Jones <1977). 
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of Disse. The microarchitecture of the endothelium and the ab-
sence of a continuous basement membrane allows the plasma of the 
sinusoidal blood to contact the liver cell directly, thus ad-
mitting an extensive exchange of substances between the stream-
ing blood and hepatocytes. 
Kiernan described the polygonal claòilc hzpatic ¿obalz as a 
defined unit that consists of radially arranged liver cell plates 
(Fig. 5 a ) . The centre of a classic lobule is marked by the centr-
al vein as the source of the hepatic vein. The branches of the 
portal vein (intralobular vein), the branches of the hepatic ar-
tery, the bile ductules, and the lymphatics extend along the 
circumference of the lobules. In the postal a-tea, that marks the 
corners of the polygonal lobule, the small arteries and bile 
ducts form a network around the portal vein and its branches. 
These structures (portal triad) are embedded in connective 
tissue (Fig. 6 ) , which increases in amount toward the hilus. The 
parenchymal border of the portal area consists of an almost con-
tinuous layer of hepatocytes, the so-called llmltlnQ platz. The 
¿¡расе. o¡í Udii is a narrow cleft existing between the limiting 
plate and the connective tissue of the portal area (Fig. 6 ) . 
In the human liver the space of Mall is separated from the portal 
connective tissue elements by a continuous basement membrane. By 
Comparini (1969) an analogon of the space of Mall was termed 
"iablobulan. tiaue. ipace." because it surrounds the sublobular 
(collecting) veins. The space of Disse is continuous with the 
space of Mall at the "portal" side, and at the "central" side 
with the sublobular tissue space. Lymphatic vessels are absent 
within the liver lobule (Frank 1968). The lymphat-La originate 
in the delicate connective tissue that accompanies the small in-
terlobular bile ducts (Schaffner and Popper 1961). In the portal 
tract both lymphatic vessels and blood capillaries are at some 
distance of bile ducts because of the interspersed connective 
tissue. No direct communication can be demonstrated between 
lymphatic vessels and other intercellular spaces such as re-
spectively the space of Disse and Mall or the bile canaliculi 
(Tanikawa 1968). At the site of blood effluence, the lymphatics 
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originate at the level of the base of the central vein. The 
concept of the classic liver lobule emphasises the endocrine 
function of the liver and appears useful to understand histo-
logical changes associated with centrolobular necrosis. In con-
trast to the porcine liver, the lobules of the human liver are 
not separated from each other by a distinct layer of connective 
ti ssue. 
Mall described the pon.ta.1 iobalz as a functional secretory 
unit. The centre of the unit is the interlobular bile duct in the 
portal area. The lobule is marked peripherally by three or more 
central veins. This concept emphasises the exocrine function of 
the liver (bile secretion) and allows a comparison of the histo-
logical organisation of the hepatic lobule with that of most exo-
cri ne glands (Fig. 5b) . 
Rappaport (1954, 1958, 1973) describes the ¿¿vzi aclnai based 
on the microvasculatory pattern. The axis is formed by the term-
inal branches of the portal vein in the portal area. The acinus 
is marked peripherally by two (or more) central veins (Fig. 5 c ) . 
This concept may explain both the gradient of metabolic activity 
within the liver and the pattern of regeneration. Furthermore, 
it can be used to understand the course of events associated 
with the development of cirrhosis. 
Tig. 5. The three concepts of liver lobulation, a: classic 
lobule; b: portal lobule; c: liver acinus; PT: portal 
tract (area); CV:central vein. (Redrawn from Jones 1977) 
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F-tg. 6. Portal area. 
A: hepatic artery; PV: portal vein; BD: bile duct; 
LP: limiting plate; SM: space of Mall; CT: connective 
tissue; LY: lymphatic vessels. (Redrawn from Elias 
1969) . 
1.5, The. b>L¿-ta.n.y tiact* 
Since the nomenclature of the intrahepatic biliary pathway is 
somewhat confusing because of the various names used by different 
authors, the following discussion is based on proposals made by 
•Reviewed from Schaffner (1961), Elias (1965, 1969), Tanikawa 
(1968), Bloom (1975) and Jones (1977). 
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Schaffner (1961) and Tanikawa (1968). 
The first structures of the bile draining system are the 
ЬА.1г can.OLllcLu.l-L that are located in the centre of the hepato­
cellular plates where they form an anastomosing network. The bile 
canaliculus is only a groove between two adjacent liver cells and 
is not lined by a particular epithelium. At the margins of the 
canaliculus the adjacent two or three liver cells are tightly 
attached together by junctional complexes. The liver cells pro­
ject microvilli into the lumen of the canaliculus. There is no 
direct connection between the canaliculus and the space of Disse. 
The majority of canaliculi empty into the canalicular network of 
the periportal limiting plate. These canaliculi in turn dis­
charge their content via a canoLtltatodactataA. junction (also 
called canni о^ Híi-ing) into the ¿ntzn-lobulai. ducti that run in 
the portal area. Several canaliculi, however, empty either 
directly via a canaliculoductular junction into an interlobular 
duct or first into an intialobulan. Ыіг d u c t u l z that joins the 
small interlobular duct at the lobular periphery. The bile duct­
ules and small interlobular ducts are also termed c h o t a n g i o i c i . 
The canal i cuioductular junction is composed of both hepatocytes 
and a type of small cuboidal ductular cells. The height of these 
cells increases towards the interlobular ducts and they become 
columnar shaped in the larger ducts. The epithelial cells of all 
parts of the biliary tract rest on a basement membrane, which al­
so covers a portion of the hepatocytes in the canaliculoductular 
junction, and they project microvilli from their free surface. 
Interlobular ducts are surrounded by connective tissue that in­
creases in amount with increasing size of the ducts. In addition 
to collagen fibrils and occasional elastic fibres near the hilus 
of the liver, several smooth muscle cells can be demonstrated to 
contribute to the periductal wall. 
The interlobular ducts fuse to form the h z p a t l c ducti. The he­
patic ducts of the right and left lobe confluence to form the com­
mon h e p a t i c duct that leaves the 1 i ver at the hilus. In the pig the 
hepatic ducts of the different lobes confluence in the hilar con­
nective tissue, but mostly somewhat below the hilus (Fig. 3 b ) . 
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The common hepatic duct runs in the hepatoduodenal ligament and 
is joined by the cyitlc duct from the QOLllbladdzn. to form the 
common Ыіг duct [cholzdochal duct). In contrast to the porcine 
pancreatic duct that enters the duodenum caudally to the common 
bile duct (Koch 1963), in man the panCLzatlc duct joins the com­
mon bile duct in most instances. The comblnzd d u c t i pass through 
the duodenal wall and discharge their contents into the duodenum 
through the p a p i l l a otf Vate.1. In both species the terminal port­
ion of the common bile duct and the combined ducts, respectively, 
are surrounded by the ¿phlnctzi о (J Odd. The sphincter of Odd is 
under neuronal control and relaxes at times when bile has to be 
discharged into the intestinal lumen, for instance during food 
uptake and digestion. This sphincter also prevents regurgitation 
of bowel contents into the biliary tree. The extrahepatic bile 
ducts are lined with columnar epithelium provided with microvilli. 
Their wall possesses a muscosa, submucosa, muscularis and advent-
itia. The submucosa contains tubular glands. The common bile 
duct exhibits folds that increase in height towards the papilla 
of Vater. 
I.e. Blood iupply and ¿ome [patho)phyiiological implicationt,* 
It is beyond the scope of this thesis to give a comprehensive 
review on physiological and pathophysiological aspects of the li-
ver. Before entering on an analysis of the results of this study, 
however, it appears appropriate to describe features of several 
changes to provide a frame of reference for the discussion. 
The liver has a doublt blood ¿apply. It reveives oxygenated 
blood from the ркоргі h z p a t l c акігку, that is a branch of the 
common hepatic artery, which in turn originates from the celiac 
trunk. The p o s t a l vu-in collects the blood from a large part of 
the gastrointestinal tract and the spleen, which implicates that 
a major portion of the blood circulation of the liver is inter-
*Reviewed from Gardner (1969). 
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polated between the intestinal tract and the general circulation. 
Thus, the liver is not only supplied with the majority of the 
normal split products of digestion, but occasionally also with 
harmful compounds. This emphasises the major role of the liver 
in both metabolism and detoxification. In certain pathological 
conditions of the intestine the liver can become involved. In 
instances of intestinal malignancy hepatic metastases frequently 
develop by haematogenous dissemination via the venous mesenteric 
and portal circulation. In inflammatory bowel disease nocuous 
substances, bacteria and parasites can reach the liver by the 
same haematogenous dissemination. Abscess formation in the liver 
has been observed in patients suffering from regional enteritis 
(Sparberg 1 9 6 5 ) . De Kruijf (1979) describes contamination of the 
porcine liver with intestinal bacteria which have passed through 
the intestinal wall into the mesenteric veins and subsequently 
into the portal vein. He states: "Contamination of the inside of 
the liver by intestinal bacteria can be reduced by ensuring the 
maximum possible limitation of preslaughter stress which would 
promote the passage of bacteria through the intestinal wall 
through the vena portae hepaticae." Schalm (1975) reports haem-
atogenous infection of the liver parenchyma via the portal vein 
in experimental liver transplantation. 
1.7. B-il-ia-frt/ obit>iuct¿on 
1.7. I. VoLthophqiloloqlcal aipzcti 
Dumont (1961), Mallet-Guy (1961) and Alican (1962) determined 
the bilirubin level of the blood and thoracic duct lymph after 
ligation of the common bile duct combined with cholecystectomy 
in dogs. It was found that bilirubin appeared in the thoracic 
duct lymph already within one hour whereas in the blood only 
several hours thereafter. From these findings was concluded that 
thz Zymphatia аде an ¿mpon.ta.nt pathuiay o{¡ n.zguKg¿tat¿on o-fa b¿¿¿-
n.ub¿n, zipzclaZZy ¿η the. zan.Zy pziiod a^tzn common b¿¿e. duct 
obAtn.act¿on. 
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Ritchie (1959) reported an increase of lymph flow, which was 
greatest in the immediate postoperative period, in common bile 
duct obstruction in dogs. 
Using the same experimental animal Mallet-Guy and coworkers 
(1961, 1962a,b, 1963a-c , 1965)examined the sequelae of controlled 
retrograde infusion of several substances into the common bile 
duct. Cholecystectomy, canulation of the thoracic duct and femor­
al vein, and biliary manometry had been performed additionally. 
The results can be summarized as follows: 
There is a possibility for Chicago blue and barium solution 
to permeate from the biliary system into the lymphatic system 
provided a certain pressure and intact conditions of vital per­
meation exist. This process could be shown to be selective as 
well as reversible. These phenomena appear to reflect the course 
of events in the reflux of bile pigments in biliary obstruction. 
Furthermore, the existence of lymphatic anastomoses between the 
lobes of the liver can be assumed since Chicago blue and barium 
solution could pass to a non-obstructed lobe when injected into 
a ligated lobar hepatic duct. Subsequently, in the non-obstructed 
portions these markers were excreted into the biliary system. 
1.7.2. Hlitopathoioglcal cLipzctA* 
The morphological sequelae of biliary obstruction depend on 
both the duration of the obstruction and the promptness of the 
onset. In man, insidious onset of bile stasis, due for instance 
to cancer of the head of the pancreas, usually does not lead to 
late sequelae such as biliary cirrhosis. 
In the case of acute obstruction of extrahepatic bile ducts 
initially, the bile is stagnated in the canaliculi and condensed 
to bile, p l a g i . Bile pigments are also found in the hepatocytes 
and Kupffer cells. The hepatocytes undergo ^ a t t y dzgг n i d a t i o n 
and may become ntcnotic. with subsequent intralobular bile escape, 
*Reviewed from Gall (1964), Popper (1968), Desmet (1972) and 
Sherlock (1975). 
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and formation of bile. la.kzt>. As a reaction to parenchymal damage 
and focal hepatocellular damage, caused by the retention of bile 
constituents, local Inflammation in the mode of focal accumul­
ation of either mononuclear or polymorphonuclear cells occurs. 
A characteristic feature of biliary obstruction is the limit­
ation of these events to the cholestatic area. 
In prolonged biliary obstruction bilz dactalai рп-оіі^гиаііоп 
is present, accompanied by pzildmctalan. Inflammation and {¡ibno-
pla.6-La. The periductular inflammation frequently appears under 
the picture of cholangitis and/or pericholangioli ti s and includes 
sometimes polymorphonuclear cells. Reabsorption from the ducts 
and subsequent extravasation of bile constituents into the portal 
connective tissue is thought to cause postal inflammation and 
iibfioblaitic pnolii&Kation. The bile ducts in the portal area 
are frequently dilatzd and become гп гІорЫ in a ihtath of, con­
nective tiiAuLZ, probably as the result of elevated intrabiliary 
pressure. They contain concizmiinti ofi bile, and often exhibit a 
loa oi epitkzlial lining. Dilatation of the ducts may be re­
sponsible for "bile infarcts" near the portal tracts by inter­
ference with the lobular blood supply. The portal fibrosis that 
has developed may cause additional intrahepatic cholestasis and 
progresses to cirrhosis in longstanding biliary obstruction. 
CiKihoiii is characterised by strands and septa of connective 
tissue that extend into the lobular parenchyma and tend to link 
portal tracts with central areas resulting in mblobulation. The 
presence of ле.де.пгя.аііпд nodulzi is another feature of cirrhosis. 
18 
CHAPTER II. EXTRAHEPATIC BILIARY ATRESIA 
II./. Clan-L^icat-ton oj b-ti-iaiy atizi-ta. 
In biliary atresia both, the intra- and extrahepatic bile 
ducts may be involved. 
From a surgical point of view Hasse (1965, 1966) classifies 
biliary atresia into ten types (Fig. 7 ) . 
F-cg. 7. Classification of biliary atresia after Hasse into ten 
types (1-10). 
a: operable; b: limited operability; c: presently in-
operable; d: incurable. (Redrawn from Hasse 1965). 
Based on histopathological examinations of the extrahepatic 
biliary system in cases of proven biliary atresia, Kasai (1974) 
divides biliary atresia into a correctable and an incorrectable 
form. Both forms in turn are subdivided (Table 1 ) . In the non-
correctable type of biliary atresia no segment of the extrahe-
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hepatic biliary tree is available for an anastomosi s with the 
intesti ne. 
In addition to the classification of Hasse and Kasai several 
other authors classify biliary atresia, e.g. Muggiasca (1966), 
Longmire (1977) and Cook (1978). 
However, in many cases of the so-called incorrectable extra-
hepatic biliary atresia, one or more mlnutz bllz ducti were found 
at the level of transsection of the remnants of the extrahepatic 
bile ducts in the hepatic porta (Kasai 1968, 1974; Gosseye 1977; 
Bill 1977a; Miyano 1977; Chandra 1978; Haas 1978). In these 
cases, however, the term atresia in strict sense should not be 
used. 
Miyano (1977) and Chandra (1978) classify the ductual rem-
nants on the basis of the size of the lumen of the minute bile 
ducts in the hepatic porta (Table 2a and 2 b ) . 
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Tabte. 1. The classification of biliary atresia after Kasai 
(1974) (simplified). 
type anatomical lesion percentage 4 
correctable I a obstruction of the distal 
common bile duct with or 12,2 
without choledochal cyst 
b obstruction of the proxi­
mal common bile duct 3,5 
non correctable II obstruction of the hepatic 
duct associated with dilat­
ed bile ducts proximally 
III obstruction of the common he­
patic duct and hypoplastic 
bile ducts proximally 
IV rudimentary common hepatic 
duct 
_V intrahepatic biliary atresia 
19,1 
60,0 
0,9 
4,3 
'n = 115 
ТаЫг 2. The classification of the ductal remnants in the he 
patic porta according to Miyano (1977) (a) and 
Chandra (1978) (b). 
type 
diameter of ducts 
in the h i 1u s percentage 
II 
I I I 
> 3 0 0 μηι 
1 0 0 - 3 0 0 um 
100 pm 
0 
5 
20 
5 7 . 5 
1 7 . 5 
(n=40) 
I 
II 
I I I 
>150 urn 
30-80 m 
0 
14.7 
61.8 (n=34) 
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II.2. EtiotoQij, pathogzne.o¿.i and hÁ-itopathotogy 
Extrahepatic biliary atresia was considered to be a congenital 
malformation, e.g. the result of a failure of canalisation of the 
solid hepatic cord during organogenesis. This concept was ad-
vocated by Yllpö (1913), Holmes (1916), Ladd (1928, 1935). Ladd 
(1928) summarised the current concepts about the causes of bil-
iary atresia and -stenosis of that time: congenital syphilis, 
fetal peritonitis, a catarrhal condition within the ducts them-
selves and finally a congenital malformation as described above. 
Klippel (1972) proposed haemodynamic alterations in liver 
vascularization after birth that result in a biliary vascular 
accident to be the etiological factor of biliary atresia. 
Nowadays these points of view are abandonned generally. Se-
veral arguments are in disfavour of the concept of extrahepatic 
biliary atresia to be a congenital malformation. Biliary atresia 
may not become manifest clinically until six weeks of age (Bill 
1977b). Holder (1964) reports a patient with complete atresia of 
the extrahepatic bile ducts at the age of six months, while 
there had been evidence of patent extrahepatic bile ducts from 
the gallbladder to the duodenum at cholangiography at the age of 
two months. 
These considerations have led to the assumption that biliary 
atresia may be the result of an cLcquinzd dynamic. -LnllammcLtoiy 
pfLocza (Landing 1974; Bill 1977a).· In this concept biliary a-
tresia, neonatal hepatitis and choledochal cyst are different 
manifestations of the same disease. 
Bill (1974) also suggests that biliary atresia and neonatal 
hepatitis result from the same primary alteration, i.e. an on-
go-ing in fiammato ку dimaiz ¿nvoZving both. £-с ел. and txtfiahzpat-Lc 
dadi. A particular type of sclerosing cholangitis that subse­
quently progresses to obliteration of major intrahepatic ducts 
is proposed. 
Several findings support this new concept: studies of speci­
mens of the extrahepatic biliary tree obtained at surgery indic­
ated the presence of an inflammatory process with inflammatory 
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cells of all types, granulation tissue, degeneration of ductular 
epithelium, periductular fibrosis and sclerosis (Gosseye 1977; 
Bill 1977a; Miyano 1977; Scotto 1977; Chandra 1978; Haas 1978). 
Despite extended investigations, however, no specific agent 
had been identified, but a viral agent was strongly suspected to 
be present and there is some evidence that rubella virus and he­
patitis A and В viruses may be involved (as reviewed by Landing 
1974). 
In the light of these considerations the indication "biliary 
atresia" seems to be unsatisfactory and new names for this entity 
have been suggested: " I n l a n t i t u obitnuctivz cholangiopoLthy" 
[Landing 1 974 ) and" pA.og№iilvz Q-Xtnahzpatlz blliany obit^actlon o ¿ 
the. nmboftn" {Koop 1975). 
The histopathological features of the liver in extrahepatic 
biliary atresia apparently differ from case to case. Generally, 
the following pathological changes of the liver in extrahepatic 
biliary atresia are observed: {^AbfLOili,, that progresses to 
cirrhosis if no cure is achieved by surgical intervention, most-
ly associated with ріоІІ{гка.іІоп o{, ЫІ& ductaZni (Kasai 1962; 
Thaler 1968; Pérez-Soler 1976; Chiba 1977; Scotto 1977), giant 
czll ttLanA&oxmatlon ofi thz hzpatocytz-b (Kasai 1962; Abe 1967; 
Thaler 1968; Pérez-Soler 1976; Chiba 1977) and іідпл о^ I n t i a -
and lnttn.lobu.tati zhotzitaili, uilth bltz plgmznt In thz imatizti 
IntKahzpatlc. bllz duzti (Pérez-Soler 1976; Chiba 1977). 
Since all these pathological features may also be present in 
neonatal hepatitis it is apparent that thznz anz no pantlzalan. 
dliculminating on. zxztuilvz {¡zatanzi nzlthzn. {¡on. zxtnahzpatlc 
blZlan.y atnzila, non. {¡on nzonatat hzpatltli. 
Besides the described phenomena in extrahepatic biliary a-
tresia, two other extrahepatic and one intrahepatic anatomical 
disorder can be distinguished: biliary hypoplasia, choledochal 
cyst and intrahepatic biliary atresia. 
Blilany hypoplaila may represent an early, temporary stage of 
biliary atresia (Lilly 1976). Landing (1974) suggests biliary 
hypoplasia to be a minor manifestation of the same process that 
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causes biliary atresia. 
It has been suggested that an anomalous pancreatico-bi 1 iary 
ductal junction may be responsible for the development of a 
zhoizdochal cy.it (Jona 1979; Miyano 1979). Free reflux of pan-
creatic juices up the biliary tree could cause cholangitis, that 
in turn together with distal stenosis of the common bile duct and 
an elevated intraductual pressure may result in cystic dilatation 
of the common bile duct. Miyano (1979) also suggests the possib-
ility that congenital biliary atresia is secondary to the reflux 
of pancreatic juices secondary to abnormalities of the pan-
creati co-bi 1 i ary ductal junction. 
IntKahtpoLtic blllany aiutila, may result from uncorrected prim-
ary extrahepatic biliary atresia. In contrast, various conditions 
of different etiology can be distinguished in which the intra-
hepatic bile ducts are atretic or hypoplastic, while the extra-
hepatic bile ducts are not primarily affected. 
11.3. V^LagnoAÁ-i 
The most important clinical symptoms of biliary atresia are 
ja.ixndi.cz, he.pa.tome.gaZy, ILVICO to aied ¿tooti and daik uiine. (Henny 
1978). There is uiually no deve.*, unless liver insufficiency has 
developed (Bill 1977b). Jaundice is seldomly present at birth but 
becomes manifest in the first weeks of life (Bill 1977b; Puri 
1975). During the neonatal period many causes of jaundice can be 
diagnosed or excluded within a short time. We suggest the follow-
ing examinations to differentiate between the types of jaundice 
in the neonatal period and afterwards, using generally available 
di agnostic tool s. 
Grossly, in neonatal jaundice two groups can be distinguished, 
based on determination of the serum concentration of conjagated 
bitiKubtn and unconjugated bit-iKubin: 
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Elevation of unconjugated bilirubin. 
Elevation of both conjugated and unconjugated bili­
rubin . 
The most common disorders in this group are: 
1. Physiological jaundice of the newborn (exaggerated 
in prematurely born children). 
2. Erythroblastosis fetalis caused by rhesus, A-0 or 
B-0 antagonism, etc. 
3. Resolution of extravasales, e.g. cephal haematoma. 
Less common causes may be glucose-6-phosphate de­
hydrogenase deficiency, which is seen especially 
in mediterranean areas, and other haemolytic dis­
eases presenting themselves in the newborn period. 
The following diagnostic tools can differentiate 
between these disorders: 
a) Determination of both conjugated and unconjug­
ated bili rubi η. 
b) Determination of haemoglobin, of numbers of 
erythrocytes and reticulocytes (haemolysis). 
c) Determination of the blood group, Coomb's test. 
d) Determination of serum glucose-6-phosphate de­
hydrogenase, and other glycolytic enzymes. 
This group consists of a large number of disorders, 
the most important being: neonatal hepatitis, biliary 
atresia, inspissated bile syndrome, bile plug syn­
drome, choledochal cyst, metabolic diseases, cystic 
fibroses, ai -antitrypsine deficiency and sepsis. 
The following tests are recommended: 
a) Determination of both conjugated and unconjugated 
bili rubin. 
b) Blood cuiture(s) . 
c) Determination of serum GOT, GPT, γ-GT, AP. 
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If the serum bilirubin level rises further, or does 
not decrease, the following tests may be useful: 
d) Virologie investigations: cytomegalic inclusion 
bodies disease, rubella, Coxsackie В, herpes. 
Serological investigations for syphilis, toxoplas­
mosis and listeriosis. 
e) ÖL-antitrypsine determination in serum. 
f) sodium and chloride concentration in sweat. 
g) Determination of serum amino acids; serum protein 
analysi s. 
h) Urine and serum galactose. 
i) Trihydroxycoprostane acid in duodenal fluid. 
j) Urine: amino acids, fructose, bilirubin and uro-
bilin. 
k) Feces: bilirubin, stercobilin and fat concentration. 
At about three weeks of age many disorders may be diagnosed 
or ruled out, i.e. those of Group I as well as neonatal hepat-
itis*. metabolic diseases of known etiology (e.g. cystic fibros-
is, a, -antitrypsine deficiency) and sepsis. If jaundice persists 
and is not caused by one of the above mentioned diseases, a 
differential diagnosis between biliary atresia, choledochal cyst, 
bile plug syndrome**, inspissated bile syndrome***, and 
a group of neonatal cholestatic disorders of different, unknown 
*Formerly, "neonatal hepatitis" has been used erroneously for 
a diversity of neonatal liver diseases of different etiology 
(Boon 197 0 ) . The term neonatal hepatitis, however, should on-
ly be used i f the etiology is of infectious nature. 
**A seldom occurring syndrome in which the extrahepatic biliary 
tree is obstructed by a plug, consisting of organic materials. 
After surgical removal the patient usually recovers entirely 
without complications. 
***A kind of bile stasis not infrequently occurring in later 
stages of haemolytic jaundice in the newborn period, and pass-
ing by spontaneously. 
26 
origin will become necessary. The latter group and the inspiss-
ated bile syndrome do not require surgical intervention in con-
trast to the other three disorders. I-t ¿A , howzvzn, о(> utmo&t 
¿mpontancí to dztzKm¿nz ал caiiy ал poii¿b¿z among thz ¿n^antii 
tkz cand-idatíi piopoizd {¡он. iuL>iq¿aat coiizctlon, ¿¿псе. a тіііл.пд 
ofi thz opt¿ma¿ t¿mz ^ол. iuxg¿ca¿ ¿ntznvznt¿oη w-LÍZ. >izialt in ρκο-
gizbiivz, ¿iizvziiiblz ΙΙυζκ aiirihoi-Li. This selection, however, 
will not always be possible, as it is discussed in the next para­
graph. 
After exclusion of other causes of obstructive jaundice, thz 
dlidzizntlation bztwzzn b-Lllany atuzi-La and paKtizulaniy thz non 
іакдісаі bitz itaiii in thz nzwbotin pziiodi o^ unknown origin 
(W.S.8.S., don.mzn.iy indicatzd aò "nzonatal hzpatitii" ) ii zx-
tnzmzZy dillizult, i^ not impoaibZz. In both disorders the 
clinical picture and the result of tnaditionat tivzn function 
tzòti,, i.e. serum bilirubin, GPT, GOT, AP and LDH, are much a-
like (Danks 1965; Kuijper 1971; Bill 1977b; Poley 1977). 
Kimura (1974a) states that abnormalities in ¿¡zKum pnotzin, 
izfLum zholzitziol, czphalin (¡tocculatioη and thymol tunbidity 
were almost universally absent in both disorders during the first 
three months and are of little diagnostic aid. He also reported 
on more prolonged pn.othn.ombin timz(> and higher àznam AP levels 
as well as elevated single bilirubin levels with a predominant 
direct component in biliary atresia, and less frequent in 
N.S.B.S. According to the studies of Mowat (1976) however, these 
tests give equal results in both disorders. 
The specificity of the lipo pnotzin-X and I Коле bzngal tzit, 
which do not differentiate between the types of cholestasis, can 
be increased by simultaneous administration of phénobarbital or 
cholestyramin (Poley 1972; Henny 1978). In N.S.B.S. cholestasis 
should decrease with subsequent disappearance of 1 ipoprotein-X 
131 in serum and increase of the percentage of I Rose bengal in 
the stools. 
Serial studies that extend over several weeks, and involve 
the determination of serum bilirubin levels, serum activity of 
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enzymes and the differential excretion of radioisotopes in urine 
and stools are apparently more effective than single studies 
(Kimura 1974a). They have the inherent advantage of the passage 
of time, which by itself may clarify the clinical picture 
(Foley 1972; Thaler 1968). However, it must be stressed again 
that in case of biliary atresia, delay of surgical intervention 
will have its deleterious effect and that the serial studies 
therefore should be started as early as possible. 
Llvzi blopiy is considered to be the most valuable aid in the 
differentiation of biliary atresia from N.S.B.S., but also does 
not reveal the diagnosis with certainty in every case (Kimura 
1974a). The advantage of an open biopsy is that a choianglogiam 
via. thz gaZlbladdzi can be carried out simultaneously. The dis-
advantage of submitting an infant in a poor condition to 
surgery has been largely obviated by advances in anesthesiology, 
surgery and pediatric care. If the intra- and extrahepatic bile 
ducts are visible on the cholangiogram and if the contrast med-
ium reaches the duodenum the abdomen should be closed. If the 
hepatic duct cannot be visualised, even after the common bile 
duct is clamped, an zxpton.ation o<$ thz ixtiahzpatlc. b¿l¿OLH.y tn.e.z 
should be carried out. In case of biliary atresia hepatoporto-
enterostomy should be carried out simultaneously (Kuijper 1971; 
Bill 1977b; Henny 1978) . 
II.4. Thiiapy 
11.4.1. tiiitoKy 
Already in 1928 Ladd reported successful correction of 
correctable biliary atresia. An anastomosis had been carried out 
between a patent segment of the extrahepatic biliary tree and the 
intestine. Treatment of the so-called incorrectable biliary a-
tresia is one of the most disappointing experiences in pediatric 
surgery. Many different attempts had been made: partial liver 
resection and subsequent anastomosis between intrahepatic bile 
ducts and the intestine (Longmire 1948; Gohrbrandt 195 7 ) ; the 
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insertion of artificial bile ducts into the liver (Sterling 
1962; Stengel 1 9 6 9 ) ; internal or external deviation of thoracic 
duct lymph (Williams 1963; Absolon 1965; Suruga 1 9 6 5 ) ; deviation 
of hepatic lymph into the intestine (Fonkalsrud 1966). All these 
procedures, however, did not yield cure and should be considered 
to be only palliative. 
ΊΊ.4.2. HzpatopofLtoznt&^oitomy 
Norris (1951) carried out hepatoportoduodenostomy in one case 
of extrahepatic biliary atresia with patent hepatic ducts in the 
hepatic porta. The child was two and a half months old at the time 
of operation. Postoperatively, the stools became coloured and at 
the age of two years and four months the child was completely 
free of jaundice and had no digestive difficulties. 
In 1959 Kasai pointed again at the possibility to establish 
bile drainage in the case of the so-called incorrectable extra-
hepatic biliary atresia by means of a hepatoportoenterostomy. 
He published his results for the first time in English in 1968 
(Kasai 1968) . The. opzn.at¿ng p-tocedu-te wai baizd on moipholoqlc 
obit¿>i\ia.t¿oni) cLczoidZnQ to wk¿ch ima.ll bite, ducti urntie. pn&òtnt 
at the. LZMZL ο{ t^ianazction o^ the Kzmnanti o{¡ the. extiahzpattc 
bite ducti ¿n the. hzpat-Lc. poita tu ¿ni,tanaei Ojj io-catted Á.n-
coKKeatable ЫИаку a t i z i i a . The operating procedure after Kasai 
(1968, 1974) is described as follows (Fig. 8 ) : If the diagnosis 
extrahepatic biliary atresia is made by cholangiography via the 
gallbladder, the extrahepatic biliary tree, or the remnants, are 
dissected. The hepatic radicles or the fibrous remnants are ex­
posed in the hepatic porta and subsequently transsected at the 
level of the posterior surface of the portal vein. Usually no 
hilar hepatic parenchyma is resected. Electrocautery is avoided 
as much as possible. After resection of the remnants of the 
extrahepatic bile ducts a jejunal Roux-Y loop is created. At the 
blind end of this loop the intestine is opened and the edges of 
the opening are sutured to the hepatic portal tissues, so that 
the cut ends of the hepatic radicles are enclosed and face the 
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the intestinal lumen. 
F-tg. S. The hepatoportoenterostomy after Kasai . 
(Redrawn from Kasai 1974) 
Kimura (1979) reports the best results with respect to post­
operative bile drainage if the remnants of the extrahepatic ducts 
are transsected precisely at the level where they leave the li­
ver. Altman (1975b) advises to examine the remnants at the level 
of transsection by means of cryostate sections and if no small 
bile ducts are detected, to carry out the dissection at a higher 
level in the hepatic porta. The use of a microscope for the dis­
section of the remnants in the hepatic porta and the use of 
microsurgical technicques is advocated by Suruga (1976). 
At present Kasai's hepatoportoenterostomy is generally ac­
cepted as the method of choice in the treatment of so-called in-
correctable biliary atresia. The results of numerous authors 
who applied this technique, however, are ununisonous. One reason 
may be а роок dz^inltlon ofa thz diizaa by thz di^izuznt authoii. 
Fonkalsrud (1978) states: "The term 'biliary atresia' has been 
used by many authors as a broad diagnosis, encompassing a 
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spectrum of conditions from narrow, hypoplastic ducts to true 
atresia, of either the intra- or extrahepatic ducts, or both." 
Another reason may be that not always thz аІЦг.п.ііпі {¡асіокл that 
appafLzntly ¿n&tu&ncz ilnal outcome, ate. lnco>iposiate.d In the. 
e.\>atuatlon. Finally, long teim hollow up o¿ izvenal yeaii lb 
niczMaiy to catch the late, eventually lethal complications. 
Kasai (1978) states that early operation, adequate surgical tech-
niques and the prevention of postoperative cholangitis are pre-
requisites for successful hepatoportoenterostomy. Based on recent 
results he even assumes that 80-90 percent of patients with 
biliary atresia may be cured if these three requisites are met. 
The correlation between the age at which thz patient li opei-
ated and cure has generally been recognised and early operation 
is considered to be of vital importance (Table 3 ) . 
Table 3. The ultimate age at which surgical correction 
should be performed. 
author age of the patient 
Kimura (1974b) 10 weeks 
Bill (1977b) 10 weeks 
Kasai (1978) 8.5 weeks 
Hitch (1979) 10.5 weeks 
Schweizer (1979) 6 weeks 
Aiczndlnq cholanqltli is the most frequent postoperative 
complication, often leading to diminished or even ceased bile 
flow, as well as deteriorated liver function, resulting in poor 
prognosis (Kimura 1974b; Miyata 1974; Kasai 1975, 1978; Lilly 
1975; Odièvre 1976; Bill 1977a; Altman 1978). Treatment with 
antibiotic and choleretic drugs has been advised to prevent 
postoperative ascending cholangitis (Kasai 1974, 1978; Puri 
1975; Altman 1978; Lilly 1978). Kasai (1975) reports a case in 
which ascending cholangitis occurred even 11 years after hepato-
31 
portoenterostomy. Bingaman (1976) describes hepatic abscess 
formation, 12 years after drainage of a cyst-like structure of 
the common hepatic duct into the duodenum. 
Danks (1974, 1978), however, strongly suggests that the clin-
ical condition known as ascending cholangitis in fact is a 
portât ha2.ma.t0gznoui oh. ¿ymphoge.nou¿ llv&K. inizctlon. Rickham 
(1978) and Hirsig (1979) point out that these blood borne in-
fections are enhanced by lnt<LH.{iQ.nzncz with the. lymph duoLinagt 
¿η t h z Іі гк h¿iui due to the hepatoportoenterostomy and that 
this complication can be prevented by simultaneous hzpatopoito-
ome.ntupe.xy. Rickham (1978) even states: "It is high time that the 
term 'ascending cholangitis' be dropped". 
This assumption appears to be confirmed by the not wholly 
satisfactory results obtained with variations of the surgical 
technique aiming to prevent this complication. Besides the duo-
denum and a single jejunum limb in a Roux-Y fashion several 
other constructions have been designed with the aim to prevent 
or to reduce ascending cholangitis (Fig. 9 ) . 
F/tg. 9. Different constructions of efferent bowel loops. 
a. Hepatoportoduodenostomy (Morris 1951). 
b. Hepatoportojejunostomy with a single Roux-Y loop 
(Kasai 1968). 
c. Hepatoportojejunostomy with single external fistula 
(Sawaguchi 1968). 
d. Hepatoportojejunostomy with a double Roux-Y loop and 
an external fistula (Kasai 1974). 
e. Hepatoportojejunostomy with a double external fistula 
and Roux-Y loop (Suruga 1972). 
f. Hepatoportocholecystostomy (Lilly 1979). 
g. Hepatoportogastrostomy with a gastric tube (Ikeda 
1975) . 
h. Hepatoportoileostomy with the ileocecal segment 
(Freund 1979) . 
32 
33 
The establishment of an external fistula is said to be pre-
ferable to a single hepatoportoduodenostomy or hepatoportojejuno-
stomy in a Roux-Y fashion, although this is still a matter of 
discussion. Improved results with an external fistula are re-
ported (Carcassonne 197 7 ) , whereas prevention of ascending chol-
angitis using an external fistula has not been observed (Lilly 
1978 ) . Lilly (1979) carried out a hepatoportocholecystostomy in 
four patients, and did not observe postoperative cholangitis in 
any case. In two cases, however, obstruction of the distal ducts 
occurred, making reoperation necessary to construct a standard 
hepatoportoenterostomy. Other authors reported that hepatoporto-
cholecystostomy did not prevent ascending cholangitis but was 
followed by bile leakage in several cases, which necessitated a 
revision of the anastomosis into a hepatoportoenterostomy 
(Odièvre 1976; Altman 197 9 ) . The value of the application of a 
gastric tube or an ileocecal segment is not clear since there is 
very little experience with these methods. 
These studies are in accordance with the successless attempts 
to prevent the so-called ascending cholangitis secondary to liver 
transplantation through performance of respectively a choledocho/ 
-cysto-duodeno-, jejuno- and ileostomy, until Schalm (1975) could 
demonstrate the haematogenous nature of this complication and to 
prevent it by decontamination of the intestines prior to trans-
pi antati on. 
Besides the above mentioned factors determining the success-
ful outcome of surgical correction, some others appear to be of 
importance. BIZ& (¡low uzi to natio η (Kasai 1968, 1978; Bill 1977b), 
the h-Litologlcat а.рргаіапсг 0(5 thz livzi (the degree of fibrosis, 
ductular proliferation) (Kimura 1974b; Kasai 1975) and the dla.-
тгігі ofi the. bilz dacti In tkz hzpat-ic. poxta. (Kasai 1968; Bill 
1977b; Altman 1978; Hitch 1979) are apparently correlated with 
cure. The diameter of the ducts in the hepatic porta should be 
at least 200 \m in transsection (Kasai 1 9 6 8 ) . In contrast. Altman 
(1978) found no relation between hepatic fibrosis and cure. 
Mzzt-ing the. >ie.qu.¿>ie.me.nti Док iacczii^ut outcome., howevzx, doei 
not ne.ceoia.K¿¿y mean cu-^ e, bzcauie. pKogtLZiA-Lvz z-Ln.Khoi¿i with 
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¿ub-iequen-t poitat hype.>ite.n¿¿on and c-iophagzat va>i¿c<¿{, may dz-
vzlop daling thz ^оііоіміпд угаы (Campbell 1974; Kimura 1974b; 
Altman 1975a, 1978; Lilly 1975, Odiëvre 1976; Bill 1977b; Kasai 
1978) . 
The suggestion that the undiilylng dlizaiz -Li рлодкгііі г ¿η 
natafLZ and can not be ¿n^iaznczd by ninglzai ¿ntznvznt-Loη may 
explain final poor results (Danks 1974; Lilly 1975; Altman 1978; 
Schweizer 1979). 
Kasai (1968) stated that cure is achieved if no jaundice is 
present, 14 months after the operation. This definition, however, 
appears too optimistic, since portal hypertension, eventually 
followed by death, can develop in these children even after one 
year (Miyata 1974; Bill 1977b). 
Considering the data mentioned above, it is not possible to 
give any solid judgement of the cure rate of so-called incorrect-
able extrahepatic biliary atresia. Carcassonne (1977) investig­
ated the results of several main pediatric surgical centres all 
over the world. He reports a survival percentrage of 8.3, three 
years or more after the operation. 
II.4.3. Hzpatopontodigtbtivz lymph duainagz 
In an experimental study, Schweizer (1974) observed the trans­
port of bilirubin to the intestine and subsequently into the in­
testinal lumen by a biological pathway after fixation of the in­
testinal wall to the hepatic porta and hepatoduodenal ligament, 
following previous removal of the serosa of these structures. 
Simultaneously, the common hepatic duct was ligated. These find­
ings formed the basis for a therapeutic principle, complement­
ary to hepatoportoenterostomy. In biliary atresia hepatoporto-
digestive lymph drainage should be applied simultaneously with 
hepatoportoenterostomy, since the outgrowth of lymph vessels in­
to the intestinal wall takes about 40 days (Schweizer 1976). 
Within this period, however, irreversible damage of the liver 
will occur, if no bile drainage is established. 
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In 1979 Schweizer reported six cases, in which a hepatoporto-
digestive lymph anastomosis was created. 
In two patients, very small, apparently patent bile ducts 
were detected i η the hepatoduodenal ligament. These ducts were not 
extirpated,and only a hepatoportodigestive lymph anastomosis was 
created. Jaundice disappeared after six weeks, and at the time 
of publication, the children were respectively four and five 
years old. The serum bilirubin concentration was normal, but in 
the serum the level of enzymes of hepatoparenchymal origin was 
elevated. 
In four children no bile ducts were found in the hepatoduo­
denal ligament. In one child bile flow at the hepatic porta and 
in two others only traces of bile emerging from the cut surface 
were observed during the operation, while in the fourth child no 
bile was seen at al 1. Hepatoportoenterostomy and hepatoportodigest-
ive lymph drainage were carried out simultaneously in these four 
patients. In the first three cases jaundice disappeared and the 
stools became coloured after four till six weeks. The serum con­
centrations of the transaminases lowered, but only in one case 
they became normal. At the time of publication, these children 
were respectively 9 months, two and four years old. The two 
years old child, however, suffered from otitis media associated 
with high fever and dysentery six months after the operation. 
Promptly, the stools became acholic and bile flow did not re­
turn. Reoperation was refused by the parents. In the fourth case, 
in which no trace of bile could be observed during the operation, 
the stools remained acholic; the liver was firm, and ascites was 
present at the time of publication, one year after the operation. 
Schweizer (1979) considers primary inflammatory events to be 
the genesis of biliary atresia. Histologically, biliary atresia 
appears as a sclerosing, scarring cholangiohepatitis, associated 
with bilious interstitial edema of the liver as well as of the 
wall and in the neighbourhood of the bile ducts. Swelling of the 
liver and periductal edema finally stops bile flow. Subsequently, 
the inflamed walls stick together and the ducts shrink and ob­
literate. Finally, scarring occurs. Drainage of the interstitial 
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edema from the liver, however, could result in a diminishing of 
the infiltrates in the portal areas and decompression of the in-
trahepatic bile ducts. Subsequently, bile flow into the previous 
inutile extrahepatic bile ducts could be possible, and widen the 
ducts in case they are not yet scarred. 
11.4.4. ¡.¿ гк tnant>plantation 
Starzl (1976) reported orthotopic liver transplantation in 36 
children with extrahepatic biliary atresia and in 4 children 
with intrahepatic atresia. Eleven children survived more than 
one year and at the time of publication seven were still alive 
13-71 months after the operation. The main complications that 
caused graft loss were immediate or late manifestations of tech­
nical accidents, rejection of the graft, septic hepatic in­
farction and infection of the graft. 
Putnam (1977) stated the Kasai procedure (hepatoportoentero-
stomy) and liver transplantation to be complementory and compet­
itive procedures in biliary atresia. Previous hepatoportoentero-
stomy yields time for the patient, enabling him to grow and de­
velop, thus making transplantation easier si nee donors for these 
candidates are rare. As a source of technical difficulties he 
mentioned tiny vessels and congenital anomalies of the hepatic 
vasculature. The use of microsurgical techniques, however, can 
circumvent the first difficulty. Lilly (1974) described a trias 
of congenital anomalies of the hepatic vasculature that make the 
patients highly questionable candidates for liver transplant­
ation, i.e. an absent inferior vena cava, a preduodenal portal 
vein and an anomalous origin of the hepatic artery. In 8 out of 
29 children that underwent liver transplantation there were con­
comittant vascular anomalies. In three cases all three anomalies 
were associated with visceral anomalies. The regarded 29 patients 
are part of the series later described by Starzl (1976). 
For complications already mentioned and the consequences of 
submitting an infant to immunosuppressive therapy, liver trans­
plantation is not yet the treatment of choice of so-called in-
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correctable biliary atresia. Kasai (1974) stated: "Liver trans-
plantation for biliary atresia should be indicated only for 
those patients in whom hepatic porto-enterostomy or its modific-
ation has been performed without success." 
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CHAPTER III. PILOT STUOV 
l l l . l . Introduction 
The pilot study was designed to establish a suitable and re­
producible model in which the course of events could be examined 
after hepatoportoduodenostomy (HPD); in particular the phenomena 
occurring at the site of the anastomosis as well as the possible 
compi i cati ons. 
The requirements considered for this model were: 
1. A chronic obstruction of the bile flow should result in an ir­
reversible liver damage and thus may not be compatible with 
life. 
2. The anatomical structure of the hilus of the liver should be 
appropriately so, as to permit the performance of HPD. 
3. HPD should provide a long survival rate in order to facilitate 
observations at the site of the anastomosis and to observe 
complications over a prolonged period of time. 
In addition, the basic conditions of the operating procedure 
of the HPD had to be ascertained. 
Clinically, ascending cholangitis is a severe complication 
after hepatoportoenterostomy and thus we can assume that this 
complication will also occur after experimental HPD. Therefore, 
intestinal decontamination was attempted in order to prevent as­
cending cholangitis by eliminating the potential pathogenic 
Gram-negative flora that is mainly responsible for this type of 
infection. 
Schweizer (1976) reported remarkable results with lymphodi-
gestive drainage of bilirubin after ligation and extirpation of 
the extrahepatic bile ducts and fixation of a deserosized segment 
of the intestine to the liver hilus and hepatoduodenal ligament. 
This method may offer an important alternative in the drainage of 
bilirubin in cases where the hepatoportoenteriс anastomosis be­
comes obliterated. Therefore, we have also made use of this tech-
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nique as an addition to the HPD. 
III.2. MatzKiali and mzthodi 
Schweizer (1974) reported reproducible morphological changes 
in the liver after ligation of the common hepatic duct and 
associated damage to the hilar lymphatics in pigs. This indicates 
that the pig is a suitable animal for these experiments. The pigs 
used as the experimental animal, were obtained from farms in the 
neighbourhood of Nijmegen (The Netherlands). 
Thirty-two animals aged 8-10 weeks and of both sexes were 
used and subdivided into four groups: 
Cioup I 
In three animals, the common hepatic duct and the common bile 
duct were ligated and the extrahepatic bile ducts extirpated; the 
hilar lymphatics were consequently damaged. 
GKoap II 
In twenty-one animals a HPD was performed after resection of 
the extrahepatic biliary tree (Table 4 ) . 
The hepatoportoduodenostomy has been previously described by 
Norris (1951). 
In our experiments, the extrahepatic bile ducts were extirp­
ated and an incision of about 1 centimeter was made in the duo­
denum. The anastomosis was established with an inner running 
suturing line and supported by an outer row of sutures. In P1-P18, 
4-0 silk was used for the outer and 4-0 catgut for the inner 
suturing line. In P19-P21, 5-0 silk was used instead of 4-0 silk 
and in place of 4-0 catgut, 6-0 Prolene^ ' (Ethicon, Norderstedt, 
Germany) was used. These three animals were also fixed in a 
hyperlordotiс position to gain easier access to the liver hilus. 
While seven animals (P1-P7) remained without drug treatment 
(Group H a ) , fourteen animals (P8-P21, Group lib) were treated 
with a fungi stati cum and antibiotics to eliminate the intestinal 
fungi and Gram-negative flora. Based on bacterial cultures of the 
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ТаЫг 4. The e x p e r i m e n t a l groups I I a and I I b . 
Group 
IIa 
IIb 
No 
PI 
P2 
РЗ 
P4 
P5 
P6 
P7 
P8 
PS 
PIO 
Pil 
P12 
P13 
P14 
P15 
Ρ16 
P17 
P18 
Ρ19 
Ρ20 
Ρ21 
survival 
(days) 
99 s 
5 d s 
2 d s 
245 s 
580 s 
25 d s 
78 s 
20 d s 
13 S b с 
98 s 
12 S Ь с 
67 s 
77 s 
62 s 
88 s 
38 s 
68 s 
55 s 
23 s 
14 s 
42 s 
decontamination 
of the intestine 
-
-
-
-
-
-
-
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
norphological 
anastomosis 
LH 
LM 
LM 
LM 
LM 
LM 
LM 
LM 
LM 
LM 
LM 
LM 
LM 
Hch.LM.TEM 
LM 
Hch 
Hch 
Hch 
Hch 
Hch, SEM 
LM, TEM,SEM 
examination 
peripheral 
liver 
LM 
LM 
LM 
LM 
LM 
LM 
LM 
LM 
LM 
LM 
LM 
LM 
LM 
Hch 
LM 
Hch 
Hch 
Hch 
Hch 
Hch 
LM 
bacteriological 
culture of 
peripheral liver 
-
-
-
-
-
-
-
-
-
+ 
-
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
s = s a c r i f i c e d 
d s = died spontaneously 
s b с = s a c r i f i c e d because of bad general condit ion 
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feces, different mixtures and doses of Nystati n e ( R ) , Kana-
m y c i n e ( R ) , Ceporacin( R ) , Polymixiπ( R) and Neomycine( R) were used. 
The drugs were orally administered daily, starting on the 5th 
preoperative day till the 21st postoperative day. 
The surviving animals were sacrificed at different times after 
the operation (Table 4 ) . 
Gioup III 
In four animals, ligation of the common hepatic duct and com­
mon bile duct with subsequent extirpation of the extrahepatic 
biliary tree was followed by the fixation of a deserosized, but 
unopened part of the intestine to the hilus and the hepatoduo­
denal ligament. In two animals (P22, P 2 3 ) , the duodenum and in 
the other two (P24, P25) a jejunum limb in a Roux-Y fashion was 
used. 
GA-Oup IV 
Four animals that had not been operated served as controls 
for morphological evaluation. 
At autopsy the liver and the intestines were inspected. 
Special attention had been paid to the anastomotic region. The 
anastomosis and several specimens of peripheral liver as well as 
pathologically changed areas were resected for histopathological 
examination. Routinely, 5-10 μπι paraffine sections were cut and 
stained with HWA, Goldner trichrome and PAS. 
Furthermore, preliminary morphological investigations were 
performed by enzyme histochemistry and scanning and transmission 
electron microscopy in Group lib (Table 4) and in Group IV. The 
presence of bacterial infectious agents in the liver of the 
animals of Group lib was interpreted in bacterial cultures of 
peripheral liver tissue. 
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III.3. KziuiU 
ІІІ.З. 1 . Gtioup I 
Three animals of the group were sacrificed because of their 
very bad general condition, resoectively 6, 10 and 11 days after 
the operation. 
In varying degrees, the livers of these animals exhibited 
signs of cholestasis. Portal, inter- and intralobular fibrosis, 
proliferation of bile ductules, focal necrosis, periductal 
fibrosis and infiltration with inflammatory cells were obvious. 
The bile ducts were frequently seen to be filled with amorphous 
substances, PMN cells and exfoliated epithelial cells. The liver 
cells often had lost their contact in the centri 1obular region. 
It was remarkable that in all cases there was bacterial contamin­
ation of venous blood vessels and liver parenchyma. 
III.3.2. GKOLLP II 
III .3.2 .1 . Opziatlve. ob&e.n.va.tlonA and iulv-ivcLt 
It appeared that the anatomical situation of the hilar region 
varied occasionally. In some cases, the different hepatic ducts 
fused in the hilus to form the common hepatic duct, while in the 
majority.they were grouped together and fused somewhat distally, 
below the hilus. However, in every case a HPD could be carried 
out without demandingeither a partial hepatectomy or a ligation 
of some of the remote hepatic ducts. Frequently the soft and 
vulnerable liver tissue lacerated during mobilisation of the 
liver, and haemostatic ligatures were necessary. In P19-P21, how­
ever, the hyperlordotiс position of the animal resulted in an 
almost free access to the liver hilus and hence laceration of 
the liver did not occur. The survival times of the animals are 
listed in Table 4. 
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111. 3 . 2 . 2 . MaCLOòcoplcal and h¿itopathologicai {¡-Índ¿ngi 
In Group H a the anastomosis was found to be patent in four 
animals: PI, P4, P5 and P7. Three animals (P4, P5 and P7) were 
doing well, while number PI was in a bad general condition. 
The liver of P4, P5 and P7 showed an almost normal appearance. 
The portal spaces and the lobular architecture were accentuated 
by a slight increase of connective tissue. The liver of PI, how-
ever, showed cystic, degenerated hepatic lobules, centrally fill-
ed with an amorphous and/or finely granulated faintly stained 
substance, and the hepatocytes were found to be compressed at 
the periphery. Within these damaged lobules bacteria were detect-4 
ed which also filled small vessels. They also invaded the inter-
stices, more or less the intact hepatic parenchyma as well as the 
distinctly dilated lymphatics, but only occasionally the bile 
ducts. 
P3 succumbed two days p.o. and showed acute bacterial infect-
ion of the anastomotic region with necrosis of adjacent liver 
parenchyma and development of intra- and parahepatic abscesses. 
Portions of the duodenum were detached from the hepatic hilus, 
even at the level of the sutures. Several branches of the portal 
vein exhibited dense colonies of bacteria, and bacterial colon-
ies in hepatic veins indicated septicemia. 
P2 died five days p.o. The bottom of the' stomal wound was 
covered with cellular debris and fibrinoid exsudate. Granulation 
tissue of varying thickness was observed underneath the wound 
surface close to the liver parenchyma. The whole liver showed 
numerous areas of cystically transformed lobules, and a large 
number of central and other veins contained dense colonies of 
bacteria. In addition, cholangitis and ascites were present. 
P6 died after 25 days. The anastomosis was closed by abundant 
granulation tissue. In the parenchyma adjacent to the hilus, 
several large abscesses had developed, bordered by a thick abs-
cess membrane. Various micro-abscesses, particularly in the pe-
riportal region, were noted also. An incidental vein contained 
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bacteria. The probable immediate cause of death was an acute 
haemorrhagic gastritis, associated with septicemia. 
G-toup lib 
At the 14th postoperative day (P20) epithelial cells were ob-
served to arise from both the duodenal and ductular edge, part-
ially covering the interjacent raw surface. At the 23rd post-
operative day (P23) a continuous epithelial sheath between the 
duodenal and ductular edge was observed. In eight other survivors 
(PIO, P12, P13, P14, P15, P16, P18 and P21) a patent anastomosis 
was also found. The liver of P12, P13, P14, P15, P16,P18, P19,P20 
and P21 did not show any significant morphological alterations. 
The liver of PIO exhibited segmental haematogenous bacterial 
infections. The germs could only be demonstrated in the cystical-
ly changed lobules and in the central veins, but not in the bile 
ducts. 
In P17 the anastomosis was closed by scar tissue, 68 days 
post surgery. In this animal there was evidence of cholangitis 
that apparently had caused intrahepatic abscesses. 
Bile peritonitis, due to leakage of the anastomosis was the 
reason for the moribund condition at the 12th day in Pll. The 
liver did not show gross abnormalities. 
P9 suffered from haemorrhagic gastritis, 13 days post surgery. 
There was evidence of cholangitis and the anastomosis was ob-
literated by granulation tissue. The liver exhibited recent 
centri 1obular necrosis. 
P8 died 20 days p.o. The liver exhibited parenchymal in-
fection and an additional gastroenteritis and ascites had de-
veloped. The anastomosis was obliterated. 
Two types of anastomosis between the intrahepatic bile ducts 
and the duodenum were found in Group IIa and lib: 
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1. The most important being an anastomosis of the cut hepatic 
ducts with the duodenum which could be recognized macroscopic-
ally. The regenerated duodenal and ductular epithelium had 
joined to form a continuous epithelial lining covering the 
wound surface. Locally, a thick layer of dense collagenous 
connective tissue between the liver and respectively the new­
ly formed epithelium and duodenum had developed. 
2. In particular, although not exclusively, in instances of im­
paired bile flow proliferating cholangioles which had reached 
the duodenum at places where the intestinal musculature was 
interrupted and which obviously made contact either with duo­
denal crypts or with Brunner's glands were seen. 
No anastomoses between the intrahepatic biliary tree and 
the duodenal lumen could be found through intact muscular 
layers. Furthermore, bundles of cholangioles arising from ad­
jacent portions of the liver parenchyma were seen in contact 
with larger bile ducts. 
During the first 2 to 3 months after the operation, the lymph 
vessels in the hilar region and in the portal spaces were found 
to be extremely dilated. 
The preliminary investigations with Hch, SEM and ТЕМ methods 
were promising and many technical problems were solved. There­
fore, these methods will be included in the main experiment and 
will be described in detail in chapter IV.2.7.2, 2.7.3., 2.7.4. 
III.3.2.3. Bactzi-íotoglcat jindlngi 
Surprisingly, intestinal decontamination with various combin-
ations and concentrations of antibiotics and a fungistaticum did 
not result in negative Gram-negative cultures of the feces in 
any of the animals of Group lib. 
In eight animals (PIO, P12, P13, P15, P16, P18, P19 and P 2 1 ) , 
the aerobic and anaerobic bacterial culture of the peripheral 
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liver was negative. In P14, the aerobic culture was positive for 
Gram-positive sporiparous bacteria. In P17, the anaerobi с cui ture 
was positive for E. Coli. Both the aerobic and anaerobic culture 
of PIO were positive for E. Coil. 
In Pll, the aerobic culture revealed E. Coll, while the an­
aerobic culture was positive for E. Coll and zntzioco cel. The 
aerobic and anaerobic culture of the liver of P9 showed a mixed 
f 1 ora. 
III.3.3. Gtioup III 
All animals died respectively 9 (P22), 12 (P23), 14 (P24) and 
16 (P25) days p.o. 
They became jaundiced and their general condition deteriorated 
rapidly. At autopsy, ascites and a more or less severe intestinal 
haemorrhage was found. 
There was no evidence of lymphodigestive bile drainage through 
anastomoses between the liver and intestinal lymphatics. 
The morphological picture of these livers resembled that de­
scribed for Group I. 
III. 3.4. GfLQup IV 
The histology of the controls resembled those described ex­
tensively in IV.3.1. 
III.4. Ό lb cai i, Ion and concini lo ni 
The pilot study indicates that pigs can survive practically 
indefinitely on an always lethal resection of the extrahepatic 
bile ducts, if this procedure is combined with the establishment 
of a HPD and if complications fail to appear. After HPD, two 
types of anastomoses are recognized between the intrahepatic 
biliary tree and the duodenum. The first type has developed out 
of persistant openings of the hepatic ducts into the duodenum. 
The second is an anastomosis of proliferating cholangioles either 
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directly with the intestinal lumen, or indirectly, via Brunner's 
glands. The latter findings indicate that minute bile ductules 
are able to persist in a thick layer of granulation and fibrous 
tissue which indicates that they are not necessarily pinched off 
during or after the wound healing process. These findings suggest 
that (with respect to the diameter) the minute bile ducts in the 
hilus of infants with so-called incorrectable extrahepatic bili-
ary atresia are still able to develop anastomoses with the in-
testine. In addition cholangioductular contacts are observed and 
are considered to be shunts between non-drained and drained seg-
ments of the liver. Bile drainage through the intact wall of the 
intestine is notably absent, thus indicating the creation of an 
intestinal stoma as an essential step in the operating procedure. 
After HPD, infectious complications of both hatmatoginoai and 
CLiczncLlng nature occurred 4, respectively 2 times in Group IIa -
and 2, respectively 2 times in Group lib. They appeared to be 
either lethal or led to a moribund condition in five animals. 
Impairment of lymph drainage from the liver probably enhances 
this type of infection. The interruption of lymph flow is appar-
ently caused by the suturing procedure and pressure of the duo-
denum, that was fixed to the hilus. A similar situation has been 
encountered in experimental orthotopic liver transplantation 
(Schalm 1 9 7 5 ) . More than half of the dogs succumbed of either 
abscess formation or, of gangrene of the transplant. Systematic 
histopathological and blood culture studies revealed the haemato-
genous character in most infections of the liver graft. The in-
testines appeared to be the source of Gram-negative organisms. 
It was found that these complications could be prevented almost 
entirely by decontamination of the bowel prior to transplant-
ation. Gram-negative intestinal flora of pigs, obtained from 
different farms in the neighbourhood of Nijmegen (The Nether-
l a n d s ) , appears to be resistant to drugs used in decontamination 
of the intestine, i.e. K a n a m y ç i n e ( R ) , N e o m y c i n e ( R ) , Ceporacini R), 
and P o l y m i x i n ( R ) . Although the intestinal Gram-negative flora 
could not be eliminated in Group lib, infectious complications 
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were remarkably diminished when compared to Group IIa. It is 
hypothesized that this unexpected result is due to the elimin-
ation of the non-transient intestinal flora, which is fixed on 
the villi and which does appear to be sensitive to the anti-
biotics used. 
It is strongly suggested that acute local infection of the 
wound area causes abundant proliferation of granulation tissue, 
which in turn results in early obliteration of a previously open 
ductal-duodenal anastomosis. In three animals, local infection 
and/or leakage of the anastomosis occurred. We assume that these 
events are enhanced by disturbance of the local microcirculation, 
due to the suturing procedure. 
Lymphodigesti ve anastomoses do not appear to develop within the 
four weeks post operative period (Schweizer 1976, 1 9 7 9 ) . This may 
explain the absence of evidence of bile drainage through lympho-
digestive anastomoses in Group III, since the animals succumbed 
before such anastomoses could be established. In contrast, new-
born pigs are able to survive the ligation of the common hepatic 
duct much longer than older pigs. It is postulated that the bile 
metabolism differs between newborn and older pigs (Schweizer 
1 9 7 6 ) . 
From the results of this pilot study it can be concluded that: 
Pigs do not survive a resection and ligation of the extra-
hepatic ducts. 
The anatomical structure of the liver hilus of 8-10 week old 
pigs permits successful creation of a HPD. 
In principle, HPD provides a sufficient bile drainage and 
normal life expectation for the animals which would otherwise 
succumb within a few weeks due to bile drainage abolition 
after resection of the extrahepatic bile ducts. 
Local infection of the anastomosis and liver infections of 
both haematogenous and ascending nature are the most frequent 
complications after HPD. 
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Although attempts to decontaminate the intestine failed to 
diminish the Gram-negative intestinal flora, the number of in­
fectious complications decreased. These observations suggest 
that a further decrease of infectious complications can be ex­
pected after effective selective decontamination of the in­
testine. 
To achieve optimal surgical performance of HPD, the follow­
ing suggestions are made: 
a) The use of tiny suturing materials diminishes damage to the 
delicate structures of the liver hilus. Combined with 
standardisation of the operating procedure, the anastomosis 
can be carried out more precisely and within a shorter time. 
b) A hyperl ordotiс position of the animal is conducive for the 
upright positioning of the liver. Additional gentle pressure 
on the organ results in free access to the hilus and hepato­
duodenal ligament. This procedure allows maximal prevention 
with regard to damage to the liver parenchyma by mechanical 
traumati sati on. 
c) Covering of the liver and small intestine with wet gauzes, 
which are regularly moistened with a saline during the oper­
ation, reduces the extent of adhesions. 
d) During preparation in the hilar region, connective tissue and 
vessels are to be optimally spared in order to create a solid 
anastomosis and to diminish possibility of failure of the 
blood circulation in the hilar region and liver parenchyma. 
e) Cholecystectomy should not be performed until the HPD is 
finished. The gallbladder can eventually serve as a fixed 
point to exert an additional tractive force. 
II1.5. Summary 
In pigs, total obstruction of the bile flow led to a moribund 
condition within 15 days. 
To serve as model to examine the course of events after HPD, 
the 'hepatic duct was severed parallel to the liver surface in 
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twenty-one 8-10 week old pigs. The extrahepatic biliary tree was 
resected and HPD was carried out, which provided a sufficient 
bile flow enabling the animal to survive practically indefinitely 
if complications failed to appear. These findings demonstrate the 
life sustaining function of the bi1 i odi gesti ve anastomosis. In 
addition to the original anastomosis between larger intrahepatic 
bile duct(s) and the duodenum, cholangioles were observed making 
contact either directly with the intestinal lumen or, indirectly, 
via Brunner's glands. 
The most frequent and often lethal complications were in-
fections of both haematogenous and the ascending type. Local in-
fection and/or leakage of the anastomosis explained the cause of 
failure in several cases. 
Successful selective intestinal decontamination was not 
possible, due to resistance of the intestinal flora of the pigs 
to antibiotics commonly used for this purpose. However, in-
fectious complications diminished remarkably in the treated 
animals. 
Some suggestions to improve the surgical procedure of HPD 
were made. 
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CHAPTER II/. THE EXPERIMEMT 
II/.?. Introduction 
II/.7.7. A¿m o¿ l^ig. itudy 
The pilot study yielded a suitable model in which the course 
of events after HPD could be examined. Furthermore, in 8-10 week 
old pigs with severed extrahepatic bile ducts, HPD proved to 
provide a practical indefinite sufficient bile flow, if complic-
ations failed to occur. The main complications observed were: 
detachment of the duodenum at the anastomotic side, infection of 
the anastomotic area, haematogenous infection of the liver paren-
chyma, ascending cholangitis and closure of the anastomosis. The 
most postoperative complications appeared within the first three 
weeks. 
A disturbance in the wound healing process of the anastomosis 
may cause acute failure, or may cause abundant formation of 
granulation tissue and, in a later stage, severe scarring or 
even closure of the anastomosis. 
Therefore, insight in the wound healing process of the anasto-
mosis a-ppears to be of great importance. 
Infectious complications can be expected to occur especially 
during the direct postoperative period. These complications may 
be caused by a) passage of bacteria through the intestinal wall, 
due to stress (de Kruijf 1979) and/or manipulation of the bowel 
during surgery (Schalm 1975), and b) infections of the anasto-
mosis before mucosal continuity is established (Seashore 1977). 
Therefore decontamination of the intestines, especially before 
and shortly after the operation seems to be beneficial. 
Experimental hepatoportoenterostomies have been observed to 
be closed after about six weeks (Schweizer 1976), indicating the 
necessity to observe the animals for a longer period of time. 
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Based on data and considerations mentioned above the aim of 
the experiment was established: 
1. To investigate the wound healing process of the anastomosis, 
in particular the epithelialisation process. 
2. To evaluate the condition of the liver and the bile drainage 
system as well as complications that can occur up to 12 weeks 
after the operation. The attention was especially focussed on: 
a) The effect of selective decontamination of the intestines 
during a short period of time pre- and postoperatively. 
b) The morphological, functional and bacteriological condit­
ion of the liver. 
c) The morphology of the anastomosis, particularly the char­
acteristics of the epithelium. 
3. To evaluate the condition of liver and bile drainage system, 
as well as the complications up to 11 months after the oper­
ation. The attention was especially focussed on: 
a) The morphology of the anastomosis. 
b) The morphological and functional condition of the liver. 
The preliminary SEM, ТЕМ and Hch investigations in the pilot 
study appeared to provide relevant additional data to LM. There­
fore, these methods were used in this experiment. Enzyme histo­
chemistry was used as a marker for the different tissues, TEH 
revealed the ultrastructure of the cells, while relatively large 
surface areas could be observed using SEM. 
9 9m Recently, hepatobiliary scintigraphy with Tc-marked agents 
has become available. Examination of both the condition of the 
liver and the bile flow before and after the operation was 
carried out in several animals using this new technique, so that 
more experience with this technique under these conditions could 
be obtained. 
An introduction to several topics to be investigated in this 
experiment, i.e. wound healing, selective decontamination of the 
intestines and 99 mTc hepatobiliary scintigraphy seems to be ap­
propriate and is given in the following paragraphs. 
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Il/.Í.Z. Wound hzai-tng* 
In wound healing two main processes are set in motion almost 
simultaneously: a) -in{¡¿a.mmat^.on and b) A.egene^.a-t-con on. хгра^к. 
a) Inllammat-Lon. Although various definitions of inflammation 
are given in literature, an appropriate interpretation of 
inflammation is that of a. local-Liza piotzctivz кгьроплг. ZI-LZ-
A-tzd by ¿njuKy Oft. dzotSLULCt-LOn o-d t-L&iixz, wh-Lzh izuvzi, to 
dz&tfioy, d4.lutz on. mall оЦ both tkz -cnjun-couo agznt and thz 
-LYiiafizd t-Liiaz (Dorland 1974). In most types of inflammation 
plasma proteins and leucocytes penetrate into the injured 
tissue, and is enhanced by increased vascular permeability 
( zxt> adatto n). At the onset of leucocytotic infiltration, PMN 
cells predominate over macrophages. Both types of cells play 
an important role in the control of infection. They are able 
to phagocytize microbial as well as non-microbial materials. 
The granules of PMN cells contain lysosomal enzymes and 
alkaline phosphatase. During acute inflammation in wound heal­
ing, macrophages are the main phagocytic cells. Their gran­
ules contain lysosomal enzymes. Mast cells contain heparin, 
histamine and hydrolytic enzymes, and influence the permeab­
ility and dilatation of capillaries. In c h r o m e inflammation 
lymphocytes and plasma cells are involved in antibody pro­
duction. 
b) Rzgznzn.at-tun and nzpa^n. Regeneration is initiated with the 
ingrowth of blood and lymph vessels and fibroblasts into the 
inflamed area. The buds of ingrowing blood vessels give the 
tissue a special appearance, which is typically called дкап-
ulat-Lon t-Lòiaz. The ingrowth of new vessels in the inflamed 
area plays an important role in maintaining the increased 
•Reviewed after McMinn (1969), Raekallo (1970), Dorland (1974), 
van Hattum (1978, 1979) and James (1979). 
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metabolic processes. During the subsequent process of i-ibfioui 
tliiaz {¡oimati-on, in addition to abundant ground substance, 
structured extracellular materials such as collagen and 
elastin are laid down by fibroblasts. Locally the latter de-
velop internal bundles of contractile fibrils and are then 
called myofibroblasts. Myofibroblasts are considered to be re-
sponsible for the contraction of the healing tissue. 
In the intestines the epithelial lining plays an important 
role in digestive and absorptive processes and protects the 
underlying tissue against mechanical, chemical, physical, 
bacterial and osmotic influences. Re-epithelialisation begins 
directly after the injury. The concept of a "lag phase" is ob-
solete. The epithelium of the intestines and the bile ducts 
regenerates from undamaged cells adjacent to the wound margin. 
Generally the re-epithelialisation occurs in three phases: 
IÁobÁ.Z¿iat¿on and mlQiat-ion. 
At the wound margins the contact between the epithelial cells 
becomes looser. Subsequently they become flattened, develop 
cytoplasmic protrusions and start to migrate. 
YKoll^zKCLtiun 
In both the intestinal and the bile ductular epithelium pro-
liferation is a predominant feature of cryptai cells. 
Viidzizntlatloη 
The proliferating and migrating cells exhibit both morpho­
logical and metabolic changes. During the ensuing phase of 
differentiation, the morphological, physiological and chemical 
features of the cells gradually return to those, characterist­
ic for the original epithelium. Crypts regenerate by a down-
growth of epithelial cells into the underlying tissue. The 
muscular layers do not regenerate. 
In the healing process both anabolic and catabolic pro­
cesses are involved. These events are catalysed by enzymes, so 
that the ability to recover from injury is also reflected 
through the presence of enzymes. Therefore, localisation of 
enzyme activity usi ng enzyme histochemical methods allows to 
mark the different metabolic processes and to distinguish 
various tissue components. Since metabolic processes are usually 
elevated in the wound area, in particular in granulation tissue, 
a decrease in enzyme activity associated with an inflammatory 
process seems to be indicative of early necrosis. 
Wound healing may be disturbed by a poor general conditionand 
by local factors such as infection, disturbances of circulation 
and delayed re-epithelialisation. Severe traumatisation of the 
wound edges and delicate newly formed epithelium results in de-
layed epitheli al isation. The surface of the defect is of utmost 
importance for the migration rate of epithelial cells. Necrotic 
tissue and fibrin clots may retard or even inhibit migration of 
epithelial cells, whereas a smooth and clean wound surface 
markedly contributes to a rapid re-epitheli al isation. It is ob-
vious that a disturbed wound healing is the cumulative effect of 
a variety of factors. 
If.J.S. Selective dzcontam¿natioη o{, thz ¿ntzitlnui 
Bacteria of several species belonging to the physiological 
flora of the intestinal tract can invade the host when the re-
sistance to infection is lowered. In pathological conditions, 
they may be carried into the liver by the venous mesenteric and 
portal blood stream. Most non-pathogenic Enttfiobactzilaczae. can 
cause local or generalised infections in animals treated with 
immunosuppressive drugs or in animals under experimental cond-
itions (stress, de Kruijf 1979). 
Experiments with mice revealed the possibility to eliminate 
EntziobactzfLiaciCLz. entirely for prolonged periods of time (van 
der Waaij 1968a, b ) . Entire decontamination of the digestive 
tract by oral administration of non-resorbable antibiotics is 
increasingly being used to prevent infections with common in-
testinal flora. However, entire decontamination therapy carries 
the potential hazard of overgrowth of resistant bacteria. Also, 
only very small numbers of resistant bacteria are needed to 
colonize a decontaminated individual, because of previous elim-
ination of the anaerobic species responsible for the coloniz-
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ation resistance in the digestive tract (van der Waaij 1 9 7 1 ) . 
Therefore, decontamination should be designed to eliminate 
Ailzct-ivuly the intestinal flora, leaving anaerobic species un-
affected. Prophylactic treatment with a fungi stati cum is re-
commended in order to avoid fungal overgrowth of the intestines, 
due to a diminished colonization resistance during decontamin-
ation. 
II/. 1 . 4 . mTc-VliLthql-lVK hzpatoblllaxy ic¿nt¿gnaphy* 
Hepatobiliary scintigraphy with Tc-diethyl - IDA is relative-
ly new. The possible applications of this radiopharmaceutical 
are : 
a) Visualisation of the liver, biliary tract and pathological 
foci by means of serial scintiphotos. 
b) Kinetic investigations, assessing liver function. During a 
certain time period, activity over a circumscript area of 
interest can be measured. Subsequently, time/activity curves 
can be obtained from which functional parameters can be 
computated. 
Generally, the radiopharmaceutical used in hepatobiliary 
scintigraphy must have the following favourable physical and 
pharmaceutical properties: 
1. low radiation burden 
2. appropriate imaging features 
3. rapid blood clearance by the liver 
4. low cumulative urinary excretion 
5. high cumulative biliary excretion 
6. low absorption rate in the intestine. 
In addition, the radiopharmaceutical must be easily available. 
^^
n lTc-diethyl- IDA meets all these requirements, making use of 
•Reviewed after Loberg (1976), Biersack (1977), Ciaessens (1977), 
Ryan (1977), Tjen (1977, 1 9 7 9 ) , Wistow (1977), Nielson 
(1978) and Reichelt (1978). 
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hepatobiliary scintigraphy with this radiopharmaceutical a 
simple, non-invasive method with a minimum of inconvenience and 
risk. In contrast to routine radiologic investigations of the 
biliary system, the applicability of hepatobiliary scintigraphy 
is less dependent on the serum bilirubin level, i.e. visualis-
ation of the biliary system and a reliable diagnosis can be ob-
tained if the serum bilirubin level is 5 mg/100 ml or less. To 
investigate the functioning of a surgically created biliodigest-
ive anastomosis direct postoperatively and after different 
periods of time, Tc scintigraphy is of great value. There is 
to this date, however, little experience with regard to the dia-
9 9m gnosis of biliary atresia using Tc-diethyl-I DA. But, because 
of its favourable physical and pharmaceutical properties, the 
use in further investigations is indicated. 
II/.Z. MatzKlali, and m&thodi 
II/. 2. I. Thz animal 
In the pilot study it was found that the intestinal Gram-
negative flora of common farm pigs obtained from different farms 
in the neighbourhood of Nijmegen, The Netherlands, are resistant 
to antibiotics commonly used in decontamination of the in-
testines. However, pigs obtained from the "Cofok" breeding farm, 
Oosterhout ( G l d . ) , The Netherlands, bred under special condit-
ions, appeared to have an intestinal flora with sensitive 
ï.ntziobactz>ilacQ.a.e.. The origin and method of breeding of these 
pigs was not revealed for commercial reasons. 
In this experiment, 7-9 week old female pigs, obtained from 
the latter breeding farm, served as the experimental animals. 
The pigs in the control group, however, were 20 weeks old. 
IV.Î.Î. Thz zxpzfilmzntal дкоирі 
Hepatoportoduodenostomy was carried out in 51 cases, while 4 
animals served as controls. 
59 
The animals were classified into four groups: 
Gtioixp I Four not operated animals (B1-B4) served as controls 
for morphological examination of the liver, extra-
hepatic bile ducts and duodenum (Table 5 ) . In ad-
dition, those clinical chemical parameters were de-
termined, which were used in the experiment. 
Gfioup II This group consisted of 23 animals (W1-W23) in which 
a HPD was carried out. 
The animals were sacrificed at different intervals, 
1 to 21 days after surgery in order to investigate 
the wound healing process of the anastomosis (Table 
6 ) . The anastomosis and specimens of the peripheral 
liver were examined morphologically. 
Giomp III This group consisted of 26 animals in which a HPD 
was carried out. The group was further subdivided 
into two subgroups, i.e. I I I N ( N 1 - N 1 3 ) and I I I D ( D 1 -
D 1 3 ) , both consisting of 13 animals (Table 7 ) . In 
contrast to the animals in Group III N, the intestines 
of the animals of Group III were selectively de-
contami nated. 
In several animals hepatobiliary scintigraphy was 
carried out. 
All animals were sacrificed after about 12 weeks, 
unless their poor general condition or spontaneous 
death led to an earlier termination of the experi-
ment. At the time of sacrifice, blood samples were 
taken for clinical chemical examination and cultures 
of peripheral liver tissue were carried out. The 
anastomosis and specimens of the peripheral liver 
were examined morphologically. 
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GA.OUP II/ The two animals of this group (LI, L2) were sacri­
ficed about 11 months after the operation. Hepato­
biliary scintigraphy and clinical chemical examin­
ation was carried out. The anastomosis and specimens 
of peripheral liver were examined morphologically 
(Table 8 ) . 
ТаЫг 5. The experimental Group I. 
morphological examination clinical chemistry 
no 
В 
В 
В 
В 
1 
2 
3 
4 
d 
b 
uodenum, 
ile ducts 
LM 
Hch 
ТЕМ 
SEM 
peri pheral 
1 iver 
LM 
LM, Hch 
LM 
LM 
+ 
+ 
+ 
+ 
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Table. 6. The e x p e r i m e n t a l Group I I . 
morphological examination 
survival anastomosis peripheral 
no. (days p.o. ) l i v e r 
W 1 
W 2 
M 3 
W 4 
W 5 
W 6 
W 7 
W 8 
W 9 
W 10 
W 11 
W 12 
H 13 
W 14 
W 15 
W 16 
W 17 
W 18 
W 19 
W 20 
W 21 
W 22 
W 23 
0 
0 
1 
1 
2 
2 
3 
4 
4 
5 
5 
6 
6 
8 
8 
9 
12 
12 
14 
16 
19 
20 
21 
s 
d s 
s 
s 
s 
s 
s 
s 
s 
s 
s 
s 
s 
s 
d s 
s 
s 
s 
s 
s 
s 
s 
s 
-
LM 
Hch 
SEM,ТЕМ 
Hch 
SEH,ТЕМ 
Hch 
Hch 
SEM,ТЕМ 
Hch 
SEM,ТЕМ 
Hch 
SEM 
SEM 
LM 
Hch 
LM 
SEM,ТЕМ 
Hch 
SEM 
LM 
SEM 
Hch 
-
LM 
Hch 
-
Hch 
-
-
Hch 
LM 
-
LM 
Hch 
LM 
LM 
LM 
Hch 
LM 
LM 
Hch 
LM 
LM 
LM 
Hch 
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Table. The experimental Group III. 
no. 
N 
N 
N 
N 
N 
N 
N 
N 
N 
N 
N 
N 
N 
D 
D 
D 
D 
D 
D 
D 
D 
D 
D 
D 
D 
D 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
survival 
(days 
84 
84 
84 
84 
84 
84 
84 
59 
96 
97 
64 
84 
95 
84 
83 
83 
34 
91 
32 
89 
21 
98 
83 
102 
84 
84 
p.o.) 
s 
s 
s 
s 
s 
s 
s 
d s 
s 
s 
s b с 
s 
s 
s 
s 
s 
d s 
s 
s b с 
s 
d s 
s 
s 
s 
s 
s 
morphological 
anastomosis 
SEM 
LM 
LM 
SEM 
LM 
Hch 
Hch 
LM 
LM 
TEM 
Hch 
LM 
LM 
Hch 
Hch 
LM 
LM 
LM 
LM 
LM 
LM 
LM 
SEM 
LM 
SEM 
TEM 
examination 
peri 
1 
Hch 
Hch 
Hch 
Hch 
Hch 
¡pheral 
liver 
LM 
LM 
LM 
LM 
LM 
,LM 
,LM 
LM 
LM 
LM 
,LM 
LM 
LM 
,LM 
.LM 
LM 
LM 
LM 
LM 
LM 
LM 
LM 
LM 
LM 
LM 
LM 
scintigraphy 
-
-
-
-
-
-
-
-
+ 
-
-
-
+ 
-
-
-
-
-
-
+ 
+ 
+ 
-
+ 
-
-
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Table. S. The experimental Group IV. 
morphological examination 
survival anastomosis peripheral scintigraphy 
no. (days p.o.) liver 
L 1 333 LM, Hch LM, Hch + 
L 2 341 LM,Hch,ТЕМ,SEM Lm, Hch + 
II/.2.3. Рке.- and po .4 ti at g -с cal ganz 
Housing in groups of 3-4 animals was preferred. 
The pigs were fed with food pallets containing all essential 
nutrients (Biggenkorrels С. van Heeswijk, Veghel, The Nether­
lands) 0,5-1 kg/day, depending on the body weight. Drinking water 
was provided ad libitum from an automatic watering system during 
the whole experimental period. Three days before the operation 
the animals were set apart. The dry food was mixed with water 
during the following 2 days to allow the animals to become fam­
iliar with semi-liquid food. The day before the operation the 
feeding was stopped. In attempt to enhance the healing process 
of the anastomosis, the animals were fed with 2 liters of milk 
per day during the first 2 postoperative days. In the ensuing 
2 days the milk was mixed with baby pap (Nutrix( R), Nutricia, 
Zoetermeer, The Netherlands). At day 5, the baby pap was re­
placed by dry food and the milk by water. On the 11th post­
operative day the diet was replaced by normal food. 
After operation the animals were kept in a warmed compartment 
(23° C) overnight to recover from the operation. 
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II/. 2.4. An&òthziia 
As preanesthetic medication Vetalar(^) 5-10 mg/kg body weight 
and atropine sulphate 0.025 mg/kg body weight was given intra-
muscularly. General anesthesia was induced with Nesdonal (R; 15 
mg/kg body weight intravenously, followed by endotracheal in-
tubation. 
The endotracheal tube was connected to a semi-open artificial 
respirator (Amsterdam Infant Ventilator MK II, Hoek-Loos, Amster-
dam, The Netherlands or Engström Respirator ER 300, LKB, Bromma, 
Sweden) and intermittent positive pressure ventilation was start-
ed. General anesthesia was continued with Fluothaneí^) in a con-
centration of 1 %, in a 2:1 mixture of NjO and O2· The tidal 
volume was 20 ml/kg body weight and the respiration frequency 
20 strokes per minute. 
II/. 2. 5. Sulglcai рл-о ceda-te 
The surgical procedure for HPD has been established and 
standardized in the pilot study. Following this technique HPD 
was carried out in this experiment as described below: 
After endotracheal intubation the abdominal wall of the anim­
al was shaven and washed with iodine soap and 70 % ethanol. The 
animal was restrained in a hyperlordotiс position on a prewarmed 
operating table. The hyperlordotic position was attained by 
placing a few folded cloths under the back of the animal at the 
level of the thoracolumbar transition. The abdominal wall was 
desinfected with a tincture of iodine and draped with sterile 
towels. The abdomen was opened by a median incision extending 
from the xiphisternum to a few centimeters under the umbilicus. 
The small intestine was displaced caudally and covered with wet 
gauzes. The liver, already slightly dorsally positioned by the 
hyperl ordotic position of the animal, was covered with wet 
gauzes and turned even more dorsally by gentle pressure. During 
surgery the gauzes were kept wet with saline. 
In the ensuing step, the hilus of the liver and the hepato-
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duodenal 1 igament were exposed. After opening of the hepatoduodenal 
ligament the extrahepatic bile ducts were mobilised followed by 
ligation and transsection of the cystic artery and cystic duct. 
The blood and lymph vessels within the hepatoduodenal ligament 
and of the ligament itself were spared as much as possible. To 
prevent unnecessary damage to the delicate hilar structures the 
use of diathermocoagulation in the hilar region was avoided as 
much as possible. 
At a distance of about 5 cm from the pylorus, 4-5 threads 
(5-0 silk, c-1 needle) were inserted in the wall of the duodenum 
at the antimesenteri с side in preparation for the fixation of 
the duodenum to the hilus. After ligation and transsection of the 
common bile duct near the duodenum, the hepatic duct was cut 
flush with the liver surface (Fig. 1 0 ) . In most instances, how­
ever, two hepatic ducts were found in the hilus necessitating a 
double cut flush procedure. Continuous suction drainage prevent­
ed bile leakage into the abdominal cavity as much as possible. 
The threads of the future supporting sutures were drawn through 
the portal vein adventitia and neighbouring hilar connective 
tissue in 3/8 circle pattern and at a distance of about 5 mm 
from the cut hepatic duct (Fig. 1 1 ) . The duodenum was fixed to 
the hilus by tieing the threads. The threads were cut except for 
the two at the corners which served as supporting ligatures for 
traction and orientation. A hole of appropriate size to enclose 
the cut end(s) of the hepatic duct(s) was made in the duodenum 
opposite to these opening(s) (Fig. 1 2 ) . 
The middle of the posterior border of the opening in the duo­
denum was fixed with 6-0 nylon (Prolene( R)> Ethicon, Norderstedt, 
W-Germany) 2 χ c-1 needle to the portal vein adventitia. From 
this point the posterior edge of the opening was sutured to the 
portal vein adventitia and the neighbouring hilar connective 
tissue with a running suture in both directions, which was tied 
in the corners (Fig. 1 3 ) . The armed threads were not cut. Out of 
one corner, the anterior edge of the opening was fixed to the 
liver edge with the armed thread in that corner with a running 
suture. In the other corner this thread was tied with the other 
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armed thread. This procedure resulted in the enclosure of the 
cut hepatic duct(s) in the opening in the duodenum, providing 
direct bile drainage into the duodenal lumen (Fig. 1 4 ) . Some 
supporting sutures (5-0 silk, c-1 needle), placed between the 
duodenum and the liver, finished the HPD (Fig. 15). Finally, 
cholecystectomy was carried out and the abdomen was closed in 
three layers. No drains were placed. 
F-cg. /0. The extrahepatic bile ducts are ligated and ex-
tirpated. The threads of the supporting sutures 
are inserted to the duodenum. 
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Рч.д. //. The threads of the supporting sutures are in­
serted to the adventitia of the portal vein. 
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Fig. 12. The duodenum is opened after it has been fixed 
to the adventitia of the portal vein. The threads 
in the corners are not cut. From the middel of 
the future posterior border a start is made with 
the posterior running suture. 
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Tig. 73. The posterior edge of the opening in the 
duodenum is fixed at the adventitia of the 
portal vein and the hilar connective tissue. 
The needle bearing threads are tied in the 
corners but are not cut. 
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T¿g. Ì4. The anterior border is fixed to the liver. 
A start is made with the anterior row of 
supporting sutures. 
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Fig. 15. The anterior row of supporting ligatures 
completes the HPD. Cholecystectomy is 
carried out. 
73 
II/. 2.6. Sulglcat diòòzatlon 
The day before surgical dissection the animal was placed in a 
separate cage to fast. The dissection was performed under general 
anesthesia. As premedication Vetalar( R) 5-10 mg/kg body weight 
and atropine sulphate 0,025 mg/kg body weight was given intra-
muscularly. General anesthesia was induced with N e m b u t a l ^ ) 
intravenously in an ear vein. Occasionally, an additional dosis 
of Nembutal^ ' was necessary to achieve a sufficient anesthesia, 
particularly in older animals. After the induction of the narc-
osis, 100 % O2 was administered through an introduced endo-
tracheal tube which was connected with a semi-open system 
(Magill system). Blood samples were taken from a canulated neck 
vein for clinical chemical examination. Immediately thereafter, 
1 ml of Thromboliquine( R) was injected in the same vein to pre-
vent blood clotting. The abdomen was opened and in the selected 
cases one or two specimens of 20-50 cm^ of liver tissue were ex-
cised for bacteriological examination. Then the thorax was 
opened, the thoracic aorta canulated and the inferior cavai vein 
transsected just above the diaphragm. Depending on the body 
weight of the animal 1-2 1 of a physiological salt solution (at 
room temperature) and thereupon a fixative were infused. The 
perfusion pressure was about 65 cm H2O. 
The prefixed liver and the adherent loops of the bowel were 
removed from the abdomen. The anastomotic area was prepared free 
and excised. Subsequently the liver was lamellated into 1 cm 
thick slices and 4-7 pieces of about 3 cm 3 were excised from the 
different liver lobes as well as from the areas that appeared to 
be pathologically changed. Final fixation of the samples was 
achieved by immersion into the appropriate fixative. 
In the two animals of Group IV, the prefixation by perfusion 
had been omitted for practical reasons. 
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І ЛЛ. Moiphologlcal mzthoái, 
IV .2.7 .1. Light mioioòcopy 
Phosphate buffered formaldehyde (4 percent, totally 2-4 1) at 
room temperature, served as the perfusion fixative. If no per-
fusion had been carried out (in the case of proposed enzyme histo-
chemical examination, see IV.2.7.2.) or an other fixative had 
been used for perfusion (for electron microscopical examination, 
see IV.2.7.3. and IV. 2 . 7 . 4 . ) , the peripheral liver samples col-
lected for light microscopy were immersed into 4 % phosphate 
buffered formaldehyde at room temperature after excision. All 
samples were kept in the same fixative at room temperature for at 
least 7 days and subsequently rinsed in tap water for 18 hours. 
Two different procedures of dehydration and embedding were 
applied for respectively the anastomotic area and the peripheral 
liver samples: 
A. AnaotomotJ-C- α,κζα 
Dehydration was achieved by immersion into an ascending series 
of aequous ethanol (50 till 100 %) followed by immersion into 
carbon disulfide for 48 hours. Via a saturated solution of 
paraffine in carbon disulfide (in a GCA vacuum infiltrator at 
10 5 P a s c a l ) , the samples were immersed into pure paraffine. 
After embedding into paraffine, sections (5-7 ym) were cut 
with a Jung 1140 rotating microtome (Reichert, Jung: Heidel­
berg, W-Germany). Serial cutting was carried out in the 
regions of interest in order to reconstruct the three-dimens­
ional microarchitecture of the anastomotic area. 
B. ?zKiphiial llvzi mmplzi 
Dehydration by immersion into an ascending series of aequous 
ethanol (70 till 100 %) was fol lowed by immersion into chloro­
form for 4 hours. Via a mixture of chloroform and paraffine 
the samples were immersed into pure paraffine and embedded. 
Sections (5 ym) were cut with a Jung 1140 rotating microtome 
(Reichert, Jung; Heidelberg, W-Germany). 
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Three staining methods were performed routinely (nr. 1-3) and two 
others in selected cases (nr. 4 and 5 ) : 
1. Goldner trichrome staining, modified after Jerusalem (Jeru­
salem 1963). 
2. Iron haematoxylin-azophloxiη after Weigert (Romeis 1968). 
3. Gram, modified after Taylor (Taylor 1966). 
4. Periodic Acid Schiff (Romeis 1968). 
5. Methyl-green-pyroniη (Kurnick 1952). 
II/.Ζ.7.2. Enzymz hlitochímlitfiy 
For this method heparinisation, perfusion and further fix-
ation was omitted. The excised tissue samples were immediately 
frozen in isopentane, cooled by solid carbondioxyde in acetone 
at -70° C, and stored in a freezer at -96° С until use. The 
anastomotic area was sectioned in a special manner. At regular 
i nterval s several 10 μΐη sections were collected and one section 
was instantly stained with a multiple stain (Paragoni^), с and 
С со., Bronx; N.Y., USA) to determine where the particular le­
vels of interest are situated, while the small slices of tissue, 
intermediate between the instantly controlled planes were re­
jected. This procedure offered an opportunity to reconstruct the 
threedimensional microarchitecture of the anastomotic area. At 
the levels of interest, for example just before a bile ductal 
stoma was reached, 10 ym serial sections were cut for histo-
chemical processing. Cutting was performed with a Walter Dittes 
cryostat (Heidelberg, W-Germany) at -25° С Serial sections were 
stored in a freezer at -96° С and were used within 7 days. 
Seven enzyme histochemical reactions were performed routinely: 
1. Succinic dehydrogenase (Nachlas 1957) 
2. Glycerol-3P-oxydase (Wattenberg 1960) 
3. α-glucan Phosphorylase (Meyer 1968) 
4. Acid phosphatase (Meyer 1972) 
5. Alkaline phosphatase (Burstone 1962) 
6. Magnesium-activated adenosine triphosphatase (Wachstein 1957) 
7. 5'-Nucleotidase (Wachstein 1957) 
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Additionally, 8. a Periodic Acid Schiff reaction (Lojda 1976) was 
done. 
The sections were mounted in glycerine jelly (1, 2 and 4) or 
in kit (Euparal( R) Chroma; Stuttgart, W-Germany) (3, 5, 6, 7 and 
8 ) . In addition, frozen sections of the levels of interest were 
fixed in 2 % glutaraldehyde, stained in haematoxylin-eosiη and 
mounted in Euparal l ; (Chroma; Stuttgart, W-Germany). 
II/.2.7.3. Scann¿ng tZe-ctfion mZcfioòcopy 
As perfusion fixative, 2 1 of diluted Karnovsky's fixative 
(2 7o paraformaldehyde and 2,5 % gl utaral dehyde in 0.1 M phos-
phate buffer (pH 7.4) at 4° С and subsequently 1-2 1 of undi­
luted Karnovsky's fixative (4 % paraformaldehyde and 5 % glutar-
aldehyde in 0.1 M phosphate buffer (pH 7.4)) at 4° С was used. 
Subsequently the anastomotic area was immersed into undiluted 
Karnovsky's fixative at 4° С for 3 till maximal 48 hours, follow­
ed by rinsing in 0.1 M phosphate buffer (pH 7.4) for 18-48 hours. 
The area of interest was cut out and was postfixed in 1 % osmium 
tetroxyde in 0.1 M phosphate buffer (pH 7.4) at room temperature 
for 1 hour. The samples were dehydrated in an ascending series 
of acetone (30 % till 90 %) and processed by the Critical Point 
Method, using liquid carbon dioxyde. Dried, mounted specimens 
were coated with gold and examined with a scanning electron 
microscope at 12 KV (PSEM 500, Philips, Eindhoven, The Nether-
1 ands ). 
II/. 2.7. 4. TfLanim¿ii¿on elec-t-tow тіскоісору 
As perfusion fixative 2 1 of 2,5 X glutaraldehyde in 0.1 M 
phosphate buffer (pH 7.4) at 4° с and 1-2 1 of 5 % glutaralde-
hyde in the same buffer at 4° C were used. The excised anasto­
motic area was immersed into 5 % glutaraldehyde in 0.1 M phos­
phate buffer (pH 7.4) at 4° C for 18 till 48 hours. Subsequently 
the sample was rinsed in 0.1 M phosphate buffer (pH 7.4) at 4° С 
for 3 till 48 hours. Taking into account the intended plane of 
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investigation, the interesting areas of the sample were cut into 
slices or blocks and rinsed in 0.1 M phosphate buffer (pH 7.4) 
at 4° С for about 1 hour. Postfixation was obtained by immersion 
into 1 7o osmium tetroxyde in 0.1 M phosphate buffer (pH 7.4) at 
room temperature for 1 hour. Then the tissues were rinsed in 0.1 
M phosphate buffer (pH 7.4) at 4° С for at least 2 periods of 
half an hour or overnight. Dehydration was performed in an as­
cending series of aequous ethanol (30 % till 100 %) and the 
specimen transferred via a mixture of propylene oxyde and epoxy-
resin (1:1) into pure epoxyresin as embedding medium (Luft 1961). 
The blocks and slices were oriented in a special way in Beem 
capsules. Polymerisation was obtained at 47° С for 24 hours and 
at 60° С for another 24 hours. 
Semi-thin sections (0,5-1 μΐη) were cut with glass knives made 
on a Knifemaker (7800B, LKB, Bromma, Sweden) and examined either 
unstained with a phase contrast microscope, or after staining 
with 5 % toluidine blue in 5 % borax solution with a light micro­
scope to select the relevant areas. Thin sections (60-80 nm) were 
cut with glass knives and picked up on copper grids (100 m e s h ) . 
The sections were double contrasted with aequous 3 % uranyl ace­
tate (Watson 1958), and lead citrate (Reynolds 1963). After the 
last rinse the grids were carefully blotted with filter paper 
and air-dried. The sections were examined in an electron micro­
scope (EM 300, Philips, Eindhoven, The Netherlands) at 60 KV, 
objective diaphragm 15 till 30 μΐη. 
Several samples, that were first examined by the scanning 
microscope were made suitable for transmission electron micro­
scopy. They were rinsed in propylene oxyde for 30 minutes and 
transferred into a mixture of propylene oxyde and epoxyresin 
(1:1). From this moment further processing was identical to that 
described above. 
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II/.Ζ.S. Ciinícai chumiitny 
Using the "Biochemica Test Combination" (Boehringer GmbH 
Mannheim, W-Germany) four serum enzymes and two serum constit-
uents were determined spectrometrically (Spectronic 70, Bausch 
and Lomb, U S A ) . 
1. Alkaline phosphatase 
2. γ-glutamyl-transpeptidase 
3. Glutamate-oxalacetate-transaminase 
4. GÌ utamate-pyruvate-transaminase 
5. Total bilirubin 
6. Direct bilirubin. 
II/.Z.9. HzpatoblliafLij iCintZgiaphy 
II/.2.9.Í. Thz n.adiophaKma.czu.tica.1 
N (2,6-diethylacetanilido) iminodiacetic (di ethyl-IDA, Solco 
Hidat >) is labeled with Tc pertechnetate (Product Inform-
ation, Solco, Basel, Switzerland). The resulting radiopharma-
99m f R1 
ceutical ( Te Solco Hida^ ; ) exhibits several advantageous 
features making scintigraphy with this agent a simple, non-
invasive method with a minimum of inconvenience and risk 
(Wistow 1 9 7 7 ) : 
- fast blood clearance 
- good liver cell uptake 
- high cumulative biliary excretion 
- low cumulative urinary excretion 
- physical half time of six hours 
- low radiation burden. 
II/.2.9.2. Mzthod 
The day before scintigraphy food was withheld, but the anim-
als had access to drinking water ad libitum. Scintigraphy was 
carried out under general anesthesia. As premedication, 
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I R 1 Vetalar^ ' 5-10 mg/kg body weight and atropine sulphate 0,025 mg/ 
kg body weight was given intramuscularly. General anesthesia was 
( R ) induced with Nembutal* ' 10 mg/kg body weight intravenously in 
an ear vein followed by endotracheal intubation. The endotracheal 
tube was connected to a semi-open system (Magill system). Re­
spiration was spontaneous. 
General anesthesia was maintained with Fluothane v ; in a con­
centration of 1 % in a 2:1 mixture of N2O and O^· 
The animals were restrained in a supine position and the de­
tector of the gamma camera was placed on top of the region of 
the heart and the liver allowing to take anterior-posterior 
images. In the two animals of Group IV, the gamma camera could 
not cover both the regions of the heart and the liver because of 
the large size of the liver allowing the registration of the 
activity only in the region of the latter organ. For this study 
the Picker Dyna camera II system provided with a computer-
assisted Image-Enhancement-System was used. The system consists 
of a 16K PDP8/E computer, a Teletype, a Tektronix 4010 display 
terminal, a storage scope, a Polaroid camera scope fitted with 
computer-controlled rotating colour filters (for obtaining 
colour-coded Polaroid scintiphotos), and a RK 05 disc system for 
data storage. A gamma camera provided with a data processing 
system combines the possibility of imaging with that of dynamic 
activity curves. Immediately after injection of 500-1000 μΟι 
Tc Solco H i d a ( R ) (Basel, Switzerland) in an ear vein, data 
processing was started. 
II/.Z.9.3. Se-Ï-ial idntlQiami 
After i.v. injection of the radiopharmaceutical serial 
polaroid scintiphotos were made at about 5 minute intervals for 
50 minutes. 
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ZV .2 .9 .4 . Тл.тгІ activity c.ulve.& 
Rectangular regions of identical size were chosen to deter­
mine the activity of the heart, peripheral liver, gallbladder 
(preoperatively), anastomosai area and intestine. The computer 
produced the time/activity curve of the selected regions. Each 
time/activity curve consisted of 100 frames, each of a 30 second 
period. The curves were identified by different colours. In the 
interpretation of the scintiphotos and time/activity curves of 
the hepatobiliary system, new parameters were introduced, i.e. 
the extraction index and the retention index. These parameters 
were meant to give a semi-quantitative evaluation of the hepato­
biliary function. 
t I blood: 
Τ max. ¿tvг*.·. 
zxtKaatton ¿ndzx·· 
Kztzntlon tndzx: 
Time, required for the maximum blood activity 
to reach its half value. This parameter ex-
presses the blood clearance of the radio-
pharmaceutical . 
Time, required to reach the maximum activity 
in the liver. This parameter reflects the 
"rate" by which the hepatocytes clear the 
radiopharmaceutical from the blood. 
Counts of the liver at Τ max./maximum, counts 
of the heart, χ 100 %. This parameter reflects 
the efficiency of the hepatocytes in extract­
ing the administered blood activity. 
Counts of the liver at 30 min./counts of the 
liver at Τ max. χ 100 %. This parameter ex­
presses the excretion efficiency of the 
bi1 i ary system. 
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IV.2.10. Se.ie.ct¿ve. dícontamlnat^on ο{, the. ¿ntzit¿mi 
IV.2.10.1. Antibiotici 
Selective decontamination of the intestines by elimination of 
EntzKobactzxlaazaz and staphylococci was carried out by oral ad-
ministration of non-absorbable antibiotics. To prevent fungal 
overgrowth due to decreased colonization resistance, pretreat-
ment with a fungi stati cum was included in the decontamination 
protocol. 
Three mixtures of antibiotics were used: А, В and С (Table 9 ) . 
The dosage scheme is presented in Table 10. 
II/. 2.10. 2. Me.£hod 
Fresh feces were collected for bacteriological survey. A 
solution of 1:10 was made with heart infusion broth (Difco 
Laboratories, Detroit, Michigan, U S A ) . This solution was homo-
genized with a magnetic stirrer and subsequently diluted ten 
times. Thereafter 0.1 cc of each solution was layered on sheep 
blood agar (blood agar base nr. 2, Oxoid Basingstoke, England, 
supplemented with 7 % sheep blood) and on Levine EMB agar (Difco 
Laboratories, Detroit, Michigan, U S A ) . After overnight incub-
ation the plates were controlled for the presence of Entzfio-
bactzfciaczaz on Levine EMB agar plates and for staphylococci on 
sheep blood agar plates. This survey was carried out on day 8 
after starting the decontamination. If the feces were still 
positive for these groups of bacteria, a dose of mixture С was 
administered. When fecal cultures were negative for these 
bacteria, the animals were permitted to be operated upon. 
IV.2.10.3. Bactzi¿o¿OQ¿cai LLVZK tli&uz caltuilng 
A sample of peripheral liver was examined bacteriologically, 
except for the animals that had died spontaneously. The speci-
mens were incubated under aerobic and anaerobic conditions on 
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sheep blood agar plates. An anaerobic glue box (Koopman 1973) 
served for anaerobic incubation. Bacteria were determined 
according to standard methods. 
ТаЫг 9. Mixture of the different drugs, used in selective 
decontamination of the intestines 
12 gr Nystatine( R) 
8 gr Polymixin^ ' 
Mixture. A: 50 ml water 
50 ml honey 
5 ml of mixture A contain 400 mg Polymixin^ ' 
and 600 mg N y s t a t i n e ^ . 
12 gr Nystatine( R) 
8 gr Polymixin' R) 
I R) Mlx.tu.fie. B: 20 gr Neomycine^ ; 
60 ml water 
40 ml honey 
( R) 5 ml of mixture В contain 400 mg Polymixin v ', 
600 mg Nystatine^ ' and 1000 mg Neomycine^ '. 
8 gr N e o m y c i n e C ) 
MÁ-xtuie. С· 10 ml water 
30 ml honey 
Í RI 5 ml of mixture С contain 1000 mg Neomycine^ ' 
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ТаЫг 10. Dosage scheme of the different mixtures used 
in selective decontamination of the intestines. 
day mixture, dosis/day 
1-4 N y s t a t i n e ( R ) , б million U 
5-8 2 χ 5 ml A 
9 (day of 
o p e r a t i o n ) 2 χ 5 ml A 
2 χ 5 ml A 
10-16 2 χ 5 ml В 
IV.2.11. Statlit-ici 
The nature of the single parameters and the distribution of 
the parameters determined which method should be used. To comp­
are Group III N and III D with respect to the clinical chemical 
parameters a two-sample Student-test was used, since normal 
distributions were expected. The morphological parameters did 
not permit a preassumption about the distribution of the ob­
servations and hence a distribution free Wilcoxon two-sample 
test was used. If only two issues were possible, a test of homo­
geneity was carried out, and the results were listed in 2 χ 2 
contingency tables. If the p-value is more than 0.10, the 
difference is considered to be significant. 
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IV.3. Rziulti 
Il/.З. /. Gxoap I 
Fig. 16-25 show the normal micromorphology of the bile ducts, 
their outlet in the duodenum as well as the duodenum itself in 
the pig. The most relevant characteristics will be discussed in 
the accompanying legends. 
The enzyme histochemical characteristics are listed in 
Table 11. 
The values of the clinical chemical parameters are listed in 
Table 25 (IV.3.4.2.3. ). 
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e 11. The enzyme histochemical characteristics of the normal duodenum, papilla 
Vater, common hepatic duct and hilar connective tissue of the pig. 
Duodenum 
epithelium 
epithelium of 
crypts 
proper lamina 
glands of Brunner 
enterocytes 
brush border + 
brush border near opening 
bile duct 
Goblet cells 
enterocytes 
brush border 
Goblet cells 
connective tissue 
+++ 
+++ 
+ 
-
++ 
+ 
_ 
-
_ 
« • · ) 
••+1) 
-
2> .2) •2> 
••»> 
«
3> 
II 
papilla of 
Vater 
III 
comnon he-
patic duct 
hilar connective tissue 
ductal 
ductal 
ductal 
ductal 
ductal 
ductal 
cells 
cells of cryots 
connective tissue 
cells 
cells of crypts 
connective tissue 
+++ 
++ 
'Half way down the crypts 
'Diminishing towards the bottom of the crypts 
'Diminishing from apex to basis of the villi 
- = negative 
+ = faint 
++ = moderate 
+++ = strong 
or very faint 

lé. A longitudinal section of the papilla of Vater 
is shown at low magnification. The AP-reaction 
of the duodenum (D) is demonstrated as dark pre-
cipitation lines on the duodenal villi. The 
arrows indicate the margin between the positive 
and negative regions. Note the solitary lymph 
follicles (with AP-positive lunula) surrounding 
the common bile duct ( B ) , which is AP-negative. 
(Frozen section, AP-reaction) 
Magnification X 24. 
17. The surface lining of the top of a duodenal 
villus: pseudostrati fied epithelium, tall 
columnar enterocytes with scattered in be-
tween gland cells (goblet c e l l s ) . (Paraffine 
section, HWA) 
Magnification X 275. 
7S. The surface lining of the outlet of the 
common bile duct in the papilla of Vater: 
a single layer of regular columnar mucoid 
gland cells. (Paraffine section, HWA) 
Magnification X 275. 
19. The surface lining of the hilar hepatic duct: 
a single layer of low columnar mucoid cells. 
Note the two glandular invaginations, immediately 
adjacent to the epithelium. (Paraffine section, 
HWA) 
Magnification X 275. 
.-. *** .-Vär, 
8 9 
Fig. 20. ТЕМ of the epitheli um of the hilar hepatic 
duct. The columnar cells are regularly 
arranged, covered with short irregular 
microvilli. There is a different degree 
in content of mucoid granules. 
» = proper lamina. 
Magnification X 2500. 
t-ig. 27. SEM of the epithelium of the hilar hepatic 
duct. Rounded cells, completely and regular­
ly covered with short, stubby microvilli. 
The cells are bordered by distinct furrows. 
Magnification X 2500. 
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F¿g. 22. ТЕМ of the epithelium of the outlet of the 
common bile duct in the papilla of Vater. 
Columnar cells covered with irregularly 
distributed short microvilli. Most cell 
apices are heavily packed with electron 
dense mucoid granules. The intercellular 
spaces are broadened in this particular 
case. 
Magnification X 3000. 
f i g . 23. SEM of the epithelium of the outlet of the 
common bile duct in the papilla of Vater. 
Rounded and polygonal cells, regularly 
covered with tufts of microvilli (due to 
clumping by mucous residue). Scattered in 
between, some dome-like cells, with less 
microvilli. The (inter)cel1ular demarcation 
is accentuated by mucous deposit. 
Magnification X 2500. 
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Fig. 24. ТЕМ of the epithelium of the duodenum. 
Columnar enterocytes, possesing a 
well developed brush border. Inter­
spersed, two gland cells filled with 
electron dense mucoid granules. On top 
of these cells only a few microvilli 
are present. Note lymphodiapedesis 
(arrows). 
Magnification X 3000. 
F-tg. 25a SEM of part of a duodenal villus. Regular­
ly shaped polygonal enterocytes. In the 
pits between them gland cells are located 
(arrows). 
Magnification X 1250. 
Fig. 25b Detail. The large enterocytic surfaces 
exhibit a regular and dense microvillous 
pattern. Several small gland cell surfaces 
are an outstanding feature. 
Magnification X 2500. 
94 
• .Α»' • г"* 
\2Ъ\М ^й 
95 
II/. 3.2. Upi¿fiat¿\iz u¿nd¿ng&, iufiv¿va.¿ and iaKg¿ca¿ d¿i.í>zct¿on 
II/.3.2.1. Opziat-Lve. £ind¿ngo 
The anatomical situation of the liver hilus of these pigs 
varied only occasionally, and resembled that described in the 
pilot study (III.3.2.1. ). 
The technical suggestions derived from the pilot study 
(III.4.) proved to be of great value. The operation time was 
reduced by an average of 75 minutes, with minor aberrations. 
The hyperlordotic position of the animal resulted in an easy 
access to the liver hilus, and traumatisation of the liver was 
thereby minimalised. 
However, in one case bile leakage occurred after the HPD was 
created (see IV.3.3.3.). 
II/. 3.2. 2. Survival 
The survival times are listed in Table 6-8. All but eight 
animals survived till the date, scheduled for their sacrifice in 
the experimental protocol. 
One animal (Wl) was sacrificed because of bile leakage, 
directly after the creation of the HPD. Two animals (D6, N11) 
were sacrificed because of their very bad general condition, 32 
and 64 days after the operation, respectively. Four animals died 
spontaneously 8 (W15), 21 (D8), 34 (D4) and 59 (N8) days p.o. 
respectively. The animals which were sacrificed because of their 
very bad general condition and those, which died spontaneously 
will be described separately in case reports (IV.3.3.3. and 
IV.3.4.5.). Another animal (W2) did not recover from narcosis. 
II/. 3.2.3. Su.Ag¿ca.¿ diibiction 
Only the animals that survived the time limits, scheduled in 
the experimental set-up, are discussed here. No signs of jaund-
ice were observed in any case. In contrast to the findings in 
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the pilot study, adhesion formation of the intestines with the 
parietal peritoneum was negligible. In a few cases the liver was 
found to be loosely adherent to the diaphragm, while adhesions 
in various degrees between small bowel loops and the visceral 
side of the liver were found in all cases. In all cases a patent 
anastomosis was found. 
In Group III the anastomoses were narrow, in comparison to 
the markedly distended intrahepatic bile ducts. Regurgitation 
of bowel contents into the intrahepatic biliary tree was a com-
mon feature. 
In Group IV the anastomoses were very wide, estuary-shaped, 
measuring approximately 2 and 3 cm in diameter in LI and 12, re-
spectively. In both cases the intrahepatic bile ducts contained 
large amounts of bowel contents, which apparently could pass 
freely into and out of the ducts. 
IV.3.3. Gioup II 
If. 3.3.1. Wound hza¿¿ng OJ{ the. anaitomoiZi 
The process of wound healing will be described according to 
observations at different periods of time after HPD. 
By carrying out HPD a wound area between the margins of the 
cut hepatic duct and the opening of the duodenum is created. The 
wound area will be defined as the area that lies between the 
margin of the cut hepatic duct and that of the duodenum, and 
consists of both connective tissue and liver parenchyma (Fig. 26) 
This area is inevitably injured during, and inherent to, the 
operation and is exposed to bowel contents and bile thereafter. 
In wound healing of the anastomosis, two main processes are in-
volved and act simultaneously: 
a) mpain ol damaged tli-iu&i 
b) zpithzl¿aZ.¿i,a.t¿ün o{ the. wound лиЯ-^асе.. 
Both processes will be discussed separately. 
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RtpaÁ.>L 0(5 damaged t-iiiuzi 
After 1 day, inflammatory cells had infiltrated the wound 
area, and had also migrated through the intact wall of the 
large bile ducts. The lymph vessels were markedly dilated. A 
few days later, the wound area exhibited the features of 
granulation tissue. Subsequently, desmoplasia developed. 
Apparently, these events preceded the development of the dense 
layer of fibrous tissue around the large bile ducts and be-
tween the liver and duodenum at the anastomotic site (Fig.30). 
* 
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26. Schematic representation of the anastomosis, 
directly after the operation. The arrows in­
dicate the direction of migration of epi­
thelial cells. The area, where epithelium 
is missing, is defined as wound area. The 
solid black lines represent the epithelial 
1 i ni ngs . 
D: duodenum; B: bile duct; L: liver. 
Due to the operating procedures and events thereafter, the 
surface of the wound area had become necrotic and was shielded 
off from the underlying viable tissue by a demarcation zone. The 
necrotic mass consisted of cellular debris, amorphous substance 
and bacteria, and was soaked with bile. Gradually, it became 
partially detached from the demarcation zone. It assumed a mush-
room appearance and was connected by a large stalk with the de-
marcation zone. 
The demarcation zone mainly consisted of fibroblasts and in-
flammatory cells. It exhibited an increased activity of certain 
enzymes, even after 1 day (Table 1 2 ) . During the next few days, 
there was a further increase of activity, and more enzymes be-
came involved. After four days these events had stabilised, and 
the demarcation zone exhibited a specific pattern of enzyme 
activity (Fig. 2 7 ) . This zone apparently served as a protective 
layer against nocuous substances. In spite of the protective 
function of the demarcation zone, nocuous influences gradually 
caused excavation by necrotizing the underlying tissue, at 
those sites where the wound surface was not yet covered by new 
epithelium. As soon as the new epithelial cells had grown under 
the necrotic tissue, the demarcation zone disappeared. 
Tabli 12. Enzyme activity pattern of the demarcation 
zone at different times p.o. 
Days p.o. PAS a-GP AP AcP SDH GPox 
1 (W 1) 
2 (W 3) 
(W 5) 
(W 6) 
(W 8) 
(W 10) 
(W 13) 
14 (W 16) 
21 (W 20) 
+ 
+ 
++ 
+ 
+ 
+ + 
++ 
+ 
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+ + 
+ + 
+ + 
++ 
+ + 
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+ + + 
+ + + 
++ + 
++ + 
++ + 
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++ + 
+++ 
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++ 
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Flg. 27. Schematic representation of the wound area after 
four days (Ы8, 4 days p.o.)· 
D: duodenum; B: bile duct. The black dot repre­
sents a cut thread of the inner suturing row. 
Inset: the distribution of enzyme activities in 
the wound area. 
Also the liver parenchyma in the wound area was affected. 
Before excavation took pi ace, adjacent liver lobules became a-
trophic and were subsequently replaced by fibrous tissue. Re­
markably, small bile ducts were still found within this fibrous 
tissue (Fig. 2 8 ) . 
After two days the outlet of the bile ducts was narrowed, 
probably due to pressure of the surrounding edematous tissue, 
or contractile forces within this tissue (Fig. 4 1 ) . From the 
third day on, an increase of AP-activity and to a lesser degree 
of AcP-activity was observed around these ducts, and particular­
ly around their outlet. 
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Alkaline phosphatase activity was found directly against 
the connective tissue of the ductular wall, whereas the AcP-
activity was adjacent to the region of the AP-activity. This 
picture was very prominent around the 21st day, as de-
monstrated in Fig. 44. 
Ep¿£he.¿¿a.¿¿.ia.t¿un о ¡J the. wound лил^асе 
Epithelial cells migrated from both the duodenal edge and the 
hepatic duct to cover the interjacent liver- and hilar con­
nective tissue (Fig. 31, 32, 33, 3 8 ) . Locally, the duodenal 
edge was found to be damaged, which was reflected in a nearly 
negative enzyme activity (Fig. 2 9 ) . This is probably due to 
mechanical traumatisation during the suturing procedure at 
operation. The epithelial cells advanced in a strand-like 
pattern, under the necrotic tissue. Consequently, the strands 
interdigitated and the cells that originated from both the 
duodenum and the bile duct made contact. Thus, a continuous 
epithelial layer between bile duct and the duodenum was form­
ed. 
Even after 1 day, stages in mobilisation and migration of 
epithelial cells were observed. Mobilising cells had particul­
arly lost their contact with neighbouring cells. Their sur­
faces were sparsely covered with microvilli. At first, they 
were bulging upwards and subsequently they flattened as they 
were starting to migrate (Fig. 35, 36, 38, 3 9 ) . The migrat­
ing cells showed a variety of blebs. Leading lamellipodia 
were seen to extend from mobilised cells (Fig. 3 4 ) . Frequent­
ly, epithelial cells appeared to pile up on top of each other 
locally at the edge of the necrotic areas. 
Besides normal ductular and duodenal epithelium and mobil­
ising and migrating ductular and duodenal epithelial cells, 
several variations of the epithelium were seen ¿n as well as 
пе.ак the anastomosis during the period of wound healing. 
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Epi thelium wi th: 
1. Flattened epithelial cells, just behind the migration front. 
At the ductular side these cells exhibited similar enzyme 
histochemical features as the normal ductular epithelium. 
They frequently contained PAS-positive granules. At the duo-
denal side the flattened epithelial cells showed a slight 
SDH-activity (Fig. 4 0 ) , and a slightly increased GPox-acti-
vi ty. 
2. Cells at the ductular side, resembling those in the papilla 
of Vater (Fig. 4 5 ) . 
3. Cells with an altered microvillar covering, scattered between 
normal ones. 
Increased mucosity was a general feature. There was marked in-
crease of gland cells, scattered between normal ductular cells 
and enterocytes (Fig. 42, 43, 46, 4 7 ) . 
These types of epithelium were not arranged in distinct zones 
but were interwoven. At places where the duodenal and ductular 
epithelium had been placed nearly together at operation epi-
thel i al isation appeared to be finished within a short time 
(Fig. 48, 4 9 ) . 
New crypts originated by the ingrowth of epithelial cells 
into the underlying tissue. 
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ZS. Small bile ducts in fibrous tissue, which 
has replaced liver lobules. Upper left: ex-
cavation; below: strong SDH-positive liver 
lobules; middle: SDH-positive small bile 
ducts. (Frozen section, SDH; W16, 9 days 
p.o. ) 
Magnification X 28. 
29. Duodenal edge, 1 day after the operation. Th 
structures at the edge exhibit nearly 
negative SDH-activity (middle) in contrast 
to the more remote structures (above). 
W: wound area. (Frozen section, SDH; W3, 
1 day p.o.) 
Magnification X 28. 
30. Contractile connective tissue cells (myo-
fibroblasts) in a thick sheath around the 
hepatic duct near the anastomosis. In this 
case (N11) the anastomosis was closed by 
abundant formation of fibrous tissue. 
Arrow: direction to the lumen of the bile 
duct. (Five micron sections of snap-frozen 
tissue were fixed in aceton, and incubated 
with rabbit anti actine (1:10 diluted) for 
30 minutes at room temperature. After sev-
eral washings in physiological saline (30 
m i n . ) , the sections were stained with goat 
anti rabbit-Ig-FITC (1/40, DAK0) (N11; 64 
days p . o . ) . (By courtesy of Dr. L.G. Poels). 
Magnification X 280. 
'4Ж 
Vif4 
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31. Epi the!ia!isation at the ductular side. Outgrowth 
of young SDH-positive cells (arrows). Note the 
high enzyme activity of the original ductular 
cells. (Frozen section, SDH; W3, 1 day p.o.) 
Magnification X 28. 
32. This detail demonstrates the outgrowth of 
flattened ductular cells. * = cellular 
debris, bacteria, and granulocytic accum-
ulation. (Frozen section, HE; W3, 1 day p.o.) 
Magnification X 270. 
33. This particular detail shows the outgrowing 
ductular cells (SDH-positive) which are ex-
tremely flattened (nuclei are negative). 
(Frozen section, SDH; W3, 1 day p.o.) 
Magnification X 70. 
34. SEM of the most peripheral part of the 
migration front at the ductular side. A 
fusiform cell, migrating by way of its 
broad 1amel1 i podium. The cell body is re-
gularly covered with numerous fine micro-
villi. The leading 1amel1 i podium exhibits 
a rugous surface and less microvilli. 
(W18, 12 days p.o.) 
Magnification X 2500. 
35. Interconnected, mobilising and migrating cells 
on a substratum of apparently uninvolved duct-
ular cells. The mobilising cells are rounding 
off, showing globule-like microvilli and micro-
blebs. The flattened cell (*), which is at the 
stage of migration, is connected with the 
neighbouring cells. (W4, 1 day p.o.) 
Magnification X 5000. 
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Flg. 36. SEM of a line of young epithelial cells on 
top of the substratum at the ductular side. 
At this close view it is clearly demonstrated 
that the bulging mobilising cells and the 
migrating large flat cells are interconnected 
by junctions. Note wrinkling of rounding cell 
bodies. Microblebs and few short, coarsely 
grained microvilli of both cell types are 
clearly visible. (W4, 1 day p.o.) 
Magnification X 5000. 
F-ccj. 37. ТЕМ of an analagous area, described in Fig. 
36 (processed for ТЕМ after SEM observations). 
At the bottom, cellular debris within organ­
ised fibrin. The same types of bulging and 
flattened cells as demonstrated in Fig. 36 
are shown. The cells are in intimate contact 
by junctions (single arrows). In the extra­
cellular spaces, neutrophilic and lympho­
cytic cells are found to be located (double 
arrows). (Wll, 5 days p.o.) 
Magnification X 2750. 
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3S. This picture shows an outgrowing string of 
young, flattened duodenal epithelial cells 
(direction of growth is to the left). Dia-
pedesis of granulocytes out of the connect­
ive tissue into the lumen, as well as 
clustering i s evi dent. (Frozen section, HE; 
W3, 1 day p.o. ) 
Magnification X 275. 
39. SEM of a duodenal area with mobilising and 
migrating cells. Bulging, mobilising cells 
are seen (*). They are covered with fine, 
flossy microvilli. Flattened, crawling cells 
are visible (arrows). Some of them exhibit a 
fine, superficial microvillar pattern, en­
riched with microblebs. Few demonstrate a 
rugous surface. (W6, 2 days p.o.) 
Magnification X 2500. 
40. The duodenal cells as well as the deeper 
crypts show a high SDH-activity. In the 
outgrowing region (between the arrows) 
the very thin layer of flattened cells 
is well detectable by the faint activity. 
Top right: decreased activity of re­
generating crypts; χ = suture thread. 
(Frozen section, SDH, not counterstained; 
W10, 6 days p.o. ) 
Magnification X 70. 
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4 1 . SEM survey of the narrowed outlet of the 
widened duct ( B ) , at low magnification. 
In the region near the outlet, typical 
mucosal foldings are found, continuing 
as longitudinal folds, downstream into 
the duodenum. (W18, 12 days p.o.) 
Magnification X 20. 
42. Bulging, succulent ductular cells near 
the outlet of the hepatic duct. They are 
bordered by deep intercellular furrows. 
A prominent feature is the varying amount 
of regular, coarse grained microvilli. 
(Wll, 5 days p.o.) 
Magnification X 2500. 
43. More distally to the outlet as compared 
with Fig. 42: prominent bulging gland 
cells between normal ductular cells. 
Note signs of apical extrusion of con-
tents of the gland cells. (W18, 12 days 
p.o. ) 
Magnification X 5000. 
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44. Two confiuencing hepatic ducts empty into 
the duodenal lumen through a narrowed anasto-
mosis. A strong AP-positive stomal "collar" 
surrounds the narrowed outlet. Arrows: border 
between the AP-positive and -negative regions 
of the duodenal surface. (Frozen section, AP; 
W23, 21 days p.o.) 
Magnification X 24. 
45. SEM of ductular epithelial lining in the 
proximity of the outlet. There is a remark-
able resemblance between this particular type 
of epithelium and that of the common bile 
duct in the papilla of Vater. (W20, 16 days 
p.o. ) 
Magnification X 1250. 
46. More remote from the outlet as compared with 
Fig. 45: many gland cells intermingled 
with regular ductular cells. Note burst-
ing of one of the gland cells. Arrows 
indicate erythrocytic decontamination. 
(W18, 12 days p.o.) 
Magnification X 2500. 
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47. SEM of reactive duodenal region adjacent 
to the migration front. Numerous, bulging 
gland cells (arrows) are found between the 
enterocytes, which exhibit a fine dense 
microvillar pattern. Locally, the cells 
are covered with mucus. (Wll, 5 days p.o.) 
Magnification X 2500. 
4S. Completed epithe!ialisation (D = duodenal 
side; В = ductular side). The newly form­
ed epithelial lining (between arrows) as 
well as the (surface) epithelium of the 
outlet of the hepatic duct show relative 
low SDH-activity in comparison with the 
duodenal epithelium. (Frozen section, not 
counterstained, SDH; W19, 14 days p.o.) 
Magnification X 28. 
49. Strongly PAS-positive epithelium at the 
ductular side close to nearly PAS-negat-
ive epithelium at the duodenal side. 
(Frozen section, PAS; W19, 14 days p.o.) 
Magnification X 70. 
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II/. 3.3.2. The. Іі гі 
No severe pathological changes were found in the liver of the 
survivors investigated. However, infiltration of the interstices 
with polymorphonuclear and mononuclear cells was frequently ob­
served. An increase of fibrous tissue, predominantly around the 
bile ducts, focal necrosis and proliferation of bile ductules 
were seen with the frequency diminishing in the order as written 
above. In the anastomotic area the lymph vessels were markedly 
dilated, while in the periphery of the liver this feature was 
less prominent. 
II/.3.3.3. Cat,ζ K&pofLti 
In this paragraph the failures of Group II are discussed se­
parately. 
Numbel WJ 
After the HPD had been carried out, there was leakage of bile 
from the anastomosi s. A revision of the anastomosis was omitted 
to avoid introduction of a different factor, due to extra 
suturing. The animal was sacrificed under the same anesthesia. 
Wumbe-t W2 
This animal did not recover from narcosis. 
NumbzA. Ы15 
The animal died spontaneously, 8 days after the operation. 
Aatopiy 
The liver was hard. Ascites and haemorrhagic gastroenteritis 
were present. The site of the anastomosis was covered with a 
weak, bile saturated layer apparently consisting of cellular 
debris and an amorphous substance. The intrahepatic bile ducts 
were markedly distended. 
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H¿itopcLtho¿ogy 
The anastomosi s. A large bile duct emptying into the duodenal 
lumen was observed. There was evidence of disturbed wound heal-
ing. A large plug, consisting of cellular debris, amorphous 
material, bile pigment and colonies of bacteria, protruded into 
the lumen of the duodenum. The plug was attached by a large stalk 
to the wound area.Obviously, strands of new epithelium growing 
from the duodenal edge, were crawling up to the necrotic plug. 
The large bile ducts had lost their epithelial lining and were 
enveloped in a thick sheath of fibrous tissue, which did not ex-
hibit cellular infiltration. The hilar lymph vessels were dilat-
ed. 
Peri pheral 1 i ver. The lobular architecture was intact. Local-
ly, the liver cell plates were dissociated in the centri 1obular 
regions, while the hepatocytes exhibited a hyaline aspect. Bact-
eria were observed in Kupffer cells, blood vessels and bile 
ducts. The bile ducts had largely lost their epithelial lining 
and were filled with cellular debris and an amorphous substance. 
O¿a.gnui¿¿> 
1. Septicemia. 
2. Choiangi ti s. 
il/.3.4. Gtioup III 
IV. 3.4. 7. The сотра-Ы-бои ofa G-toup III N and G^oup III Ό 
Both groups were compared with respect to the morphological, 
functional and bacteriological condition of the liver. The anim­
ali that had d¿zd ¿pontanzouily on. had been iaafil^icid bzcaaiz 
OjJ thzih. гіу poon. gtmiat condition we-^ e not indofipoiate-d in thz 
itatiitical anaZyiZi. Thzy ал.е dzicKibzd izpanatzty in сале л.е-
poKti in pa.fiagn.aph IV. 3.4. 5. 
The elimination of two animals from Group III N (N8, N11) and 
three from Group III D (N4, N6, N8) did not affect the compar­
ability of both groups, since a small variation in number does 
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not induce an essential difference between both groups. 
Consequently, the following statistical computations were 
based on 11 observations in Group III N and on 10 observations 
in Group III D, unless otherwise indicated. 
MoH.pko¿ogy 
In order to compare the morphological condition of the liver 
the following parameters were used: 
a) Inciea-áe od ^¿Ьп.оаі t i a u t . This was classified as follows: 
0: absent; 1: in the portal areas; 2: both in the portal 
areas and interlobular; 3: in the portal area, interlobular, 
as well as in the lobules. A preassumption of the distribution 
of the observations could not be made and hence the comparison 
was made by the distribution free Wilcoxon two-sample test. 
The results are summarised in Table 13. 
b) Fx.ol-i&e.'ia.tion o¿ bltz ductuZzò. 
c) Ne.c>ioi¿i o i thz paiznchijma.. 
d) Cho>La.ng¿t¿6 and/oí choZcLng¿o¿¿t-¿i . 
e) Inle.ctÁ.om o^ thz paiancfti/ma. 
Only the scores present or absent were assigned to the para-
meters b-e. The results are summarised in 2 χ 2 contingency 
tables* (Table 13-17). 
Table. 13. Comparison between Group III N and III D 
with respect to the increase of fibrous 
tissue by a Wilcoxon two-sample test. 
mean value standard deviation p-value 
Group III N 1.3 0.7 > 0 10 
Group III D ]LJ_7 UU 
*The two-sided p-values resulting from the presented 2 x 2 con­
tingency tables had been calculated according to Hemelrijk. 
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ТаЫг 14. Scores of proliferation of bile ductules. 
Comparison between Group III N and III D 
by means of a homogeneity test. 
present absent p-val ue 
Group III N 6 5 
Group III D 5 5_ 
> 0. 10 
TabZz 15. Scores of necrosis of the parenchyma. 
Comparison between Group III N and III D 
by means of a homogeneity test. 
present absent p-val ue 
Group III N 3 8 
Group III D 5 5_ 
> 0. 10 
Tabiz 16. Scores of cholangitis and/or cholangioli ti s. 
Comparison between Group III N and III D by 
means of a homogeneity test. 
present absent p-val ue 
Group III N 1 10
 > 0 1 0 
Group III D 3 7 
> 0. 10 
Tablz 17. Scores of infections of the parenchyma. 
Comparison between Group III N and III D 
by means of a homogeneity test. 
present absent p-val ue 
Group III N 2 9 
Group III D 5 5 
-ілси-іо<соп 
With regard to the increase of fibrous tissue no systematic 
difference between Group III N and Group III D can be found. 
Also the p-values resulting from the homogeneity tests for the 
proliferation of bile ductules and necrosis of the parenchyma 
are more than 0.10. Hence, there is no reason to suspect a pro­
portional difference between both groups concerning the numbers 
of scores for presence and for absence. In order to check a 
possible difference between both groups resulting from a cumul­
ative effect of the three above mentioned parameters, we also 
studied the sum of the scores of the parameters a, b and с 
(by assigning 0 for absence and 1 for presence as regards the 
parameters b and c ) . This sum is consequently represented by 
values, that range from 0 to 5. According to the distribution 
free Wilcoxon two-sample test the p-values were more than 0.10, 
which underlines the results of the tests of the single para­
meters. Furthermore, the data obtained for cholangitis and/or 
cholangioli ti s as well as infections of the parenchyma demonstr­
ate that proportional differences between both groups are ab­
sent. 
CZ-inicat chtmi-ittiy 
The serum concentrations of total bilirubin, direct bili­
rubin, GOT, GPT, AP andy-GT, as well as the percentage BSP after 
15 minutes were used as clinical chemical parameters. 
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Sirice we e x p e c t e d the o b s e r v a t i o n s of most of the p a r a m e t e r s 
used to come from a m o r e or less normal d i s t r i b u t i o n , the c o m p ­
a r i s o n of all the m e a n v a l u e s of the d i f f e r e n t p a r a m e t e r s b e ­
tween G r o u p III N and Gr o u p III D was ma d e by a t w o - s a m p l e 
S t u d e n t - t e s t (Table 1 8 ) . 
Tabtz I S . C o m p a r i s o n b e t w e e n Group III N and III D w i t h 
r e s p e c t to d i f f e r e n t c l i n i c a l c h e m i c a l p a r a ­
m e t e r s by S t u d e n t - t e s t s . 
p a r a m e t e r g r o u p 
mean 
val ue 
s t a n d a r d 
devi ati on p - v a l u e 
t o t a l 
mg/100 
d i r e c t 
mg/100 
GOT 
u/1 
GPT 
u/1 
AP 
u/1 
Ύ-GT 
u/1 
BSP 
0.1 % 
b i l i r u b i η I 
ml I 
b i l i r u b i n I 
ml I 
a f t e r I 
15 m i n u t e s 
N 
D 
N 
D 
N 
D 
N 
D 
N 
D 
N 
D 
N* 
D 
0.273 
0.230 
0.152 
0.102 
18 
25 
14 
12 
40 
45 
30 
33 
75 
132 
0.087 
0.043 
0.055 
0.031 
5 
8 
4 
3 
6 
11 
11 
10 
79 
112 
> 0. 10 
0.02 
0.03 
> 0.10 
> 0.10 
> 0 . 1 0 
> 0 . 10 
l
n = 9 
T h e r e is no reas o n to s u s p e c t a d i f f e r e n c e in the mean con­
c e n t r a t i o n of the serum total b i l i r u b i n , G P T , A P , a n d Y - G T c o n ­
c e n t r a t i o n s as well as the mean p e r c e n t a g e of BSP p r e s e n t a f t e r 
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after 15 minutes (p-avalue > 0.10.)· 
The mean direct serum bilirubin concentration of the animals 
of Group III N is at a significant higher level than in Group 
III D. 
The mean serum GOT concentration of the animals of Group III D 
is at a significant higher level than in Group III N. 
Saettilo¿оду 
The results of the aerobic and anaerobic bacteriological 
culture of peripheral liver tissue in Group III N and III D are 
listed in Table 21. When aerobic and anaerobic cultures both 
were negative, the result is indicated as negative. When one of 
the two cultures is positive, the result is indicated as posit­
ive. The results are listed in a 2 χ 2 contingency table 
(Table 1 9 ) . 
Table. 19. Scores of the bacteriological cultures. 
Comparison between Group III N and Group 
III D by means of a homogeneity test. 
negati ve posi ti ve p-val uè 
Group III N 7 4
 0 Л ) 8 
Group III D 2 8 
OiiauiiA-on 
There is an indication that proportionally more positive 
bacteriological cultures of peripheral liver tissue arise in 
Group III D as compared with Group III N. 
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¥¿ncLl аллсаіЬІоп and conclu.i¿üYi 
The morphological parameters do not exhibit significant 
differences between Group III N and Group III D. 
As to the significant different means of the serum direct 
bilirubin and GOT the first parameter generally gives higher 
values and the latter lower values for Group III N. The other 
clinical chemical parameters do not systematically indicate 
different mean values between Group III N and Group III D: the 
mean values of 4 parameters are higher in Group III D, whereas 
the mean values of 3 other parameters are higher in Group III N. 
The proportional difference between both groups, as to the 
number of positive bacterial cultures of peripheral liver, is 
not necessarily conclusive, since the p-value of the concerned 
2 χ 2 table is relatively high. 
RzvlzttiinQ thz fiiiulti o¡$ thz itatiitltal t a t i dzicfLibzd 
above., ¿t itzmi to be к&аіопаЫг to a-ò-òume that both длоирд do 
not zioznt-Lalty dt^zh. ¿кот each othzi. Therefore, in the follow­
ing analyses and investigations both groups, together, are con­
sidered as one group. 
II/.3.4.2. Estimation 0$ the, mzan moiphotogtcal, au.nctJ.onal 
and bactetiiologicai condition o¿ the ¿і еч. in 
GioLip III* 
II/. 3.4. 2. 7. MoKphology 
The mean morphological condition of the liver was estimated 
with regard to the following parameters: increase of fibrous 
tissue, proliferation of bile ductules, necrosis of the paren­
chyma, cholangitis and/or cholangioli ti s and infections of the 
parenchyma. Only two scores were assigned to any of these para-
*0nly the animals that survived the time limits scheduled in the 
experimental protocol were incorporated in the following 
statistical analyses. 
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meters viz. a non-zero score for presence and a zero score for 
absence. The 95 percent confidence intervals for the probability 
of a non-zzio score were calculated. These confidence intervals 
were based on the preassumption that the observations with a 
non-zero score have a binominal distribution. The calculations 
had been carried out on the basis of 21 observations. The 
estimated probabilities and the confidence intervals for the 
different morphological parameters are listed in Table 20. 
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Table. 7.0. Estimation of the probability of a non-zero 
(i.e. positive) score for the different morpho­
logical parameters on the basis of 21 cases. 
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increase of fibrous tissue 
proliferation of bile 
ductules 
necrosis of the parenchyma 
cholangitis/cholangiolitis 
infections of the 
parenchyma 
II/.3.4.2.2. SuLctztiiotoQy 
The results of the bacteriological cultures of the peri­
pheral liver are listed in Table 21. 
Only a score for a positive result (aerobic and/on. anaerobic) 
and for a negative result (aerobic and anaerobic) was used. The 
95 percent confidence interval for the probability of a positive 
result was calculated. This confidence interval was based on the 
preassumption that the number of observations with a positive 
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result has a binominal distribution. The calculations are based 
on 21 observations. 
The estimated probabilities and the confidence intervals are 
listed in Table 22. 
II/. 3.4. 2. 3. Functional tziti 
The mean condition of the liver was estimated regarding the 
serum total bilirubin, conjugated bilirubin, GOT, GPT, γ-GT, and 
alkaline phosphate concentrations, as well as the percentage of 
the originally administered BSP, after 15 minutes. The 95 percent 
confidence intervals of the mean values were cai cuiated,based on 
the preassumption that the observations come from a normal dis­
tribution. 
The calculations were carried out on the basis of 21 observ­
ations, unless otherwise indicated. The results are listed in 
Table 23. 
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Table. 21. Results of aerobic and anaerobic bacteriological 
cultures of specimens of peripheral liver in 
Group III N and III D. 
number 
aerobi с 
cul ture 
anaerobic 
cul ture 
Ν 1 negative negative 
Ν 2 negative negative 
N 3 negative negative 
N 4 E. coli and Past, aerogenes negative 
N 5 E. coli and Past, aerogenes negative 
N 6 negative negative 
Group III Ν N 7 negative negative 
N 8 NT NT 
N 9 Enterococci negative 
N10 negative negative 
N11 negative negative 
N12 negative negative 
N13 E. coli negati ve 
D I E. coli and staph, albus negative 
D 2 E. coli negative 
D 3 negative negative 
D 4 NT NT 
D 5 mixed flora negative 
D 6 negative negative 
Group III D D 7 Flav. odoratum negative 
D 8 NT NT 
D 9 E. col i negati ve 
DIO negative negative 
Dil E. coli and Enterococci negative 
baci 11 us 
D12 E. coli vulgatus 
D13 mixed flora negati ve 
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ТаЫг 22. Estimation of the probability of a positive (aerobic 
and/or anaerobic) bacteriological culture of the 
peripheral liver on the basis of 21 cases. 
number of positive 
scores 
estimated probability 
of a positive score 
95 percent con­
fidence interval for 
the probability of a 
positive score 
12 57 % 34 - 78 % 
ТаЫг 23. Estimation of the mean values for the clinical 
chemical parameters on the basis of 21 cases. 
mean 
95 percent confidence 
interval for the mean 
total bilirubin 
(mg/100 ml) 
conjugated bili­
rubin (mg/100 ml ) 
GOT (u/1) 
GPT (u/1) 
γ-GT (u/1) 
AP (u/1) 
BSP, percentage 
after 15 mi n.* 
0.253 
0. 128 
21 
13 
31 
42 
10.5 
0. 
0. 
,220 -
, 104 -
17 -
11 -
26 -
38 -
5.7 -
0.286 
0.152 
25 
15 
37 
47 
15.3 
*n = 19 
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With respect to the normal values of the clinical chemical 
parameters used in this study larger series were not available. 
The mean values of small series are listed in Table 24. One 
should be aware, however, that based on these data no clear 
comparisons can be made. Therefore, the clinical chemical normal 
values listed can only be used as a gross reference. 
Table. 24. The mean normal values of clinical chemical 
parameters, according to Schotman and Group I. 
Schotman* Group Γ 
total bili rubi η 
(mg/100 ml) 
conjugated bilirubin 
(mg/100 ml ) 
GOT (u/1) 
GPT (u/1) 
Ύ-GT (u/1) 
AP (u/1) 
BSP percentage 
after 15 min. 
< 0.600 
36 
28 
25 
65 
0.213 
0. 145 
13 
11.4 
24.3 
33.2 
8.9 
*Veterinary Insti tute. Uni versity of Utrecht, The Netherlands 
(personal communication), η = 20 
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11/. 3 . 4 . 3 . Hzpa.tob¿tÁ.ai^.ij ic¿nt¿gA.aphy 
II/.3.4.3.Í. Рдеоре^а-С-с е itadiz-i 
Sí-ttaZ ic¿nt¿pkotoi 
Following i.V. injection of the radiopharmaceutical the circ-
ulating activity is seen in the blood pool, i.e. in the region of 
the heart. Within a few minutes the blood activity in the region 
of the heart decreases and the liver is visualised, showing a 
homogenous distribution of the activity. After 8-10 minutes a 
clear-cut area of increased activity is observed in the right 
half of the liver, indicating the gallbladder. Also within 8-10 
minutes activity is seen below the liver, obviously respresent-
ing bile flow into the intestine. A remarkable observation is 
the reflux of activity into the stomach. About five minutes 
after injection of the radiopharmaceutical, the activity in the 
liver starts to decrease and very little activity is seen after 
20-30 minutes. 
T-íme/a.ct¿v>Lty си.я. е.і 
The curves of the heart region show a sharp declining down-
slope, indicating the rapid blood clearance of the radiopharma­
ceutical. 
The curves of the liver region consist of two parts: a) a 
steeply rising upslope curve, indicating a rapid uptake of the 
radiopharmaceutical by the liver and b) a less sharp declining 
downslope curve, that represents the excretion of the radio­
pharmaceutical by the liver. In addition to the upslope and the 
downslope curve a short plateau represents the maximal accum­
ulation activity in the organ. 
The curves of the gallbladder region show a steeply rising 
upslope, several peaks and finally a less rapid declining down-
si ope. 
The curves of the intestinal region show a gradually rising 
upslope, and a capricious, slowly declining downslope with se­
veral peaks. This remarkable course may be explai ned by bowel 
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peri stal si s . 
The curves of the stomach region show a gradually rising up-
slope curve and a practical horizontal downslope curve. 
Tht t,c.¿YitÍQKOiph¿c panamatеЛ-і 
t \ blood: In three cases the t \ blood is less than 
0.5 min., in one case 0.5 min. and in the 
other case 1 min. 
Τ max. ¿¿ гк: The mean value is 3.7 min., rangi ng from 
3.5 - 4 min. 
Extraction ¿ndzx: The mean value is 190.4 %, ranging from 
101.8 - 30 2.3 %. 
Rztzntion Indtx: The mean value is 19.9 %, ranging from 
16.5 - 23.0 %. 
The average t \ blood of about 0.5 min. indicates a rapid re-
moval of the radiopharmaceutical from the blood. A Τ max. liver 
of 3.7 min. in average represents a rapid uptake of the agent 
into the liver, also demonstrated by the steeply rising upslope 
curve. Combined with an extraction index of 190.4 percent, it 
can be concluded that most of the radiopharmaceutical is cleared 
from the blood by the liver in a short time. A rapid excretion 
of the agent by the liver is indicated by the retention index 
with an average of 19.9 Χ and is in accordance with the steady 
decline of the downslope of the liver curve. 
11/. 3. 4 . 3. 2 . Voitopinative. itadlti 
NumbzK N9 
See F-cg. 50, 51, ТаЫг. 25 
Preoperatively, the bile is seen to flow through the extra-
hepatic bile ducts into the intestine (1) and subsequently to 
regurgitate into the stomach (2). 
Immediately after operation the bile is observed to flow free­
ly through the anastomosis into the intestine (3) and to re­
gurgitate into the stomach (4). The time/activity curves and 
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scintigraphic parameters illustrate a rapid uptake and ex-
cretion of the radiopharmaceutical by the liver. These findings 
suggest that the anastomosis is functioning well. 
On the 42nd day p.o., the liver shows areas with prolonged 
activity ( 5 ) . Only very little bile can be seen to flow into the 
i ntesti ne ( 6 ) . 
F-tg. 50. Serial scintiphotos of N9. 
Horizontally: times after injection of 
the radiopharmaceutical. Vertically: 
preoperatively (pre o.) and times after 
the operation. For further explanation 
see text. 
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min. 
135 
Pre о. 
0 
42 
90 
i a y s ^ 
heart liver 
1 
51 
F-tg Time/activity curves of the heart and liver 
region of N9. Vertically preoperatively 
(pre o.) and times after the operation. For 
further explanation see text. 
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The downslope curve of the heart and the t J blood show a 
normal appearance. The upslope of the liver curve rises less 
sharply with a prolonged Τ max. liver, but the extraction index 
is notdimini shed appreciably. The downslope follows a nearly 
horizontal line (the sudden sharp decline is due to movements of 
the animal which caused an altered position of the liver under 
the gamma camera), which is in accordance with the retention in­
dex of 129 percent. These findings suggest that the blood clear­
ance of the radiopharmaceutical by the liver has slightly de­
creased, whereas the excretion has severely decreased. Ninety 
days after operation, the values of the scintigraphic parameters 
have further deteriorated. 
Table, 25. The scintigraphic parameters of number N9. 
pre- immediately 
operati vely p. o. 42 days p.o. 90 days p. o. 
t i blood 
(min.) - 0.5 0.5 0.5 
Τ max. 1 i ver 
(min.) - 9 33 42.5 
extracti on 
index (%) - 223.5 209.2 135.1 
retention 
index {%)
 z 45.4 129.0 141.2 
The clinical chemical values of the liver function tests are 
within normal limits. 
At surgical dissection the anastomosis was found to be patent, 
while bile-soaked plugs consisting of cellular debris and con­
nective tissue were observed to fill the larger bile ducts that 
were markedly dilated. Histological examination of the peri­
pheral liver reveals changes such as a slight increase of fibrous 
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tissue in the portal areas and interlobular. Fresh focal biliary 
acid necroses are scattered through the parenchyma. The histo-
logical picture matches that of segmental obstruction of the 
bile flow. 
Conciuilon 
Slightly diminished uptake and severely diminished excretion. 
MumbÍK V7 
See Fig. 52, 53, Table. 26 
Preoperatively, a good bile flow into the intestine (1) and 
reflux into the stomach (2) are observed. The gallbladder is de-
pi cted clearly ( 3 ) . 
Immediately postoperatively, bile flow through the anasto-
mosis into the intestine (4) as well as regurgitation into the 
stomach (5) is seen. The liver exhibits a slight retention of 
activity which is also reflected in the downslope of the liver 
curve and the retention index. 
After 41 days, the general picture is similar to the im-
mediate postoperative appearance. The site of the anastomosis 
is clearly recognizable ( 6 ) . The extraction index, however, is 
markedly lower in comparison to the preoperative value. 
On the 83rd postoperative day, there is still a good bile 
flow into the intestine. The liver, however, exhibits a homo-
genous prolonged activity. The downslope of the liver curve 
shows a less distinct decline in comparison to the curve on the 
41st day post operation. The retention index and the Τ max. liver 
have increased, and the extraction index is slightly decreased. 
Fig. 52. Serial scintiphotos of D7. Horizontally: 
times after injection of the radio­
pharmaceutical. Vertically: preoperatively 
(pre o.) and different times after the 
operation. Further explanation see text. 
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mm 
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heart liver 
Pre o. 
41 
83 
days, 
53 
T-Lg. 53. Time/activity curves of the heart and 
liver region of D7. Vertically: pre-
operatively (pre o.) and times after 
the operation. Fruther explanation see 
text. 
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Table. 26. The scintigraphic parameters of number D7. 
pre- immediately 
operati vely p.p. 41 days p.p. 83 days p.o. 
t | blood 
(min.) 0.5 0.5 0.5 0.5 
Τ max. 1 i ver 
(min.) 4 7 4.5 5.5 
extraction 
index (%) 135.3 149.0 84.3 76. 1 
retenti on 
index (%) 21.1 49.5 22.6 40.3 
The clinical chemical values are within the normal range. 
At surgical dissection the anastompsis was found to be patent. 
The histolpgical picture pf the peripheral liver shows a nearly 
normal appearance except for a slight increase of fibrous tissue 
in the portal area. 
ConcZai¿on 
Slightly decreased uptake and slightly increased retentipn. 
Ыцтоел. V9 
See Table. 27 
Immediately postoperatively the bile flows rapidly into the 
intestine. The site of the anastomosis is distinctly defined. 
In this case, too, there is regurgitation of bile into the 
stomach. The downslppe of the heart curve and the upslope of the 
liver curve show almost the same appearance as those of the pre­
operative curves. The downslope of the liver curve shows a less 
rapid fall which is in accordance with the elevated retentipn 
i ndex. 
In the postoperative period the liver exhibits a progressive 
prolonged activity and a diminished bile flow into the intestine. 
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On the 41st postoperative day a calyx-like area converging to 
the point of the anastomosis appears, which exhibits prolonged 
activity. This calyx-like area apparently represents distended 
intrahepatic bile ducts. The curve of the heart and the t I blood 
have remained nearly unchanged. The upslope of the liver curve is 
less steep while the downslope almost has turned horizontally. 
These observations are in accordance with the prolonged Τ max. 
liver and the increased retention index, respectively. 
On the 97th day, this calyx-like area has disappeared, with 
the exception of a small area at the site of the anastomosis. 
The whole liver shows homogenously prolonged activity. The 
curves of the heart region have remained nearly unchanged. The 
liver curve rises less sharply and the downslope follows a 
practical horizontal line. These findings are in accordance 
with the more prolonged Τ max. liver and the increased retention 
i ndex. 
Table. 27. The scintigraphic parameters of number D9. 
pre-
operati vely 
i mmedi ately 
p. o. 41 days p.o, 97 days p.o, 
t I blood 
(min. ) 0.5 
Τ max. 1 i ver 
(mi η.) 3.5 
extraction 
index {%) 135.2 
retention 
index {%) 16.5 
0.5 
6.5 
184.9 
40.3 
0.5 
13.5 
186.0 
80.5 
0.5 
25.5 
114.1 
120.0 
The clinical chemical values are normal. 
At surgical dissection the anastomosis was found to be patent. 
The peripheral liver contains almost normal areas as well as areas 
of severe pathologic changes. In the pathological areas the 
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amount of connective tissue is markedly increased in the portal 
areas and interlobularly, whereas strands of connective tissue 
penetrate into the lobules, resulting in subiobulation. Numerous 
necrotic areas of varying size are scattered throughout the liver. 
In these areas fibrosis and infiltration is severe. The number 
of larger interlobular bile ducts has decreased and there is a 
marked proliferation of bile ductules. 
Conc¿LLi¿on 
The excretory capacity of the liver is decreased rather than 
its uptake capacity. 
МцтЬел. P71 
See TcLbie. ZS 
Immediately postoperatively there is a good bile flow into 
the intestine with subsequent reflux into the stomach. The site 
of the anastomosis is clearly visible. Prolonged homogenous liver 
activity is observed which is also illustrated by the decreased 
downslope of the curve and the increased retention index. 
On the 42nd day, a bile flow into the intestine is clearly 
visible. Two large areas exhibiting a prolonged activity have 
appeared. They probably represent the left lateral lobe and the 
right medial lobe. The heart curve shows a normal appearance, 
associated with a short t J blood. The liver curve of an area 
with prolonged activity exhibits a lower maximum, whereas the 
downslope of the curve changed remarkably to an almost horizont­
al line. These observations are in accordance with the prolonged 
Τ max. liver and the increased retention index. The curve of an­
other region of the peripheral liver exhibits a steep upslope 
and a steady downslope, suggesting good uptake and excretion. 
On the 90th day, the picture has stabilised. The two areas of 
prolonged activity have the shape of triangles with the bases 
parallel to the liver surface. The heart and liver curves re­
semble those on the 42nd day. However, the downslope of the liver 
curve of an area with prolonged activity now nearly follows a 
horizontal line, which is in accordance to the further elevated 
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retention index. The extraction index is further decreased. The 
apparently well functioning area, however, also showed a de­
creased extraction index. 
Table. 28. The scintigraphic parameters of number Dil. 
pre- immediately 
operati vely p.p. 42 days p.o. 90 days p.p. 
t | blood 
(min.) 
Τ max. liver 
(min.) 
extraction 
index {%} 
retention 
index (%) 
1 
4 
302.3 
19.1 
3 
3 
105.0 
39.0 
0.5 
10 
4 
93.8 
112.4 
85.5 
19.5 
0.5 
16.5 
3.5 
58.3 
66.8 
96.0 
17.0 
The clinical chemical parameters are within normal limits. 
At surgical dissection the anastomosis was found to be patent. 
The intrahepatic bile ducts had markedly widened. At histological 
examination there is a significant difference between the areas 
with and without prolonged activity. The histological picture of 
the area that shows not prolonged activity is normal. The area 
with prolonged activity shows fibrosis of the portal areas; 
there is also infiltration with PMN cells of the portal areas 
and the margins of the lobules. Furthermore, there is prolifer­
ation of cholangioles and evidence of local secondary infection. 
The histological picture matches that of segmental disturbance 
of bile f1ow. 
ConcZuiion 
Areas with diminished uptake, but normal excretion as well as 
areas with both diminished uptake and excretion are distinguished. 
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Numb гл. M 13 
Se.e ТаЫг 29 
Immediate postoperative bile flow through the anastomosis in­
to the intestine and marked reflux into the stomach are clearly 
visible. The time/activity curves as well as the scintigraphic 
parameters are normal; only the extraction index is decreased. 
After 42 days, areas exhibiting prolonged activity have ap­
peared in the centre of the left lateral lobe, the left medial 
lobe and in the right medial lobe. The time/activity curve of 
the heart and the t | blood show a normal appearance. The up-
slope of the liver curve reaches its maximum somewhat later and 
the downslope falls less rapidly, which is in accordance with 
the prolonged Τ max. liver and the increased retention index. 
On the 95th postoperative day, bile is noted still to flow 
freely into the intestine. The areas of prolonged activity have 
taken the form of a calyx, which converges to the site of the 
anastomosis. The time/activity curves are almost unchanged, 
while the scintigraphic parameters, particularly the excretion 
index, show amelioration of hepatobiliary function. 
Table. 29. The scintigraphic parameters of number N13. 
pre- immediately 
operati vely p. o. 42 days p.p. 95 days p.o. 
t I blood 
(min.) 0.5 
Τ max. 1 i ver 
(min.) 3.5 
extraction 
index {%) 277.2 
retention 
index {%) 23.0 
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1 0.5 1 
4.5 9.0 6.0 
119.6 132.1 265.2 
23.6 42.7 33.5 
The clinical chemical values are within normal limits. 
At surgical dissection the anastomosis was patent, while the 
intrahepatic bile ducts near the anastomosis were dilated. Histo-
logical examination of the peripheral liver reveals a normal 
picture, except slight fibrosis in the portal area and inter-
lobular. There is no evidence of bile flow obstruction. 
Conduilon 
Excellent uptake and slightly decreased excretion. 
Í I/. 3 . 4 . 4 . Tht guaito mo ύ-íi 
Macroscopically, the anastomoses were found to be patent in 
all cases, and frequently several large bile ducts emptied into 
the duodenal lumen. Compared with the large diameter of the bile 
ducts the outlets were narrow (Fig. 54a, b, 6 2 a ) . The anastomot-
ic area will be defined as the former wound area, after epithel-
ialisation (Fig. 5 6 A ) . In this area the villi of the duodenum 
were gradually lower from the duodenal side towards the bile 
duct and the situation became more complex. The duodenal type of 
villi gradually disappeared and a capricious picture of crypts, 
villi and folds appeared. At the ductular side blunt foldings 
and crypts, that became less in number towards the periphery of 
the liver were found (Fig. 55, 62a, b ) . Remarkably, solitary 
lymph follicles had developed in the wall of the large bile 
ducts. In the anastomotic area a large sheath of dense connect-
ive tissue surrounded the outlet of the large ducts. Here, ad-
jacent to the normal glands of Brunner, mucoid tubulo-acinar 
glands resembling those of the papilla of Vater were observed. 
Schematically, three regions could be distinguished between 
normal duodenum and normal bile duct, based on the character-
istics of the surface epithelium (Fig. 5 6 B ) : 
1. A duodenum-like region. 
2. A region, resembling the common bile duct in the papilla of 
Vater. 
3. A bile duct-like region. 
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Fig. 54. Macroscopical view of a patent anastomosis, 
98 days after the operation, from the duo-
denal side (A) and the ductular side (B). 
Two hepatic ducts empty into the duodenum 
(arrows). Note the relatively narrow out-
lets. (D9, 98 days p.o.) 
Magnification about X 10. 
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Flg. 55. Demonstration of a patent anastomosis, 
98 days after the operation (the same 
anastomosis as shown in Fig. 5 4 ) . 
D: duodenum; B: bile duct; L: liver; 
PV: portal vein. 
Note the mucosal relief. The pattern of 
villi and crypts at the duodenal side 
gradually transforms into folds and 
tubular glands at the ductular side. 
(Paraffine section, PAS; D9, 98 days p.o.) 
Magnification X 12. 
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F¿g, 56. Schematic representation of the anastomosis 
after 12 weeks. 
A: The anastomotic area (between arrows). 
B: The three regions between normal duodenum 
and normal bile duct. 
1: Duodenum-like region; 2: region, resembling 
the common bile duct in the papilla of Vater; 
3: bile duct-like region. 
Compare the position of these regions to that 
of the anastomotic area. 
D: duodenum; B: bile duct; L: liver. 
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These regions showed their own characteristics with respect 
to the enzyme histochemical pattern and variations in cell types 
of the surface epithelium. The regions were not strictly con-
fined to the earlier defined anastomotic area. They are discussed 
separately, below. 
?. The. duodenum-¿ike fizqion 
(F¿g. 57α, b, 61, 65) 
The pseudo-strati fied lining epithelium was composed of 
tall, columnar, absorptive cells. The number of gland cells 
had markedly increased, resulting in an increased PAS-activi-
ty of the epithelium. Also enterocytes with an AP-negative 
and a slight PAS-positive reaction were observed. The SDH-
and GPox-activity of the epithelium resembled that of normal 
duodenum. The proper lamina of the tip of the villi also ex­
hibited a positive 5'N-reaction. 
Besides normal cells, enterocytes with different amounts 
of apical secretion granules and a short brush border were 
present. The enterocytes exhibited various degrees of surface 
polymorph!sm. 
Z. The nzQion n.e¿,e.mbí¿ng thz common bile duct in the papilla o¡$ 
Vaten. 
(F-tg. 57α, Ь, Si, 60, 64) 
The epithelium covering the free surface was composed of a 
single layer of strongly PAS-positive columnar, mucoid gland 
cells. Compared with the duodenum-like region the GPox-act-
ivity of these cells had increased, while the SDH-activity 
had slightly diminished. There was an abrupt decrease of the 
S'N-activity of the proper lamina, while a few positive 
areas in the connective tissue in the tip of the folds were 
observed. The AP-reaction was negative. The cell surfaces were 
smaller than those of the enterocytes described. There was a 
varying degree of polymorphism and the surfaces were ir­
regularly covered with microvilli. Most cell apices were 
heavily packed with secretion granules. Remarkably, these 
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mucoid cells were also observed at places where the duodenum 
was pierced by suturing threads. 
The b-ite. duct-Zikz кгдіоп 
[Гlg. SS, 59, 6 3) 
The epithelium consisted of single, low columnar mucoid 
cells. Compared to the normal ductular cells, the PAS-activ-
ity had distinctly increased. The AP-reaction was negative. 
Locally there was a slight positive S'N-reaction in the pro­
per lamina. The epithelial SDH- and GPox-activity resembled 
that of the normal ductular epithelium. The cell apices con­
tained more secretion granules than normal ductular cells. 
Their surfaces were sparsely covered with short, stubby, 
microvilli. Bald centres were outstanding and frequently 
found. Polymorphism of the cell surface was found in differ­
ent degrees. 
It should be kept in mind that this classification into three 
distinct regions is oversimplified. In fact, the border line 
between the different regions was capricious and not always 
disti net. 
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F¿g. 57α Transition (arrow) of duodenum-like epithelium 
(left) into epithelium resembling that of the 
common bile duct in the papilla of Vater (right). 
Note the newly formed mucous glands (*). 
(Paraffine section, PAS; D9, 98 days p.o.) 
Magnification X 45. 
F-tg. 57b Detail. In the duodenum-like epithelium a 
large number of gland cells is scattered 
amongst the enterocytes (arrows). At the 
right side: epithelium resembling that of 
the common bile duct in the papilla of 
Vater, e.g. columnar, mucoid cells. 
(Paraffine section, PAS; D9, 98 days p.o.) 
Magnification X 200. 
F¿g. 5S. Transition (arrow) of bile duct-like epi-
thelium (left) into epithelium which re-
sembles that of the common bile duct in 
the papilla of Vater (right). Note the 
mucosal architecture: predominantly folds 
and invaginations. (Paraffine section, 
PAS; D9, 98 days p.o. ) 
Magni fi cati on X 45 . 
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F-¿g. 59. ТЕМ of bile duct-like epithelium. Columnar 
cells, irregularly covered by short micro­
villi. The cell apices contain various 
amounts of secretion granules. The inter­
cellular spaces are widened. (N10, 97 days 
p.o. ) 
Magnification X 3700. 
Fig. 60. ТЕМ of epithelium resembling that of the 
common bile duct in the papilla of Vater. 
High columnar cells, irregularly studded 
with short microvilli. Large amounts of 
secretion granules are present in the cell 
apices. (013, 84 days p.o.) 
Magnification X 5000. 
F¿g. 61. ТЕМ of duodenum-like epithelium. Columnar 
cells demonstrate a regular short brush 
border. Note that cell apices do contain 
various amounts of secretion granules. 
(N10, 97 days p.o.) 
Magnification X 2850. 
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F-tg. 62α SEM of a patent anastomosis, 83 days after 
the operation, at low magnification. At the 
left side, two confluencing hepatic ducts, 
presumably emptying through a narrowed 
anastomosis into the duodenum (right). Note 
the relatively narrowed outlet and the 
suturing thread of the inner row (arrow). 
(DIO, 83 days p.o.) 
Magnification X 10. 
F-tg. 62b Detail. At the ductular side close to the 
anastomosis. The crypt-like architecture 
of the mucosal wall of the duct is clear­
ly demonstrated. (DIO, 83 days p.o.) 
Magni fication X 160. 
Flg. 63. SEM of bile duct-like epithelium. Bulging 
cells, separated by deep furrows. Several 
cells exhibit only peripheral microvillar 
projections, accentuating the typical 
bald centres. These cells have a "succulent" 
appearance. Other cells are regularly 
covered by short, stubby microvilli. Note 
threads of mucus, particularly in the low 
right corner where, these cells exhibit 
close resemblance to those of the common 
bile duct in the papilla of Vater, as shown 
in Fig. 64. (N4, 84 days p.o.) 
Magnification X 2500. 
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F¿g. 64. SEM of epithelium, resembling that of the 
common hepatic duct in the papilla of Vater. 
A polymorphous picture of rounded and poly-
gonal cells. The broad (inter)cel1ular de-
marcation is accentuated by clotting of 
peripheral microvilli, due to mucus. Most 
cells are regularly covered by short micro-
villi. Apart from some ductular cells, as 
shown in Fig. 63 (single a r r o w ) , cells re-
sembling regular ductular cells are present 
(double a r r o w s ) . These observations illustr-
ate the interdigitation of the different 
epithelial regions. Threads of mucus are 
characteristic for epithelium resembling 
that of the common hepatic duct in the 
papilla of Vater. (DIO, 83 days p.о.) 
Magnification X 2500. 
f i g . 65. SEM of duodenum-like epithelium. Poly­
gonal cells with a regular and dense 
microvillous pattern. Besides pits, in 
which gland cells are located (arrow), 
there is a prominence of bulging, 
"succulent" gland cells. These (gland) 
cells are irregularly and sparsely 
covered with short microvilli, and ex­
hibit distinct blebs. (N4, 84 days p.o.) 
Magnification X 2500. 
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il/. 3.4. 5. Caie, nzpontb 
In this paragraph the failures of Group III are discussed 
separately. 
Mumbe-l· V6 
The animal was in a very poor general condition on the 32nd 
postoperative day. The sclerae and skin had a yellowish tinge. 
Under general anesthesia blood samples were taken for clinical 
chemical analysis, a specimen of peripheral liver was resected 
for bacteriological culture, and subsequently further surgical 
dissection was carried out. 
SuKglcoit dliizctlon 
The peritoneal cavity contained a small amount of yellowish 
fluid. At inspection and palpation the liver did not exhibit 
severe pathological changes. No patent anastomosis could be 
found, while the intrahepatic bile ducts were distended. 
HiitopoLtholoQij 
The anastomosis. A connection between large bile ducts and 
the duodenal lumen could not be detected in serial sections of 
the anastomotic area. Extensive fibrous tissue had developed 
between the duodenal wall and the hilar structures. Predominant-
ly, mononuclear cells and plasma cells had infiltrated the 
anastomotic area, whereas relatively few PMN cells were present. 
The large bile ducts were distended and surrounded by a thick 
sheath of connective tissue, compressing the surrounding par-
enchyma that exhibited slight cirrhotic changes. Several sutur-
ing threads were observed to be inserted very close to the wall 
of the large bile ducts. No signs of cholangitis were present, 
and the epithelium of the bile ducts appeared to be unaffected. 
Peri pheral 1 i ver. The portal areas showed active fibrosis, 
the interlobular septa were enlarged, while frequently strands 
of fibrous tissue penetrated into the lobules. The interstices 
were infiltrated with mononuclear cells, predominantly around 
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H-iitopathoZogy 
The anastomosis. On serial sections the anastomosis was ex-
tremely narrowed. Large amounts of fibrous tissue were observed 
in the anastomotic area, also between the cut ends of the musc-
ular layers of the duodenum, obviously narrowing the anastomosis. 
The large bile ducts were surrounded by a thick sheath of fibr-
ous tissue, which was infiltrated by lymphocytes and eosino-
phils. Remarkably, there was a decreasing concentration gradient 
of these cells towards the anastomosis. The epithelium of the 
large bile ducts was severely damaged and was largely shed 
into the lumen. Lymphocytes, eosinophils and cellular debris 
filled these large bile ducts, whereas no bacteria could be de-
monstrated. The liver near the anastomosis showed marked fibros-
is. The hilar lymphatics were dilated. 
Peripheral liver. The liver showed an inactive fibrosis of 
the portal areas and interstices. Lymphocytes infiltrated the 
interstices and the periphery of the liver lobules. There was a 
proliferation of bile ductules and a periductal fibrosis. Inter-
lobular veins contained amorphous substances and bacteria, while 
small arterial branches contained organised thrombi. The lymph-
actics were dilated. The interlobular bile ducts were free of 
bacteria. Frequently, the lobules exhibited central necrosis. 
In the central and midzonal area of the lobule vacuolar changes 
in the hepatocytes were observed. Locally, organised necroses 
were present. 
C¿¿nÁ,ca¿ chtmíitxij 
The following serum analyses were carried out: total bili-
rubin: 4.96 mg/100 ml; conjugated bilirubin: 3.77 mg/100 ml; 
GOT: 35 u/1; GPT: 9 u/1; AP: 71 u/1; BSP concentration after 15 
minutes: 56.4 %. 
Bacte.i¿u¿ogij 
Remarkably, both the aerobic and anaerobic bacteriological 
cultures of the peripheral liver tissue were negative. The an-
aerobic culture of the pus revealed a mixed flora, while the 
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the blood and lymph vessels. The lymph vessels were distended. 
There was a remarkable proliferation of cholangioles, also into 
the parenchyma. Evidence of cholangitis was not found. Both old 
and fresh foci of biliary acid necroses were scattered through 
the parenchyma. 
C¿¿n-ica¿ che.m¿.&tA.y 
The following serum analyses were carried out: total bili-
rubin: 5.02 mg/100 ml; conjugated bilirubin: 4.05 mg/100 ml; 
GOT: 62 u/1; GPT: 9.5 u/1; γ-GT: 151 u/1; AP: 238 u/1. 
Bactei-iology 
Both the aerobic and anaerobic bacterial cultures were 
negati ve. 
OÁ.agnoi¿i 
1. Subacute closure of the anastomosis. 
2. Bile stasis. 
Numb ел. Ml / 
The animal was sacrificed because of the very poor general 
condition on the 64th postoperative day. Jaundice was obvious. 
Under general anesthesi а Ы ood samples were taken for serum 
analysis, a specimen of peripheral liver was resected for bact­
eriological cultures, and subsequently further surgical dis­
section was carried out. 
Sutigj-aal ал-ЪizctLovi 
The liver was dark coloured, the consistency was firm, and 
the margins were rounded. The intrahepatic bile ducts were mark­
edly distended and contained pus which was sampled for bacterio­
logical culture. A patent anastomosis could not be detected. 
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ae rob i c c u l t u r e was n e g a t i v e . 
V-íagnoiÁ-i 
1. Narrowing of the anastomosis. 
2. Bile stasis. 
3. Necrotising cholangitis in the anastomosis. 
4. Septicemia. 
МцтЬел. VS 
The animal died spontaneously on the 21st day p.o. 
Autopiу 
The animal was jaundiced. Macroscopical inspection revealed 
no pathological changes of the liver. There was no evidence of 
an open anastomosis. On slicing the liver, the bile ducts were 
obviously dilated and contained several large bile plugs, not­
ably in the region of the anastomosis. 
Hiitopatkoloq t/ 
The anastomosis. No patent anastomosis could be detected. A 
thick layer of fibrous tissue separated the large bile ducts 
from the duodenum, notably in the region where the muscular 
layers were interrupted. New epithelium had covered the fibrous 
tissue in this area. The large bile ducts were surrounded by a 
thick layer of fibrous tissue, compressing the adjacent, cirrhot­
ic, parenchyma. The ducts had largely lost their epithelial lin­
ing and contained plugs, which consisted of cellular debris, a-
morphous substances and bile pigments. However, no bacteria 
could be detected. 
Peripheral liver. The portal areas showed fibrosis, the inter­
lobular septa were enlarged, while frequently strands of fibrous 
tissue had penetrated into the lobules. Mononuclear and PMN 
cells had infiltrated the interstices, the periphery of the 
lobules, and had accumulated around both blood vessels and bile 
ducts. The lymphatics were dilated. Central necrosis, with a 
loss of contact between the cell plates, and biliary acid 
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necrosis were frequent findings. Bacteria were present in bile 
ducts and blood vessels. 
O-cagnoiii 
1. Closure of the anastomosis. 
2. Bile stasis. 
3. Cholangitis. 
4. Septicemia. 
МіхтЬел. Ό4 
The animal died spontaneously at the 34th postoperative day. 
Autopòy 
The skin and sclerae were found to have a yellowish tinge. 
The gastric wall showed several erosions and haemorrhage. The 
liver had a normal appearance. No evidence of a patent anasto-
mosis between the intrahepatic biliary tree and the duodenum 
could be found. On slicing the liver the bile ducts were marked-
ly dilated. 
H-iitopcLthoiogy 
The anastomosis. In serial sections no connection between 
large bile ducts and the duodenal lumen could be detected, 
notably not at places where the muscular layer was interrupted. 
Two large bile ducts were seen, surrounded by a thick sheath of 
fibrous tissue. Dense layers of fibrous tissue separated the 
duodenum from the large ducts and other hilar structures, also 
at the places where the muscular layers were interrupted. 
The lumen and the wall of the bile ducts were invaded by 
neutrophils, eosinophils, lymphocytes and plasma cells. The 
necrotic ductular epithelium was largely shed into the lumen. 
With Gram's staining morphologically different species of bact-
eria could be demonstrated within the bile ducts. Several hilar 
blood vessels were completely filled with blood cells. The lymph 
vessels were markedly distended. The hepatic parenchyma was com-
pressed by the periductular fibrous tissue and a severe 
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cirrhosis of the parenchyma around the anastomosis had developed. 
Peri pheral liver. The lobular architecture was undisturbed, 
but the portal areas showed fibrosis and the interlobular septa, 
too, were enlarged and irregularly boundered. The interlobular 
bile ducts were surrounded by thick fibrous tissue sheaths. They 
were invaded by PMN cells rather than by mononuclear cells. The 
epithelium was locally destroyed and bacteria were present in 
the lumen. There was a prominence of bile canaliculi. Central, 
often haemorrhagic necrosis was frequent, associated with dis-
sociation of adjacent liver cell plates. The liver cells ex-
hibited vacuolar changes. Foci of biliary acid necrosis were 
scattered throughout the parenchyma. 
1. Subacute closure of the anastomosis. 
2. Bile stasi s. 
3. Cholangitis. 
4. Haemorrhagic gastritis. 
Number Ni 
The animal died spontaneously, 59 days after the operation. 
Autopiy 
No signs indicative of jaundice. The stomach exhibited sever-
al ulcera of the mucosal wall and contained large amounts of 
blood. The consistency of the liver was firm. No patent anasto-
mosis could be found. The intrahepatic bile ducts were markedly 
di stended. 
H<L¿ to pathology 
The anastomosis. The anastomotic region had an edematous ap-
pearance and showed features of a subacute inflammation. The 
blood vessels were filled with PMN cells, mononuclear cells and 
erythrocytes among which bacteria were disseminated. One artery 
was found to be pierced by a suturing thread. The lymphatics 
were markedly dilated. At serial sections no patent anastomosis 
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was found. Large bile ducts were surrounded by a thick sheath 
of connective tissue. Their epithelium was destroyed and in the 
lumen bacteria were present. In the liver parenchyma that sur-
rounded the anastomosis a considerable increase of fibrous 
tissue in the interstices which frequently penetrated the 
lobuli, was present. 
Peri pheral 1 i ver. Distinct edema of the portal areas. Severe 
and still active fibrosis and edema of the interlobular septa. 
Strands of fibrous tissue tended to penetrate into the lobules 
and to link portal with central regions. There was a prolifer-
ation of bile ductules. Mononuclear cells and macrophages had 
invaded the interstices and also infiltrated the adjacent liver 
parenchyma. The lymphatics were distended. A broad layer of 
fibrous tissue surrounded the bile ducts. They were filled with 
bacteria and locally the epithelium was destroyed. Remarkably 
enough, the smaller peripheral bile ducts contained far more 
bacteria than the large bile ducts of the hilar region. Around 
the infected bile ducts distinct zones of parenchyma were 
damaged, apparently by toxins. Not only the bile ducts, but also 
many blood vessels contained bacteria. 
V¿a.gnoA¿i 
1. Closure of the anastomosis. 
2. Bile stasis. 
3. Cholangitis. 
4. Septicemia. 
5. Haemorrhagic gastritis. 
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II/.3.5. влоир Γι/ 
11/. 3 . 5 . I. Morphological and {¡iinctlonai condition о j thz И гк 
11/. 3.5. J./. Mo/iphology 
The histopathological features of the liver of both animals 
were comparatively the same. The lobular architecture was well 
preserved. There was a slight increase of fibrous tissue in the 
portal area and interiobularly. Locally it appeared to be active. 
There was periductular sclerosis. The interstices were infiltrat­
ed with neutrophilic and eosinophilic cells. A lymphoid reaction 
was present around the bile ducts. Proliferation of bile duct­
ules was frequently observed. The lymph vessels were dilated. 
The Kupffer cells were stimulated. There were no signs of either 
cholangitis or infection of the parenchyma. 
Conctaiion 
Signs of slight cholestasis. Aspecifi с reaction of the liver. 
II/ .3.5 .Í .2 . Clinical chzmiitiy 
The clinical chemical parameters are listed in Table 30. 
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Table. 30. The values cf the clinical chemical parameters 
of number LI and 12. 
parameter LI 12 
total bilirubin 
(mg/100 ml) 0.216 0.460 
conjugated bilirubin 
(mg/100 ml) 0. 133 0.260 
GOT (u/1) 14.5 22 
GPT (u/1) 14.5 14.5 
γ-GT (u/1) 24.5 22.5 
AP (u/1) 29 23 
I I / . 3 . 5 . 2 . Hipa.tob'ittaiij icintigKaphij 
Hambzi LI 
Se.K¿a¿ ic¿iitÁ.photoi 
Five minutes after injection of the radiopharmaceutical the 
liver is visible as two large areas. In the centre of the right 
area, an accumulation of activity is observed. Caudally from the 
liver, activity is also seen obviously representing bile that had 
flown through the anastomosis into the duodenum. After 13 minutes, 
a V-shaped area of increased activity is converging to the site 
of the anastomosis, apparently representing dilated bile ducts. 
Also in this case, activity has accumulated in the stomach. On the 
subsequent scintiphotos the area of the anastomosis and dilated 
bile ducts is clearly visible, while the activity in the peri-
pheral liver has decreased. 
Τ imz !ac t¿v¿ ty can.ve.i 
Three regions of interest have been defined, representing the 
peripheral liver, a dilated bile duct and the area of the anasto-
mosis, respectively. The upslope of the curve of the peripheral 
liver rises sharply and turns into a steady decreasing plateau. 
The upslope of the curve of a dilated bile duct is steadily 
172 
rising and turns into a practically horizontal plateau, that 
is steadily descending after about 25 minutes. The curve of the 
anastomotic area shows an initially steeply rising upslope, that 
turns into a steadily rising plateau. The print out activity 
counts were plotted manually on graphic paper. The curve thus 
obtained was smoothed. The resulting parameters are: 
- Τ max. liver: about 10 minutes, 
- retention index: about 70 %. 
Conclaòlon 
Fair excretion. 
Nambzu L2 
SzniaL ic-Lnt-iphotoi 
Two minutes after injection of the radiopharmaceutical the 
liver is visible as two large areas in which the activity is 
distributed homogenously. After 8.5 minutes an accumulation of 
activity is seen caudally from the right lobe, obviously re-
presenting bile flow into the intestine. In the centre of the 
two large areas, further activity has accumulated. On the sub-
sequent scintiphotos bile flow into the intestine becomes clear-
ly visible, while regurgitation into the stomach is evident. Two 
regions of increased activity converging to the site of the 
anastomosis have developed, apparently representing strongly 
dilated bile ducts. After 52 minutes activity is still present 
in the liver, particularly in the central region. 
T-Lme./act¿v¿ty cufivzò 
Three regions of interest have been defined, representing the 
peripheral liver, a dilated bile duct and the area of the anasto-
mosis, respectively. The curve of the peripheral liver rises 
steeply, turning into a slightly ascending plateau. The curve of 
the dilated bile duct gradually rises and finally turns into a 
practically horizontal plateau. The curve of the area of the 
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anastomosis shows an initial steeply rising upslope, which turns 
into a steadily rising line, indicating a free and good bile 
flow towards the anastomosis. The print out activity counts 
were plotted manually on graphic paper. The curve thus obtained 
was smoothed. The resulting parameters are: 
- Τ max. liver: about 16 minutes, 
- retention index: about 100 %. 
Concluilon 
Decreased excretion. 
IV.3.5.3. Thz anaitomoili 
Macroscopically, the anastomoses were found to be widened, 
compared with those in Group III. The estuary-like anastomoses 
permitted regurgitation of bowel contents into and out the 
dilated ducts. From the normal duodenum deep into the large bile 
ducts, the normal duodenal villi were gradually replaced by thin 
folds that were closely packed, and became smaller. In addition, 
the crypts became less numerous and less deep, finally exhibit­
ing the features of ductal glands (Fig. 6 6 a - c ) . In the anastom­
otic area, tubulo-acinar glands, resembling those in the papilla 
of Vater were found adjacent to the duodenal glands of Brunner, 
deep in the connective tissue. Schematically, three regions 
could be distinguished between the normal duodenum and bile duct 
(Fig. 6 7 ) . 
1. A region at the ductular side. 
2. A region, resembling that of the common bile duct in the 
papilla of Vater. 
3. A region at the duodenal side. 
These regions which were different in several respects from those 
described in Group III, are discussed below. Due to difficulties 
in preparation, the SEM results are not incorporated. 
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J. The -teg-ton at the. dactalan. ¿-¿de 
(F-cg. 66a, 68, 71) 
This epithelium consisted of strongly PAS-positive cells, 
while the a-GP-activity was moderate. The AP-reaction was 
negative. The AcP, SDH and GPox-activity were moderate to 
strong. The cells contained various amounts of apical secret-
ion granules, while their surfaces were covered by a short 
brush border. The cells that were closely packed with mucous 
granules had a sparse microvillar covering. Similar to that 
in the duodenum, the proper lamina showed strong 5'N and 
ATP-ase-activity in the tips of the villi. 
2. The л. e g-¿on 4 that >izi>zmbí<Ld that Oj$ the. common bi¿e. dact ¿η 
the papilla о £ Vaten. 
(F-cg. 66b, с, 69) 
This represented a very small region, in contrast to that 
of the anastomoses of Group III (see IV.3.4.4.), but the 
characteristics were similar. 
3. The -teg-ton at the duodenal ildz 
(F-tg. 66c, 70, 72) 
In a region ranging from far beyond the anastomotic area 
and extending towards the bile duct, an increasing number of 
gland cells was seen. Amongst the enterocytes frequently 
PAS- and a-GP-positi ve cells were observed. The AP-reaction was 
negative, while the Acp-activity was decreased as compared 
with normal duodenal epithelium. The SDH-activity was slight­
ly diminished and the GPox-activity was similar to that in 
normal duodenum. There was a strong 5'N- and ATP-ase-activity 
in the proper lamina in the tip of the villi. The entero­
cytes had a lower brush border and contained apical secretion 
granules. 
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Fig. 66a-c From the upper left of the di agram to the 
lower right, a survey of the anastomosis 
is shown, which is continuous from the 
ductular area till the duodenal side. 
The mucosal architecture of tubular glands 
and folds at the ductular side gradually 
turns into a pattern of crypts and villi 
at the duodenal side. In comparison with 
the anastomosis after 12 weeks (see Fig. 
57a, b, 5 8 ) , the anastomosis after 11 
months exhibits only a small region in 
which the epithelium resembles that of 
the common bile duct in the papilla of 
Vater (between the arrow in Fig. 66b and 
in Fig. 6 6 c ) . Note the thick layer of 
dense connective tissue under the mucosa 
(*). (Paraffine section, HWA; 12, 341 days 
p.o. ) 
Magnification X 45. 
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ΐ-LQ. 67. Schematic representation of the anastomosis 
after 11 months. 
1. region at the ductular side; 
2. region, resembling that of the common 
bile duct in the papilla of Vater; 
3. region at the duodenal side. 
D: duodenum; B: bile duct; L: liver. 
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F-¿g. Ы. Detail of the epithelium of the region at 
the ductular side. At the surface: low 
columnar, mucoid cells. In the tubular 
glands: columnar, evidently, mucous gland 
cells. (Paraffine section, HWA; L2, 341 
days p.o.) 
Magnification X 440. 
F¿g. 69. Detail of epithelium, resembling that of 
the common bile duct in the papilla of 
Vater. Columnar, true mucous cells. 
(Paraffine section, HWA; L2, 341 days p.o.) 
Magnification X 440. 
T I Q . 70. Detail of the epithelium of the region at 
the duodenal side. In comparison with norm-
al duodenal epithelium a larger number of 
gland cells is scattered between the high 
columnar enterocytes. (Paraffine section, 
HWA; L2, 341 days p.o.) 
Magnification X 440. 
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77. ТЕМ of the epithelium at the ductular 
side. Note: columnar cells, covered 
with regular short microvilli ("brush 
bo r d e r " ) . The cell apices contain 
various amounts of small secretion 
granules. (L2, 341 days p.o.) 
Magnification X 2800. 
72. ТЕМ of the epithelium at the duodenal 
side. Columnar cells, containing a wel 
developed, but short brush border. The 
cell apices are packed with various 
amounts of small secretion granules. 
(L2, 341 days p.o.) 
Magnification X 1000. 
71 
7 2 
F T ' ' 
І^ЫЁтОжЖ^ ' ЯЁ 
* " > : ^ Í ; 
• ^ 
- • • 
іф • * 
Ψί' éá 
ψ. * ·Λ 
* '• • ι 
Г І ^ ' ?.. 
л jflBfcp 
i 
\ A i 
A 
• - J " 
• · : " - ' 
183 
IV.4. Oiicuiilon and concZaiioni 
IV.4.1. The anaitomoiii 
Inevi'tably, HPD results in an epithelial defect between the 
duodenal edge at one side and the ductular edge at the other. A 
long as this epithelial defect exists, nocuous influences will 
affect the non-epithe!i al i sed tissues. To prevent this , the 
organism forms a protective layer (demarcation zone), which 
temporarily and only partially functions as lining epithelium. 
This layer exhibits an intense and typical enzyme activity and 
disappears after epitheli al isation. The demarcation zone, how-
ever, is not effective as such that all nocuous influences are 
controlled entirely. Consequently, necrosis and subsequent ex-
cavation of the non-epitheliali sed tissue occurs. These pro-
cesses on the one hand and epithelialisation on the other there 
fore, are competitive. In this light, the reduction of the non-
epi thel i al i sed area during wound healing may be considered to b 
the result of a higher epitheli al isation rate rather than the 
excavation rate. This siuation stresses the importance of both 
reduction of nocuous influences and rapid epithelialisation. 
However, methods that could accelerate the epitheli al isation 
process are not applicable. Therefore, it appears advisable to 
reduce the nocuous, delaying influences. Traumatisation of the 
wound area during operation should be avoided as much as poss-
ible. Especially the duodenal edge is easily injured due to the 
suturing procedure. Mann (1932) considered gastric contents, 
with a low pH to be the most important ulcerogenic agent. We 
suggest, preferring the certain to the uncertain, to avoid con-
tact between acid gastric contents and the anastomotic wound as 
much as possible in order to facilitate wound healing. This 
method is also applied in peptic ulceration in adults. Further-
more, these postulations are not in favour of the use of the 
duodenum, but that of a jejunal Roux-Y loop. Some authors 
(Douglas 1950; Hou 1961) stated that in instances of lesions 
of the bile duct, a diversion of bile away from the wound has a 
184 
positive influence on wound healing, while others (Cameron 1962; 
Chou 1973) found this procedure not to be beneficial. Seashore 
(1977) noted the risk of progressive obliteration of the intra-
hepatic ducts and stricture of the anastomosis, due to infection 
and bile stasis associated with cholangitis, particularly occurr-
ing before mucosal continuity is established. In all the cases of 
our study the anastomosis is markedly narrowed during the phase 
of wound healing. This phenomenon is reflected in morphologic 
changes of the liver, which frequently shows signs of slight 
biliary obstruction. 
After 12 weeks, the anastomosis is mlativzLy narrow, compared 
with the large diameter of the intrahepatic bile ducts. Bowel 
contents are obviously able to enter the bile ducts. 
After 11 months, the anastomosis is markedly widened, obvious-
ly permitting bowel contents to pass freely into and out the 
bile ducts. 
These observations indicate the possibility of widening of the 
anastomosis after the wound healing phase. 
In a few cases, however, the anastomosis is closed. It is 
probable to assume that disturbed wound healing has resulted in 
severe stenosis and subsequent infectious complications. Epi-
thel i al isation may be delayed by the presence of necrotic tissue 
in the wound area. The metabolism of epithelial cells depends on 
diffusion processes. These processes are disturbed by necrosis 
of the substratum, and therefore, epithelialisation over necrot-
ic tissue seems to be abortive. Furthermore, the epithelium will 
be easily disrupted when the necrotic tissue is shed. Extension 
of excavation, under newly formed epithelium from a non-epithel-
ialised neighbouring area seems to be another cause of disturbed 
and delayed epithelialisation. 
The time at which epithelialisation of the wound area is com-
pleted varies considerably. In addition to the above mentioned 
factors, the initial distance between the wound edges seems to 
be of great importance, as also stated by Seashore (1977). For 
example, even after 14 days, a continuous epithelial lining is 
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observed at some sites in number W19. In these areas the edges 
of the duodenum and the bile duct have been put closely to each 
other at operation. In contrast, number W23, sacrificed after 21 
days, shows a large epithelial defect, while the distance be-
tween the original operation edges of the duodenum and the bile 
duct when compared with number W19 is much longer. 
Newly formed epithelium as well as pre-existing epithelium, 
exhibits several characteristics, which are different from, or 
are a variety of normal ductular and duodenal cells. This phe-
nomenon is observed even a few days after the operation (Group 
I I ) . These changes continue for several months, as demonstrated 
by the different features of the epithelial lining of the anasto-
mosis in Group III and IV, respectively 12 weeks and 11 months 
after the operation. A remarkable feature is the increased 
mucosity. Even a few days p.o., cells resembling the epithelium 
of the common bile duct in the papilla of Vater, which is the 
original bi1ioduodenal transition, are observed at the ductular 
side. This finding suggests a rapid adaptation to altered physio-
logical conditions of the epithelium in the anastomotic area. 
These rapid changes may be explained by the normal high turn-
over rate of ductular (Cohen 1964) and intestinal cells 
(Leblond 1958; Bertalanffy 1 9 6 1 ) , and illustrate the multipotency 
of these cells. It is also seen that where suturing threads have 
pierced the duodenum, cells resembling those of the common bile 
duct in the papilla of Vater are present. These cells probably 
have appeared as reaction due to chronic irritation of the 
suturing threads. 
After 12 weeks, three obviously different surface epithelia 
can be recognised in the anastomotic area. At the ductular and 
duodenal side, the epithelial cells have become more mucoid. At 
the duodenal side these epithelial cells exhibit a well developed 
brush border and apical secretion granules. After 11 months such 
cells are also observed at the ductular side; and the epithelium 
at the ductular and the duodenal side is similar to each other. 
By this time, these two regions show more resemblance with norm-
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al ductular epithelium than with the duodenal epithelium with 
respect to AP-activity and the presence of apical granules. The 
microvillous pattern and the height of the epithelial cells, how­
ever, are more in accordance with normal enterocytes. Between 
the above mentioned two regions, a large region of epithelium 
resembling that of the normal bi 1 ioduodenal transition is pre­
sent after 12 weeks; at 11 months this region had diminished in­
creasingly. The altered characteristics of the lining epithelium 
after 11 months are apparently correlated with a widening of the 
anastomosis, allowing bowel contents to pass freely into and out 
the bile duct. 
Newly formed large gland cells at the duodenal side resemble 
goblet cells with respect to the LM, Hch and ТЕМ features. In 
the SEM observations,they clearly appear to bulge out, which is 
in contrast to the goblet cells, that are commonly localised in 
pits. With methods used in this investigation, however, it could 
not be determined whether these cells are true goblet cells or 
not. 
The mucosal architecture of the large bile ducts has signific­
antly altered. Long and branching tubular glands have appeared. 
It is probable that these changes represent an adaptation to the 
fluctuating stream of bowel contents into and out the bile ducts. 
The newly formed glands may be able to produce large amounts of 
mucus. 
The formation of solitary lymph follicles in the wall of the 
bile ducts can be interpreted as a reaction to antigenous stimuli 
in this area resulting from the presence of bowel contents in the 
ducts. It should be noted that solitary lymph nodes are also 
localised around the outlet of the common bile duct in the 
papilla of Vater. 
Branched tubulo-acinar glands have developed in the region 
adjacent to the glands of Brunner. These glands resemble those 
of the papilla of Vater. Whether these glands are formed by the 
downgrowth of epithelium, or whether they represent regenerated 
glands of Brunner, can not be concluded. 
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In conclusion it can be stated that in the surviving animals 
the epithelial defect between the cut edges of the hepatic duct 
and the duodenum is closed by epithelial cells, which migrate 
from both margins. Excavation of non-epitheli al i sed tissues and 
the presence of necrotic tissue in the wound area appears to de­
lay epitheli al isation. The mucosal architecture of the anastom­
otic area and the large bile ducts apparently adapt to the pre­
sence of bowel contents. 
IV. 4 . 2 . Ткг Іі гк ofa thz ia>ivl\jofiò 
Most of the examined 1 i vers of Group II, i.e. those during the 
stage of wound healing of the anastomosis, show signs of biliary 
obstruction. These findings are in accordance with the studies 
of Cameron ( 1 9 6 2 ) . He investigated the effects of clamping the 
lower half of the common bile duct for one or two minutes in 
guinea pigs. The animals were sacrificed at different periods 
p.o. In the period, 24 to 48 hours after operation the liver 
showed clusters of periportal focal necroses, and in one animal 
there was clear evidence of commencing bile duct proliferation. 
Jaundice, however, was not present. The extrahepatic ducts were 
patent and not dilated, though the lumen of the duct was narrowed 
to a variable extent at the site of clamping. If stenosis was 
present at 14 days, the picture of biliary obstruction had be-
come accentuated. After 90 days, the liver presented clear evid-
ence of reconstitution following relief of obstructed bile flow. 
These findings indicate the possible reversibility of initial 
morphological signs of biliary obstruction. 
Reviewing the results of the different statistical tests that 
have been carried out to compare Group III N (not decontaminated) 
to Group III 0 (decontaminated), it is reasonable to assume that 
there is no clear difference between both groups with respect to 
the used parameters. These parameters reflect the morphological, 
functional and bacteriological condition of the liver. After 
Group III N and III D have been pooled, the functional condition 
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of the liver, 12 weeks after HPD, is judged from the mean value 
of the clinical chemical parameters as well as the 95 percent 
confidence intervals for the mean values of these parameters. 
The data indicate that in our model, in average HPD does not re­
sult in pathologically increased levels of serum total bilirubin, 
conjugated bilirubin, GOT, 0ΡΤ,γ-6Τ, AP and percentage of the 
original BSP concentration after 15 minutes. With respect to the 
morphological and bacteriological condition of the liver, estim­
ations of the probabilities (with 95 percent confidence inter­
vals) of the presence of an increase in fibrous tissue, the pre­
sence of proliferation of bile ductules, necrosis of the paren­
chyma, cholangitis and/or cholangioli ti s , infections of the 
liver parenchyma, and a positive bacteriological liver culture 
are calculated. Considering the results, it can be stated that 
HPD in our model, on the average will cause pathological changes. 
According to the results of the statistical computations 
above, the used clinical chemical parameters seem to be less 
pathologically changed than the morphological picture. 
The estimated probability of a positive bacteriological cult­
ure of the liver is 57 %, with a 95 percent confidence interval 
of 34-78 %. De Kruijf (1979) comprehensively studied bacterio­
logical contamination of the porcine liver. According to his 
literature review, the presence of contamination ranged from 
4 till 80-90 percent. In his own experiments he found contamin­
ation of the liver in 20 out of 28 cases after slaughter. He 
assumed the cavai vein, portal vein and bile ducts as the routes 
of decontamination, the cavai vein being responsible in 55 per­
cent, probably due to retrograde influx during the slaughtering 
procedure. The excision of the liver was considered to be the 
major factor in contamination, while haematogenous spread of 
bacteria due to opening of the body was considered to be minimal. 
In our experiment, however, contamination routes via the cavai 
vein, and portal vein are excluded, since a specimen of liver 
tissue was taken ¿n iitu, from the heart beating animal. Con-
sidering the above mentioned results, it may be stated that the 
average contamination percentage, found in our group, is high. 
189 
In addition, subclinical infection of the parenchyma and 
cholangitis/cholangioli ti s are found in 33 percent and 19 per­
cent, respectively. The 95 percent confidence interval is 15-57 
percent and 5-42 percent for parenchymal infections and chol-
angitis/cholangiolitis, respectively. These infections obviously 
have not (yet) given rise to lethal complications. 
It should be noted that a posi ti vebacteriological culture of 
the liver was not necessarily related to a morphological de­
monstration of bacteria. These f indings underl i ne the presence of 
bacteria in the liver, being confined to a distinct area. 
Since the liver of the longest survivors, number LI and L2, 
shows only signs of slight biliary obstruction and some non­
specific changes, the pathological alterations of the liver in 
Group III, 12 weeks p.o., appear to be of transient nature, and 
there is apparently the possibility of an almost complete re­
storation. Large amounts of bowel contents in the intrahepatic 
bile ducts probably result in slight biliary obstruction and 
constant irritation. 
Also in these cases, the clinical chemical values are not in 
accordance with the morphological picture. 
In conclusion it can be stated that in this model little ad­
vantages are registered from selective decontamination of the in­
testines, shortly before and after HPD. In average, HPD in our 
model is likely to be followed by pathological changes of the 
liver during or within 12 weeks. These changes, however, seem to 
be reversible. 
II/.4.3. Hzpatobiilaiij Лсіпіідла.рііу 
Assessment of the functional condition of the hepatocytes and 
99m the biliary system with Tc hepatobiliary scintigraphy in 
seven animals following HPD reveals a slight reduction of he­
patocellular function, while the capacity of excretion of the 
biliary apparatus in most of the cases is markedly decreased. It 
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is also observed that the initial normal function of the hepato-
cytes gradually diminishes as the excretion capacity of the 
biliary system continues to be reduced or deteriorates. Not only 
the function of the hepatobiliary system as an entirety could 
be assessed, but also regional differences could be detected. 
The blood clearance curve and the t l blood seems to be 
less sensitive parameters,si nee they do not alter significantly 
with deterioration of the hepatobiliary function. It is suggested 
that after intravenous injection the radiopharmaceutical i s clear­
ed from the vascular compartment by two (or more) compartments, i. e. 
the extravascular extracellular fluid pool, and the intracel1ular 
hepatocyte pool. There is probably a steady state between the 
blood, the extracellular fluid, and the liver. In instances where 
the uptake capacity of the liver is diminished, the radiopharma­
ceutical would still be cleared from the vascular blood pool to 
the extracellular fluid pool. When the upslope of the liver curve 
turns into a plateau, this represents the equilibrium maximal 
accumulation of activity in the liver. The downslope curve re­
presents the balance of the activity that is still taken up by 
the liver, and the excretion of biliary activity. Since in dis­
turbed excretion the Τ max. liver will be prolonged, the T. max. 
liver can only be interpreted as a measure of function, if there 
is no obstructive element present. The extraction index is not 
influenced by obstruction, and together with the retention index 
it is the most rel iabl e parameter to assess hepatocellular dys­
function and diminished excretion, respectively. 
It should be stressed here, that selecting the regions of 
interest is of a critical influence in the interpretation of the 
time/activity curves and the scintigraphic parameters, and should 
be guided by topographical information using scintiphotos. 
In these experiments hepatobiliary scintigraphy seems to be a 
more sensitive method of testing liver function than the clinical 
chemical serum analyses, whereas it was correlated with the 
histopathological picture of the liver. 
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In conclusion it may be stated that Tc hepatobiliary 
scintigraphy is an appropriate method to assess both hepato-
cellular function and excretion capacity of the biliary tree. 
In addition, this method is simple and non-invasive. 
II/. 4. 4. Ltthal compíicationi 
In all but one case infectious complications have proved to 
be the cause of death or of a very bad general condition, ne-
cessitating sacrifice of the animal after HPD. Two types of in-
fection can be recognised: ascending cholangitis and haemato-
genous infection of the liver. In all cases, infection is as-
sociated with closure or narrowing of the anastomosis. The pre-
sence of bowel contents in the intrahepatic bile ducts itself 
does not necessarily cause cholangitis, as demonstrated in the 
two longest survivors (number LI and L 2 ) . The combination of re-
gurgitation of bowel contents and stenosis of the bile duct, 
however, apparently predisposes to cholangitis, as also stated 
by Vos (1977). The occurrence of haematogenous infections of the 
liver parenchyma appears to be caused by simultaneous bile duct 
obstruction and impairment of lymph drainage from the liver 
(Rickham 1978; Hirsig 1 9 7 9 ) . 
It is noted that particularly in the non-surviving animals 
all prerequisites for both types of infection are present: 
I. Stenoi'Li on zvzn total obitfiaction 0(5 the. anai tomoili. 
In the light of the considerations mentioned above, cholang-
itis secondary to stenosis, rather than the reverse, seems to 
be true. Secondary 1 ocal infection of the anastomosis most 
likely has led to total obstruction in the majority of the 
cases. Initial stenosis has been probably due to the suturing 
procedure, which has caused traumatisation of the anastomotic 
area and interference with local microcirculation. Consequent-
ly, impaired wound healing and subsequent abundant formation 
of fibrous tissue takes place. Delayed epithelialisation, ap-
parently due to minute disfavourable local circumstances, may 
have been another reason for initial stenosis of the anastc-
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mosis . 
Ζ. lmpa.A.Kmznt о^ ¿ymph dia^nagt {¡кот the. ¿-tve.*., probably cauizd 
by thz pn<¿pa.Ka.£Á.on pKoatduie. o¿ thí híiui at орчкаІА.оп, and 
ma.char>Lca¿ рке.м>икг o{¡ thz du.ode.num. 
Aggravation and acceleration of injury to the hepatic paren-
chyma and the biliary system secondary to biliary obstruction, 
associated with lymphatic congestion, was demonstrated by 
Schweizer (1974). These findings illustrate once more the im-
portant role of regurgitation of bile from the intralobular 
bile ducts into the lymph vessels and subsequently into the 
blood stream when obstruction of the bile flow occurs. By 
this mechanism the local toxic concentrations of bile in the 
parenchyma appear to be lowered Subsequent necrosis of liver 
parenchyma and consequent increased susceptabi11ty for in-
fections may be diminished or even avoided. Portal haemato-
genous infection, followed by septicemia is obviously the 
cause of death of number W15, 8 days after the operation. 
In the numbers N11, D8 and N8, stenosis or total obstruct-
ion of the anastomosis and subsequent cholangitis may have 
ended in septicemia, enhanced by impairment of the lymph flow 
from the liver. 
In one case, obliteration of the anastomosis is not follow-
ed by infection, although the animal died at the 32nd day 
after the operation. 
In conclusion, it can be stated that in this experiment, the 
cause of the fatal complications, i.e. infections of both as-
cending and haematogenous origin, should be sought in the co-
incidence of minor factors. They may lead to stenosis of the 
anastomosis and almost inevitable impairment of the lymph drain-
age from the liver It is difficult, if not impossible, to de-
tect all these causal factors and hence to predict or prevent 
the occurrence of the fatal complications. In contrast to these 
elusive fас tors, ιnfections may be controlled by antibiotic 
therapy. It should be noted that in this experiment no anti­
biotic therapy was applied, except for the scheduled selective 
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decontamination of the intestines, i η order to avoid the intro­
duction of new variables. Prevention of infections may be 
achieved by selective decontamination of the intestine during a 
long period of time, but this requires further investigation. 
II/. 5. Summary 
In 51 pigs, aged 8-10 weeks, HPD was carried out. The animals 
were sacrificed after varying postoperative periods in order to 
study the process of wound healing of the anastomosis during the 
first three weeks as well as to examine the anastomosis and 
possible complications after 12 weeks and 11 months. Simultane­
ously, the consequences of HPD for the liver were investigated. 
In addition, the value of selective decontamination of the in­
testines before and during a short time after the operation was 
examined. 
Wound healing of the anastomosis occurred by desmoplasia of 
the anastomotic area and epitheli al isation from the ductular and 
duodenal side. During the wound healing process the anastomosis 
was narrowed. Widening at a later stage was a common feature, as 
observed in the animals surviving 12 weeks and 11 months. The 
architecture of the anastomotic mucosa, and its epithelial 
characteristics were apparently adapted in a special manner to 
the passage of bowel contents through the anastomosis into and 
out the bile ducts. 
Initially the liver was affected after HPD, which was re­
flected by the frequent signs of slight biliary obstruction 
during the wound healing process. This picture was most obvious 
after 12 weeks. The signs of biliary obstruction, however, had 
been largely reconstituted after 11 months. Furthermore, the 
liver frequently showed subclinical, local infection of haemato-
genous and/or ascending origin. These infections were not ob­
served in the 11 months survivors. Although the bile ducts con­
tained large amounts of bowel contents, no signs of cholangitis 
were found in the latter animals. 
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Morphological examination of the liver and Tc hepato-
biliary scintigraphy proved to be valuable tools in assessing 
the condition of the liver and bile drainage system. It should 
9 9m be noted that Tc hepatobiliary scintigraphy is a simple and 
non-invasive method. Clinical chemical examination, however, ap 
peared to be of less value for this purpose. 
Infections of both ascending and haematogenous origin were 
the cause of failure in seven cases, 8-64 days after the oper-
ation. Disturbance of the wound healing of the anastomosis, re-
sulting in stenosis, was considered to be the cause of ascend-
ing cholangitis. The combination of bile stasis and obstruction 
of the lymph flow from the liver was regarded to enhance 
haematogenous liver infections. One animal died from biliary 
obstruction, without signs of infection, on the 32nd postoper-
ative day. Selective decontamination of the intestines, before 
and during a short time after the operation did not prove to be 
advantageous, but further investigations in this field are re-
commended. 
1 
GENERAL DISCUSSIOM 
Extrahepatic biliary atresia is still subject to many dis-
cussions. Its etiology and pathogenesis are not yet precisely 
known. In most cases of so-called incorrectable extrahepatic 
biliary atresia, the h i lus of the liver contains one or more 
minute bile ducts. We agree with Landing (1974) and Koop (1975) 
that the term "extrahepatic biliary atresia" should be classed 
as not relevant and that it is preferable to speak of a kind of 
pSLogiziilve. obitfLuct¿v2. cholangiopatky. 
Especially, the differential diagnosis between extrahepatic 
biliary atresia and non-surgical bile stasis in the newborn 
period of unknown origin is extremely difficult, if not imposs-
ible. Because of the vital importance of early treatment of 
extrahepatic biliary atresia we recommend (if indicated) гапіу 
explorative laparotomy to obtain the diagnosis. Considering both 
the difficulties in diagnosing and the hazardous surgical inter­
vention of extrahepatic biliary atresia, children who have un­
explained and non-diminishing jaundice should be admitted to 
centres with more experience in this field, within 14 days. This 
experimental study indicates the importance of an appropriate 
surgical technique, which is also emphasized by Kasai (1978) and 
Seashore (1977). In general, optimal surgical performance is 
correlated with routine and skill. These requirements cannot be 
met without centralisation of the management of biliary atresia, 
since biliary atresia is relatively seldom. 
At the present date, hepatoportoenterostomy is considered to 
be the most appropriate method to correct this anomaly. The re­
sults hereof and its modifications, however, are still miserable 
and it remains questionable whether these poor results are caused 
by the underlying disease, the hepatoportoenterostomy, or by 
both. 
In this study, the bile drainage system and complications 
after HPD have been investigated in a healthy experimental model 
to rule out the effects of a progressive obliterative process. 
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In most cases HPD has provided bile drainage. The epithelial 
lining of the anastomosis results from migration of epithelial 
cells from both the ductal and duodenal edge. The mucosal 
architecture and epithelial lining obviously adapt to the pass-
ing of bowel contents, through the anastomosis into and out the 
biliary tree. However, during the first postoperative weeks, the 
anastomosis generally is narrowed, and the liver shows signs of 
slight biliary obstruction. After 12 weeks, the anastomosis is 
clearly patent, but assessment of the morphological, functional 
and bacteriological condition of the liver indicate that most 
livers are obviously affected. Signs of biliary obstruction, like 
the increase of fibrous tissue, proliferation of chol angiol es, 
parenchymal necrosis, are present in many cases. Parenchymal in-
fections and cholangitis and/or cholangioli ti s are frequently 
seen in apparently healthy animals. Statistical computations re-
vealed an expectation with high confidence that after HPD in our 
model, on the average the liver is obviously affected with re-
spect to these parameters. It should be noted, however, that 
these changes are possibly reversible. Arguments in favour, are 
the findings in the liver of four long survivors (8-19 months) 
which showed almost total reconstitution with regard to the 
signs of biliary obstruction. 
In the light of above considerations, it seems reasonable to 
expect an initial damage to the liver after clinical HPD. In 
extrahepatic biliary atresia the liver is in a poor condition. 
Therefore, one can speculate that in particular cases, irre-
versible cirrhosis may inevitably develop, in spite of operative 
restoration of the bile flow. One should be aware, however, that 
without surgical intervention, children with extrahepatic 
biliary atresia are doomed to die. 
In this experiment, postoperative complications are the cause 
of failure in a minority of cases. The main complications are 
infections of both ascending and haematogenous nature. Lethal 
attacks of ascending cholangitis and haematogenous infections 
of the liver occur exclusively in case the anastomosis is 
severely stenotic or closed. The presence of bowel contents in 
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the intrahepatic bile ducts does not necessarily result in 
cholangitis, as demonstrated by the findings in the surviving 
animals and as also stated by Vos ( 1 9 7 1 ) . In the animals that 
have been sacrificed after 12 weeks, bowel contents were found 
in the mostly dilated, intrahepatic ducts; in less than 20 % 
there are signs of cholangitis and/or cholangioli ti s. In two 
animals that have been sacrificed after 11 months, the anasto-
mosis is widened, i.e. about 2 and 3 cm at cross section, re-
spectively. Pressure on the liver causes a stream of bowel con-
tents through the anastomosis. These animals do not exhibit any 
sign of cholangitis. The combination of bile stasi s and aboi ish-
ment of the lymph flow from the liver predisposes to haemato-
genous infections of the liver parenchyma (Rickham 1978; Hirsig 
1 9 7 9 ) . After HPD both conditions may be present: bile stasis, 
due to stricture or scarring of the anastomosis, and impairment 
of lymph drainage from the liver by transsection of the lymph-
atics in the hilus during surgery and by pressure of the duo-
denum on the hilus thereafter. To avoid or to reduce postoper-
ative liver damage and infection, we advise to carry out 
simultaneously with HPD, hepatoportodigesti ve lymph drainage 
after Schweizer (1976, 1979) or hepatoportoomentopexy (Rickham 
1978; Hirsig 1 9 7 9 ) . These additional measures are simple and not 
burdeni ng. 
99m 
Tc hepatobiliary scintigraphy can be of great value in 
postoperative follow up of liver function and bile flow through 
the anastomosis. This technique is simple, non-invasive and 
sensitive. In addition, local areas within the liver can be ex-
amined. 
In the beginning of the experimental series, direct post-
operative complications, such as detachment of the duodenum from 
the anastomotic site and local infection of the anastomosis have 
been observed. These complications have been largely obviated by 
an improved operating technique. 
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SUMMARY 
In the ge.№A.a.¿ intno dazilo η problems of hepatoportoentero-
stomy in so-called incorrectable extrahepatic biliary atresia 
are discussed. Particularly the controversial results in literat­
ure and the absence of clear insight into the events after he-
patoportoenterostomy are stressed. The aim of this thesis is to 
investigate the bile drainage system and complications after HPD 
in a healthy model, excluding underlying diseases which may in­
fluence the effects of HPD pzn. it. 
In c h a p t t n I relevant aspects of the function, embryology, 
structure, pathophysiology and pathology of the liver are dis­
cussed. 
In c h a p t t n II the classification, etiology, pathogenesis, 
histopathology, diagnosis and treatment of extrahepatic biliary 
atresia are discussed. Special attention is paid to the extreme­
ly difficult differential diagnosis between extrahepatic biliary 
atresia and non-surgical bile stasis in the newborn period of un­
known origin. The utmost importance of early diagnosis and treat­
ment of extrahepatic biliary atresia are stressed. Different 
methods of treatment are discussed. 
Chaptzn. 111. In a pilot study a suitable and reproducible 
model is established in which the course of events after HPD can 
be examined, i.e. a common hepatic duct severed in parallel with 
the liver surface in 8-10 weeks old pigs. The basic conditions 
of the operating procedure are ascertained. In addition, select­
ive decontamination of the intestines is attempted in order to 
prevent infectious complications. The possibility of bile drain­
age through hepatoportodigesti ve lymphatic anastomoses is ex-
ami ned. 
Chaptzn II/. The wound healing of the anastomosis as well as 
the morphology of the anastomosis and complications after pro­
longed postoperative times, i.e. 12 weeks and 11 months, are 
examined. The morphological, functional and bacteriological 
condition of the liver is investigated, too. In several cases 
9 9m 
Tc hepatobiliary scintigraphy is carried out in order to ob-
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tain more experience with this method in this condition. In 
addition, the value of selective decontamination of the in-
testines before and shortly after the operation is investigated. 
Lethal complications are discussed in case reports. 
In the ge.ne.n.ai diicuaion the results of this study and 
possible clinical implications are discussed. 
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SAMENÍ/ATTING 
In de alQímzm x.n£e^dx.ng worden enkele problemen inherent aan 
de toepassing van de hepatoportoenterostomie bij de zogenaamde 
niet korrigeerbare extrahepatische galgangatresie besproken. In 
het bijzonder worden de controversiële resultaten uit de litera-
tuur en het ontbreken van duidelijk inzicht in de gebeurtenissen 
na hepatoportoenterostomie benadrukt. Het doel van deze disser-
tatie is om in een gezond model, waarbij onderliggende ziekten 
die de resultaten van HPD kunnen beïnvloeden zijn uitgesloten, 
het galdrainagesysteem en de komplikaties na HPD te onderzoeken. 
In hoo&dituk I worden relevante aspekten van de funktie, em-
bryologie, bouw, pathofysiologie en pathologie van de lever be-
sproken. 
In hoo&dituk II worden de klassi f i kat i e , etiologie, Patho-
genese, histopathologie, diagnose en behandeling van extrahe-
patische galgangatresie besproken. Speciale aandacht wordt ge-
schonken aan de uiterst moeilijke differentiële diagnose tussen 
extrahepatische galganatresie en niet-chirurgisehe galstase in 
de neonatale periode van onbekende oorzaak. Met nadruk wordt er 
op gewezen, dat vroege diagnose én behandeling van extrahepa-
tische galgangatresie van uiterst belang zijn. Verschillende be-
handelingsmethoden, met name de hepatoportoenterostomieën , wor-
den besproken. 
Hoo&dituk III. In een "pilot" experiment wordt een geschikt 
en reproduceerbaar model ontwikkeld waarin het verloop van de 
gebeurtenissen na HPD onderzocht kan worden. Een parallel met 
het leveroppervlak doorgesneden ductus hepaticus communis in 
8-10 weken oude varkens voldoet aan de eisen voor dit model. 
De techniek van de HPD wordt verder ontwikkeld en vervolgens 
gestandaardiseerd. Aanvankelijk treden er in het merendeel van 
de gevallen infektieuze komplikaties op. Getracht wordt door 
middel van selektieve darmdecontaminatie deze komplikaties te 
voorkomen. Howel suksesvolle selektieve decontami nati e van de 
darmen niet bereikt is kunnen worden vanwege resistente bak-
teriën, is het aantal infektieuze komplikaties merkwaardiger-
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wijs, toch belangrijk afgenomen. Leverinfekties van hematogene 
en ascenderende oorsprong en lokale infektie van de anastomose 
zijn de meest voorkomende kompl ikaties na HPD in dit model. Gal-
drainage via hepatoportodigestieve lymfe anastomoses is in dit 
model niet mogelijk gebleken omdat de dieren reeds aan de gevol-
gen van galwegobstruktie zijn bezweken voordat zulde anastomoses 
zich ontwikkeld konden hebben. 
Hoo&dituk II/. In 51, acht tot tien weken oude varkens is een 
HPD uitgevoerd. De dieren zijn na verschillende postoperatieve 
perioden opgeoffered om gedurende de eerste drie weken het wond-
genezingsproces van de anastomose, en na respektievely 12 weken 
en 11 maanden de anastomose, te bestuderen. Gelijktijdig is on-
derzoek gedaan naar de gevolgen van HPD voor de lever. Bovendien 
is de waarde van selektieve darmdecontaminatie onderzocht. 
Wondgenezing van de anastomose vindt plaats door desmoplasie 
van het anastomose gebied en epithelialisatie vanuit de galgang 
en het duodenum. In de periode van wondgenezing is de anastomose 
vernauwd. Verwijding van de anastomose treedt gewoonlijk op in 
een later stadium, hetgeen wordt gezien in de dieren die 12 we-
ken en 11 maanden overleefd hebben. De architektuur van de mu-
cosa en de kenmerken van het epitheel van de anastomose zijn 
blijkbaar op een specifieke manier aangepast aan de stroom van 
darminhoud door de anastomose, in en uit de galwegen. 
Aanvankelijk is de lever aangetast na HPD, wat tot uiting 
komt in de tekenen van lichte biliaire obstruktie gedurende het 
wondgenezingsproces. Na 12 weken is dit beeld het meest uitge-
sproken. Echter na 11 maanden zijn de tekenen van biliaire ob-
struktie grotendeels verdwenen. Verder vertoont de lever na 12 
weken frekwent een subklinische, lokale infektie van hematogene 
en/of ascenderende oorsprong. Deze infekties worden niet waar-
genomen in de dieren die 11 maanden overleefden. Alhoewel de gal-
gangen grote hoeveelheden darminhoud bevatten worden bij deze 
laatste dieren geen tekenen gevonden die wijzen of cholangitis. 
9 9m Morfologisch onderzoek van de lever en Tc scintigrafie van 
lever en galwegen blijken waardevolle methoden te zijn voor de 
bepaling van de toestand van de lever en galwegen. Hierbij moet 
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aangetekend worden dat Tc scintigrafie van lever en galwegen 
een eenvoudige en niet belastende methode is. Het is gebleken 
dat klinisch chemisch onderzoek voor dit doel van minder waarde 
i s. 
Infekties van ascenderende en hematogene oorsprong zijn in 
zeven gevallen de oorzaak van het slechte resultaat na 8-64 dagen. 
Storing in de wondgenezing van de anastomose, resulterend in 
sténose, wordt beschouwd als de oorzaak van cholangitis. De kom-
binatie galstase en obstruktie van de lymfe afvloed van de lever 
wordt geacht bevorderend te werken op het ontstaan van hema-
togene 1 everinfekties. Eén dier is gestorven, op de 34e post-
operatieve dag aan de gevolgen van biliaire obstruktie zonder 
dat tekenen van infektie zijn gevonden. Selektieve darmdecon-
taminatie vóór en een korte tijd ná de operatie is niet van nut 
gebleken, maar verder onderzoek op dit terrein wordt aanbevolen. 
In de algemene diikuiiiz worden de resultaten van dit onder-
zoek en mogelijk klinische implikaties besproken. 
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STELLINGEN 
I 
De I-roodbengaal test dient als obsoleet te worden beschouwd. 
99in 
ïc-scintigrafie van lever en galwegen lijkt een goed alter-
natief. 
II 
De wijze van selecteren van de "regions of interest" bij 
Tc-scintigrafie van lever en galwegen is van cruciaal 
belang voor een juiste interpretatie van de scintigrafische 
parameters. 
(Dit proefschrift) 
III 
Zonder exploratieve laparotomie is de diagnose extrahepatische 
galgangatresie niet met zekerheid te stellen. 
IV 
Bij verdenking op extrahepatische galgangatresie verdient 
exploratieve laparotomie de voorkeur boven percutané 
leverbiopsie. 
ν 
Bij begeleiding in het algemeen,doch in het bijzonder van mensen 
die neigen tot een dementieel toestandsbeeld dient ruimte te 
zijn voor vrije keuze en derhalve de mogelijkheid te appelleren 
op de eigen verantwoordelijkheid van het individu. 
VI 
"In de motoriek blijkt hoezeer de fysiologische spontane ner­
vale organisaties,die buiten ons weten om geschieden,zodanig 
verlopen,dat zowel de handeling,de uitdrukkingsbeweging,de 
geste en het gesproken woord onwillekeurig aan de situatie zijn 
aangepast,alsook,dat zelfs in de eenvoudigste gedragingen 
(houding en locomotie,het aanreiken en aannemen van iets,het 
groeten en roepen)onze verbondenheid met een cultureel milieu 
en onze persoonlijke waarderingen spontaan uitgedrukt worden." 
(F.J.J.Buytendijk,Prolegomena van een anthropo­
logische fysiologie,Aula 204,Het Spectrum rç.V.,Utrecht,blz.36) 
VII 
Massamedia moeten niet opgevat worden als primair communicatie-
middel. Zij kunnen voor het individu sociale vereenzaming 
bevorderen.Wel zijn zij een welkome bron voor de vereiste 
persoonlijke horizontale en verticale communicatie. 
Vili 
Het neerlands hemelbed van sociale uitkeringen alsmede de ver­
anderde arbeidsmoraal doen het arbeidsverzuim van de actieven 
alsook het aantal inactieven tot ongewenste hoogte stijgen. 
Dit vereist zowel een politieke alsook een persoonsgerichte 
aanpak. 
IX 
In het bijzonder bij uitblijven van economische groei dienen de 
drie к's,te weten kwaliteit,kwantiteit en kosten ook buiten 
het bedrijfsleven bijzonder realistisch te worden bekeken, 
gehanteerd. 
X 
"....Voor ouden van dagen houdt dit in,dat ook zij-ondanks hun 
hoge leeftijd-de bevruchtende invloed van een menselijke cul­
tuurwereld moeten kunnen blijven ondergaan;en voorts,dat het 
ook aan een bejaard mens gegeven moet zijn een individuele 
historie te blijven verwerkelijken en niet permanent onderge­
schikt te worden gemaakt aan-voor bejaarden ontworpen-veelal te 
strakke en éénzijdige normen." 
(J.J.G.Prick,Aspecten van een gerontologie en 
van een anthropologisch -psychiatrische en -neurologische 
geriatrie tevens een bijdrage tot een anthropologische neuro-
fysiologie ,Van Loghum Slaterus,Deventer,1971,blz.106 ) 
XI 
Microbiologische faciliteiten in een centraal dierenlaborato-
rium zijn een nagenoeg onmisbaar element bij experimenten waar-
bij decontaminering bij proefdieren vereist is. 
XII 
Bij het voorschrijven van orale contraceptiva dient de arts de 
patiente te wijzen op de verhoogde kans op congenitale af-
wijkingen, indien de conceptie plaatsvindt binnen drie maanden 
na het staken van de medicatie. 
XIII 
Continentia alvi betekent niet het ophouden,maar het op een 
sociaal moment deponeren van de ontlasting. 
XIV 
Een langere ziekenhuisopneming om het kind te laten "wennen" 
is onjuist. 
Nijmegen,30 mei,1980 F.I.C.R.S.de Jong 



